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Preface to the 
Third Edition 


HIS BOOK IS ENTITLED Modeling Fixed-Income Securities and Interest 

Rate Options. Its primary purpose is to teach students the basics of 
fixed-income securities, but not in the fashion of traditional courses and 
texts in this area. Traditional fixed-income courses and texts empha- 
size institutional details, with theories included in an ad hoc fashion 
and only occasionally. In contrast, this book teaches the basics of fixed- 
income securities from a unified theoretical framework. The framework 
is that of the arbitrage-free pricing and complete markets methodol- 
ogy. This textbook is therefore more abstract than traditional textbooks 
in this area. This is the reason for the word modeling in the title. It is 
the hope (and belief) of this author, however, that this material is the 
approach of the future. 

As a secondary purpose, this textbook explains the arbitrage-free term 
structure models used for pricing interest rate derivatives with particular 
emphasis on the Heath-Jarrow-Morton model and its applications. It is 
designed to make the Heath-Jarrow-Morton model accessible to MBAs 
and advanced undergraduates, with a minimum of course prerequisites. 
The course prerequisites are just some familiarity with high school alge- 
bra and mathematical reasoning. This textbook has already been used 
multiple times for an MBA class at Cornell’s Johnson Graduate School of 
Management on fixed-income securities with no prerequisites other than 
a basic core finance course and a core quantitative methods course. 

Contrary to what a quick skimming of this text might suggest, this book 
is designed for an MBA elective. Each chapter’s material is introduced 
through examples. The examples themselves are designed to illustrate 
the key concepts. The formal and more general presentation of the same 


xv 
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material follows after the examples. This organization facilitates various 
levels of presentation. For an MBA elective, only the examples should be 
discussed in class. The formal presentation is left for background reading. 
For the Ph.D. level, the reverse ordering is appropriate. 

This edition differs from the second only in that it is updated to remove 
typos, to polish the prose, and to reflect new insights from the literature 
and changes in current market structures. 

This manuscript's organization and content were greatly influenced by 
the comments from reviewers, friends, and students. Thanks are espe- 
cially extended to Arkadev Chatterjea, Joseph Cherian, Steve Choi, Raoul 
Davie, William Dimm, Blair Kanbar, Heedong Kim, David Heath, David 
Lando, Bill Margrabe, Sam Priyadarshi, Tal Schwartz, Ahmet Senoglu, 
Stuart Turnbull, Don van Deventer, and Yildiray Yildirim. 
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CHAPTER 1 


Introduction 


1.1 THE APPROACH 


This book studies an approach for understanding and analyzing fixed income 
securities and interest rate options that has revolutionized Wall Street. The 
approach is to apply the tools of derivatives pricing and hedging to under- 
stand the risk management of fixed income securities. This is in contrast to 
the traditional focus of textbooks in this area. Traditional textbooks concen- 
trate on the institutional setting of fixed income markets, which consists of 
descriptions ofthe various markets and the instruments that trade within — 
e.g., the key players, conventions in quoting prices, and contract specifics. 
Risk management - the pricing and hedging of fixed income securities — 
is, at best, only an afterthought. Traditional fixed income textbooks often 
introduce pricing theories in an ad hoc and inconsistent fashion. Today, 
with the advent of sophisticated and readily available computer technology 
that can be applied to study these securities, the traditional approach is now 
outdated. Although institutional details are still important, their impor- 
tance is now secondary to risk management considerations. 

This book provides a self-contained study of this new approach for pric- 
ing and hedging fixed income securities and interest rate options. This 
new approach is based on the Heath, Jarrow, and Morton (HJM) model, 
an interest rate derivatives pricing model, which is used extensively in the 
industry. The HJM model was developed by Heath, Jarrow, and Morton in 
a sequence of papers.” It was motivated by the earlier work of Ho and Lee! 


* See Heath, Jarrow, Morton [2,3,4]. Also see Jarrow [6] for a review of the history behind the devel- 
opment of the HJM model. 
* See Ho and Lee [5]. 
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on this same topic, and by the martingale pricing methods of Harrison 
and Pliska.* 

The HJM model is presented using the standard binomial model so 
often used to analyze the pricing and hedging of equity options. The 
standard binomial model is chosen because of its mathematical simplic- 
ity, in comparison to the more complex stochastic calculus techniques. 
In addition, this is with little loss of generality, as the alternative and 
more complex stochastic calculus techniques still need to be numerically 
implemented on a computer, and a standard approach for implementing 
these techniques on the computer is to use the binomial model. So, from 
an implementation point of view, the binomial model is all one needs to 
master. 

This flexible, new approach to fixed income securities has revolution- 
ized the industry. The HJM model is employed by commercial and invest- 
ment banks to price and hedge numerous types of fixed income securities 
and interest rate options. One reason for its extensive use is that this model 
provides a “lego” building block technology. With minor modifications, 
this technology can be easily extended (built upon) to handle the pric- 
ing of other more complex instruments, e.g., foreign currency derivatives, 
commodity derivatives, and credit derivatives. These extensions will also 
be illustrated, albeit briefly, in this book. 


1.2 MOTIVATION 


Examining three figures can motivate the subject matter of this textbook. 
The first, Figure 1.1, contains the graph ofa yield curve for Treasury secu- 


rities. For now, do not worry about the exact definition of a Treasury secu- 
rity or its yield. These will be discussed more fully, later on in the text. 
Here, it suffices to understand that Treasury securities are bonds issued 
by the U.S. government. A bond is an IOU issued for borrowing a stated 
amount of dollars (e.g., $10,000), called the principal, for a fixed period of 
time (e.g., 5 years), called the bond’s maturity. Interest is paid regularly 
(often semi-annually) on this IOU. A Treasury bond’s yield can be thought 
of as the interest earned per year from buying and holding the bond until 
its maturity. 

In Figure 1.1 we see a Treasury yield curve on December 12, 2018. The 
y-axis units are percentages per year. The y-axis starts at 0 percent. The 
x-axis gives the different bonds’ maturities in years. The maturities run 


* See Harrison and Pliska [1]. 
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FIGURE 1.1 Treasury Bond Yields on December 12, 2018. 


from 1 month to 30 years. As depicted, the yield curve is upward sloping, 
indicating that it costs more to borrow for 30 years than it does for 5 years 
or for 1 year. The longer the borrowing horizon, the larger the interest rate 
charged per year. This increasing interest rate reflects the different risks of 
the longer borrowing horizons and the market's perception of how short- 
term interest rates will change in the future. 

The Treasury yield curve changes through time. This change is illus- 
trated in Figure 1.2, which repeats Figure 1.1, but graphs it at different 
dates over the time period from January 2014 through January 2019. As 
seen, the yield curve's shape and height differ at different times over this 
5-year period. Sometimes the yield curve is nearly flat (see January 2019). 
The shape of the yield curve is referred to as the term structure of interest 
rates. Its fluctuation through time is called the evolution of the term struc- 
ture of interest rates. This evolution is random because it is not predict- 
able in advance. Forecasting the evolution of the term structure of interest 
rates well is crucial for risk management procedures. Models for the evo- 
lution of the term structure of interest rates will form a big part of this 
book's content. 

Interest rate options or derivatives are financial contracts whose cash 
flows depend, contractually, on the Treasury yield curve as it evolves 
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FIGURE 1.2 Yields from January 2014 to December 2018. 


through time. For example, one such interest rate derivative is a financial 
contract that pays its owner on the second anniversary date of the con- 
tract (its maturity date), $10,000 times the difference between the 10-year 
and 5-year yields observed on the maturity date, but only if this difference 
is positive. This is a call option on an interest rate spread. To understand 
how to price this spread option, one needs to understand (or model) how 
the term structure of interest rates evolves through time. The better the 
model (or forecast) of the term structure evolution, the better the pricing 
model will be. After all, the expectation of the profits or losses from the 
spread option depends on what the shape of the term structure looks like 
in 2 years. 

A key theme in this book, therefore, is how to model the evolution of 
the term structure of interest rates illustrated in Figure 1.2. Much of our 
emphasis will be on developing this structure. Then, given this evolution, 
the second theme is how to price and hedge the interest rate derivatives 
written on it. This is a nontrivial exercise and reflects the remaining focus 
of the book. This topic is referred to as risk management. 

A key characteristic of U.S. Treasury securities is that they are con- 
sidered to be default-free. That is, an IOU issued by the U.S. government 
is considered to be safe, with the receipt of the interest and principal 
payments considered a sure bet. Of course, not all IOUs are so safe. 
Corporations and government municipalities also borrow by issuing 
bonds. These corporate and municipal loans can default and have done 
so in the past. The interest and principal owed on these loans may not 
be paid in full if the corporation or municipality defaults prior to the 
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FIGURE 1.3 Various Bond Yields. 


maturity date of the borrowing. This different default risk generates dif- 
ferent interest rates for different borrowers, reflecting a credit risk spread, 
as illustrated in Figure 1.3. 

Figure 1.3 plots the average yields per year on Treasury, corporate, and 
municipal bonds over the years 2009 through 2018. The y-axis units are 
percentages per year, and it starts at 1.5 percent. The x-axis units are time 
measured in years from 2009 to 2018. As seen, the cost for borrowing is 
higher for corporates than it is for Treasuries. Surprisingly, however, the 
cost for borrowing is higher for Treasuries than it is for municipals. The 
corporate--Treasury spread (positive) is due to credit risk. This credit 
spread represents the additional compensation required in the market for 
bearing the risk of default. The Treasury--municipal spread (negative) is 
due to both default risk and the differential tax treatments on Treasuries 
versus municipals. Treasuries and corporates are taxed similarly at the 
federal level. So, tax differences do not influence their spread. In contrast, 
U.S. Treasury bond income is taxed at the federal level, while municipal 
bond income is not. This differential tax treatment influences the spread. 
As seen, the tax benefit of holding municipals dominates the credit risk 
involved, making the municipal borrowing rate less than the Treasury 
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rate. Understanding the different spreads between various fixed income 
securities is an important aspect of fixed income markets. 

Unfortunately, for brevity, this book concentrates almost exclusively on 
the Treasury curve (default-free borrowing), and it ignores both credit risk 
and taxation. Nonetheless, this is not too big an omission. It turns out 
that if one understands how to price interest rate derivatives issued against 
Treasuries, then extending this technology to derivatives issued against 
corporates or municipals is (conceptually) straightforward. This is due to 
the “lego” building block aspect of the HJM technology. Consequently, 
most of the economics of fixed income markets can be understood by con- 
sidering only Treasury markets. 

This claim can be intuitively understood by studying the similarity 
in the evolutions of the three different yields — Treasuries, corporates, 
municipals - as depicted in Figure 1.3. The movements in these three 
rates are highly correlated, almost moving in a parallel fashion. As one 
rate increases, so do the remaining two. As one declines, so do the others, 
although the magnitudes of the changes may differ. A good model for one 
rate, with some obvious adjustments, therefore, will also be a good model 
for the others. This implies that the same pricing technology should also 
apply. And, it does. Therefore, the same risk management practices can 
be utilized for all three types of fixed income securities. Consequently, 
mastering risk management for Treasury securities is almost sufficient for 
mastering the risk management techniques for the rest. The last chapter in 
the book will briefly solidify this intuition. 


1.3 THE METHODOLOGY 


As mentioned earlier, we use the standard binomial option pricing meth- 
odology to study the pricing and hedging of fixed income securities and 
interest rate options. The binomial approach is easy to understand, and it 
is widely used in practice. It underlies the famous Black-Scholes-Merton 
option pricing model" As shown later, the only difference between the 
application of these techniques to fixed income securities and those used 
for pricing equity options is in the construction of a more complex bino- 
mial tree. To understand this difference, let us briefly review the standard 
binomial pricing model. 

A diagram with nodes and two branches emanating from each node 
on the tree is called a binomial tree (see Figure 1.4). The nodes occur at 


* An excellent reference for the Black-Scholes-Merton option pricing model is Jarrow and Chatterjea [7]. 
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FIGURE 1.4 A Binomial Tree. 


particular times, e.g., times 0, 1, 2, and so forth. The nodes represent the 
state of the economy at these various times. The first node at time 0 repre- 
sents the present (today's) state of the economy. The future states possible 
at times 1 and 2 are random. The branches represent the paths for reaching 
these nodes, called histories. 

For risk management purposes, the relevant state of the economy at 
each node is characterized by the prices of some set of securities. For equity 
options, a single security's price is usually provided at each node, the price 
of the underlying equity. For fixed income securities, an array (a vector) of 
bond prices is considered at each node of the tree, rather than the single 
equity's price (a scalar) as in the case of equity options. Otherwise, the two 
trees are identical. Hence, term structure modeling is just the multidi- 
mensional extension of the standard equity pricing model. Unfortunately, 
this multidimensional extension to a vector of prices at each node of the 
tree is nontrivial. The complexity comes in ensuring that the given evolu- 
tion of prices is arbitrage-free. 

By arbitrage-free we mean that the prices in the tree are such that there 
are no trading strategies possible using the different bonds that can gen- 
erate profits with no initial investment and with no risk of a loss. For 
an equity pricing model, constructing an arbitrage-free binomial tree is 
trivial. For fixed income pricing models, however, constructing an arbi- 
trage-free binomial tree is quite complex. Quantifying the conditions 
under which this construction is possible is, in fact, the key contribution 
of the HJM model to the literature. Once this arbitrage-free construction 
is accomplished, the standard binomial pricing arguments apply. 
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The standard binomial pricing argument determines the arbitrage-free 
price ofa traded derivative security, in a frictionless and competitive mar- 
ket, where there is no counterparty risk (these terms are explained later 
in the text). It does this by constructing a synthetic derivative security, 
represented by a portfolio of some underlying assets (bonds) and a risk- 
less money market account. This portfolio is often modified, rebalanced, 
through time in a dynamic fashion. This portfolio’s (the synthetic deriva- 
tive security's) cash flows are constructed to exactly match those of the 
traded derivative security, but the synthetic derivative security's cost of 
construction is known. This cost of construction represents the “fair” or 
“theoretical” value of the derivative security. 

Indeed, if the traded derivative security's price differs from the theo- 
retical value, an arbitrage opportunity is implied. For example, suppose 
the theoretical price is lower than the traded price. Then, sell the traded 
derivative (a cash inflow) and construct it synthetically (a cash outflow). 
The difference in cash flows is positive because the traded price is above 
the cost of construction. One pockets this initial dollar difference, and 
there is no future liability, as the cash flows are equal and opposite from 
thereon. 

The identification of such arbitrage opportunities is one of the most 
popular uses of these techniques in practice. Other uses are in the area of 
risk management, and these uses will become more apparent as the pric- 
ing and hedging techniques are mastered. 


1.4 AN OVERVIEW 


This book is divided into four parts. Part I is an introduction to the mate- 
rial studied in this book. Part II describes the economic theory underlying 
the HJM model. Part III applies the theory to specific applications, while 
Part IV studies implementation and estimation issues, as well as exten- 
sions of the HJM model to foreign currency derivatives, credit derivatives, 
and commodity derivatives. 

Part I, the introduction, consists of three chapters. Chapter 1 is the 
introduction, the current chapter. Chapter 2 gives the institutional 
description of the fixed income security and interest rate derivative 
markets. Included are Treasury securities, repo markets, Forward Rate 
Agreements (FRAs), Treasury futures, caps, floors, swaps, swaptions, and 


other exotics. This presentation is brief with additional references pro- 
vided. Chapter 3 describes the classical approach to fixed income security 
risk management. The classical approach concentrates on yields, duration, 
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and convexity. The classical approach is studied for two reasons. First, it 
is still in use today, although its use is diminishing as time progresses. 
Second, and perhaps most important, understanding the limitations of 
these classical techniques provides the motivation for the HJM model pre- 
sented in Part II. 

Part II presents the HJM model’s theoretical framework. Chapter 4 
introduces the notation, terminology, and assumptions used in the 
remainder of the text. The traded securities are discussed, where, for the 
sake of understanding, many of the actually traded financial securities are 
simplified. Chapter 5 sets up the binomial tree for the entire term struc- 
ture of zero-coupon bonds. A one-factor model is emphasized in Chapter 5 
and throughout the remainder of the text. Markets with two or more fac- 
tors are also considered. Chapter 6 describes the traditional expectations 
hypothesis, which, after a curious transformation, becomes essential to 
the pricing methodology used in subsequent chapters. Chapter 7 intro- 
duces the basic tools of analysis: trading strategies, arbitrage opportuni- 
ties, and complete markets. Chapter 8 illustrates the use of these tools for 
zero-coupon bond trading strategies with an example. Chapter 9 provides 
the formal theory underlying Chapter 8. Finally, Chapter 10 discusses 
option-pricing theory in the context of the term structure of interest rates. 

Part III consists of various applications of this pricing and hedging tech- 
nology. Chapter 11 studies the pricing of coupon bonds. Chapter 12 inves- 
tigates the pricing of options on bonds (both European and American). 
Chapter 13 studies the pricing and hedging of forwards, futures, and 
options on futures. Chapter 14 analyzes swaps, caps, floors, and swaptions. 
Chapter 15 prices various interest rate exotic options including digitals, 
range notes, and index-amortizing swaps. Index-amortizing swaps are 
considered to be one of the most complex interest rate derivatives traded. 
They will be seen as just a special, albeit more complex, example of our 
pricing technology. 

Part IV investigates implementation and estimation issues. Chapter 16 
shows that the model of Parts I-III can serve as a discrete time approxima- 
tion to the continuous time HJM model. Both the continuous time HJM 
model and its limits are studied herein. Chapter 17 investigates the sta- 
tistical estimation of the inputs: forward rate curves and volatility func- 
tions. Empirical estimation of these inputs is also provided in this chapter. 
Chapter 18 completes the book with a discussion of various extensions 
and a list of suggested references. The extensions are to foreign currency 
derivatives, credit derivatives, and commodity derivatives. 
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CHAPTER 2 


Traded Securities 


TE CHAPTER PROVIDES THE institutional background on the finan- 
cial securities studied in this book. These securities include Treasury 
bonds; notes; bills; Treasury futures; Eurodollar deposits; Eurodollar 
futures; and various interest rate options like swaps, caps, floors, and 
swaptions. Although this material has also been applied to price and 
hedge mortgage-backed securities, corporate debt, municipal bonds, 
and agency securities, this later set of securities contains either prepay- 
ment risk (mortgages) or credit risk (corporate, municipal, agency debt). 
Incorporating these additional risks requires an extension of the methods 
studied in this book. A brief discussion of these extensions is contained in 
Chapter 18. 

The presentation of the institutional material in this chapter is brief, 
as the emphasis of this book is on models and not institutional consider- 
ations. In subsequent chapters, some of the institutional features of these 
financial contracts are simplified. This is done to facilitate understanding. 
An example is Treasury futures contracts. These contracts are quite com- 
plex, containing numerous embedded delivery options. These delivery 
options are simplified in Chapter 13. Fortunately, these more complicated 
contractual provisions can be easily mastered once the simplified versions 
of the contracts studied in this book are well understood. 


2.1 TREASURY SECURITIES 

U.S. Treasury securities (bonds, notes, floating rate notes, and bills) are debt 
obligations issued by the U.S. government, and their payment (coupons 
plus principal) is guaranteed by the taxing authority of the United States. 
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As such, they are generally considered to be default-free. These securities 
are used to finance the cumulative U.S. government spending deficits. 

Treasury securities are issued in three basic types: (i) coupon-bearing 
instruments paying interest every 6 months with a principal amount (or 
face value) paid at maturity, called coupon bonds, (îi) discount securi- 
ties bearing no coupons and paying only a principal amount at maturity, 
called zero-coupon bonds, and (iii) floating rate notes paying a changing 
(floating) interest rate quarterly that is indexed to the 13-week Treasury 
bill rate and a principal amount at maturity. By historic convention, the 
Treasury issues all securities with maturities of 1 year or less as zero-cou- 
pon bonds, and all securities with maturities greater than a year as coupon 
or interest-paying notes and bonds. 

The zero-coupon Treasury securities are called bills. The coupon and 
interest-paying Treasury securities are called notes or bonds depending 
on whether the maturity at issuance is from 2 to 10 years or greater than 
10 years, respectively. The bonds, notes, floating rate notes, and bills cur- 
rently issued can be found on www.treasurydirect.gov. The minimum 
purchase size of a Treasury security is $100. 

In addition to bills, notes, floating rate notes, and bonds, Treasury 
securities called STRIPS (separate trading of registered interest and 
principal of securities) are traded. Treasury STRIPS have been traded 
since August 1985. These are securities issued against Treasury bonds 
and notes that provide just the coupon interest payment at a particu- 
lar date or just the principal payment of the Treasury bond or note. 
STRIPS are created by financial institutions via the commercial book- 
entry system. They are, in effect, synthetically created zero-coupon 
bonds. 

New Treasury securities are issued in an auction market on a regular 
basis. The auction uses competitive bids, although noncompetitive bids 
are accepted and tendered at the average yield of the competitive bids 
(see www.treasurydirect.gov for additional details). The auction market is 
called the primary market. The Treasury auction mechanism is, in fact, an 
important component in the determination of secondary market Treasury 
security prices. 

Those Treasury security issues of a particular time to maturity (3 
months, 6 months, 1 year, 2 years, 3 years, 5 years, 7 years, 10 years and 
30 years) that are the most recently auctioned are called on-the-run. Those 
Treasury security issues with similar maturities but that were offered in 
previous auctions are called off-the-run. On-the-run Treasury securities 
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are the most liquid of the traded Treasuries, being held in government 
security dealer inventories. These securities are often used as benchmarks 
against which other security prices are quoted; for example, agency bonds 
are quoted as a spread to Treasuries. 


2.2 TREASURY SECURITY MARKETS 


The majority of Treasury securities are traded in the over-the-counter 
market (the New York Stock Exchange lists some issues, but the trad- 
ing volume is small.) An over-the-counter market is a “screen-based” or 
“phone-based” market between investment banks, commercial banks, 
and government bond dealers. Bid/ask quotes are regularly provided in 
this market, and trades are executed without an official exchange location. 

Treasury notes (including floating rate) and bonds are quoted in units 
of one 32d on a 100-dollar par basis. The bid price is that price the govern- 
ment dealer is willing to purchase the issue for, and the ask price is that 
price they are willing to sell the issue for. The difference between the bid 
and ask price is called the bid-ask spread. The bid-ask spread is the com- 
pensation that the government security dealers earn for making a market 
in this particular security. 

The ask yield corresponds to the internal rate of return or, equivalently, 
the holding period return on the bond. It is computed according to the 
following equation: 


2T 


ask price — b coupon /2 n face value 
e (1 + ask yield / 2)" (1 + ask yield / 2) 


2T-1 


where* 
T=the number of years to maturity from the settlement date, and 


number of days from settlement 


~ number of days in the coupon period 


The ask yield is that rate which when discounted on a semi-annual basis 
equates the present value of the coupon and principal payments to the ask 
price. Coupon rates are quoted on a per year basis. As coupon payments are 
paid semi-annually, the yearly coupon payment must be divided by two. 


* The days to maturity are measured from the settlement day. The settlement day is the day when the 
actual cash flows are exchanged for the Treasury security transaction. Settlement for institutional 
traders in Treasury securities is usually the next business day. 
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Ask yields are also quoted on a per year basis, hence, the division by two in 
the numerator as well. Semi-annual compounding of interest is used. This 
explains the number of compounding periods as 2T. 

Bid and asked quotes are given without accrued interest. The price the 
buyer actually pays (or receives) when transacting in the bonds or notes is 
the quoted price plus accrued interest, which is calculated as follows: 


: coupon 
accrued interest — J T, 


Treasury STRIPS are quoted on the same basis as notes and bonds - in 
units of 32nds on a 100-par basis. 

Finally, we revisit Treasury bills. Treasury bills are quoted on a different 
basis than either Treasury bonds, notes, or STRIPS. Treasury bills’ bid/ 
ask quotes are given in percentages and not dollar prices. The quotes are 
provided on a banker's-discount basis. The banker’s-discount yield (ask or 
bid) is calculated as follows: 


. . face value — price 
Banker's discount yield = 
face value 


360 
x . 
== of days from settlement until SH 


The banker's discount yield is just a convenient statistic for quoting prices. 
It does not correspond to either the internal rate of return or, equivalently, 
the holding period return on the Treasury bill. In contrast, the ask yield is 
intended to be such a measure of the return on the Treasury bill. Therefore, 
it is calculated differently as follows: 


. face value — ask price 
Ask yield = 
ask price 


365 
x : 
sis of days from settlement until as | 


The difference between the ask yield and the banker’s discount yield is two- 
fold. First, the denominator in the banker’s discount yield is the face value, 
while in the ask yield it is the ask price. Second, the banker’s discount 
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yield annualizes on a 360-day basis, while the ask yield annualizes on a 
365-day basis. The ask yield is meant to be comparable to the ask yield on 
a Treasury bond, note, or STRIP. 

For the subsequent analysis we are primarily interested in the prices 
(ask/bid) quoted for the various Treasury securities. The banker's discount 
yield is meaningful only to the extent that it is the necessary input to a 
transformation (given above) that generates the Treasury bill’s price. We 
will have no use for it otherwise. 

Another class of traded Treasury securities is inflation-indexed bonds 
(called TIPs).* These bonds pay fixed dollar coupon payments semi- 
annually, where the final principal is adjusted to make the dollar coupon 
payment as a percentage of the principal equal to the “real” or “inflation 
adjusted” rate of return on these bonds. The principal adjustment is based 
on a consumer price index. 


2.3 REPO MARKETS 


In addition to trading in the Treasury securities themselves, there is an 
active repurchase agreement market for Treasury securities, both over- 
night and term (more than 1 day). Repurchase agreements (repos) are the 
key vehicle by which government dealers finance their huge inventories of 
Treasury securities (see Sundaresan [3]). 

From the dealer’s perspective, a repo, or repurchase agreement, is a 
transaction in which a dealer sells a Treasury security to an investor and 
simultaneously promises to buy it back at a fixed future date and at a fixed 
future price. This transaction is diagrammed in Figure 2.1. The price at 
which the Treasury security is repurchased is larger than the selling price, 


P dollars 
>| Govt. 
Day0 |BANK Securities 
[+ 
Treasury Security Dealer 


P(1 + repo rate) dollars 


Govt. 
Dayl [BANK Securities 
»| Dealer 


Treasury security 


FIGURE 2.1 A Typical Repurchase Agreement. 


* For an analysis of TIPs using an HJM model see Jarrow and Yildirim [2]. 


18 m Modeling Fixed Income Securities and Interest Rate Options 


the difference being interest, called the repo rate. The investor in the above 
transaction is said to have entered a reverse repo. A repurchase agreement 
is equivalent to the dealer’s borrowing funds from the investor and using 
the Treasury security as collateral. 

Alternatively, a repurchase agreement is simply a forward contract on a 
Treasury security, having an initial value equal to zero (the Treasury secu- 
rity is exchanged for its fair value in cash), and with a forward price equal 
to the repurchase price. The repo rate is then nothing more than a specific 
maturity, forward interest rate, as subsequently defined in Chapter 4. 

There are repo rates for general collateral (any Treasury security), and 
there are often special repo rates for a particular Treasury security. These 
special repo rates are lower than the general collateral rates, and they occur 
when there is an unusual demand for the particular underlying bond (or 
note). In essence, these special repo rates represent lowered borrowing 
rates available only to the holder of a particular Treasury security - a con- 
venience yield (see Sundaresan [3] for related discussion and evidence). 


2.4 TREASURY FUTURES MARKETS 


In summary, there are basically three markets in which to buy or sell a 
Treasury security: (i) the spot market, (ii) the forward market, and (iii) the 
futures market. 

The first method by which to buy or sell a Treasury security is in the 
spot or cash market for immediate delivery. These are the primary and 
secondary markets discussed above. The price at which the exchange takes 
place is called the spot or cash price. 

The second method is by entering a forward contract. A forward con- 
tract is an agreement made in the present (today) between a buyer and 
seller of a commodity to exchange the commodity for cash at a prede- 
termined future date, but at a price agreed upon today. The agreed-upon 
price is called the forward price. For Treasury securities, the repo market 


is an example of a forward market. 

Finally, the third method is by entering a futures contract. A futures con- 
tract is a standardized financial security, issued by an organized exchange, 
for future purchase/sale of a commodity at a predetermined future date 
and at an agreed-upon price. The agreed-upon price is called the futures 
price, and it is paid via a sequence of unequal and random *daily install- 
ments" over the contract's life. These "daily installments" were instituted 
by the futures exchange to guarantee that the purchaser/seller of a futures 
contract would fulfill his or her obligations. It is this daily settlement 
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procedure that differentiates forward contracts from futures contracts and 
forward prices from futures prices. 

Daily settlement is called marking to market. The procedure is as fol- 
lows. When a buyer/seller of a futures contract opens a position, a margin 
account is required. The margin account is usually an interest-earning 
account consisting of an initial cash deposit. The margin account’s mag- 
nitude is set by the exchange so as to ensure (with reasonable probability) 
that the buyer/seller’s obligation of the futures contract will be fulfilled. 
Marking to market occurs when the daily change to the futures price is 
added or subtracted from the margin account. For example, the purchaser 
of a futures contract would have the margin account's balance decreased if 
the futures price falls, increased if the futures price rises, and unchanged 
otherwise. This adjustment resets the value of the futures contract to zero 
at the end of each trading day. Marking to market is discussed in greater 
detail in Chapter 4. 

Futures contracts on Treasury securities trade on various exchanges, 
and they are standardized in terms of the contract size, the delivery 
months, the deliverable securities, and the delivery procedure. In fact, for 
Treasury notes and bonds this contract specification is quite complicated, 
involving various embedded options known as (i) the delivery option, 
(ii) the wildcard option, and (iii) the quality option. These delivery options 
are included to increase the deliverable supply of the underlying Treasury 
securities (both across time and in quantity) in order to reduce the pos- 
sibility of manipulation. For the details of the contract specifications and 
an explanation of these embedded options see Jarrow and Chatterjea [1]. 


2.5 INTEREST RATE DERIVATIVES ON TREASURIES 


The phrase interest rate derivatives is a catchall that includes all deriva- 
tives, not already considered, whose payoffs depend on the evolution of 
the Treasury zero-coupon bond price curve or, as it is more commonly 
called, the Treasury term structure of interest rates. 

Two types of interest rate derivatives traded on various Treasuries are 
call and put options. A call option is a financial security that gives its owner 
the right to buy the underlying Treasury security or Treasury futures at a 
fixed price on or before a fixed date. The fixed price is called the exercise 
or strike price of the option. The fixed date is called the maturity or expira- 
tion date of the option. A put option gives the owner the right to sell the 
underlying Treasury security or Treasury futures at a fixed price on or 
before a fixed date. The owner does not have to purchase (the call) or sell 
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(the put) the options if he or she does not want to. This is why they are 
called “options.” Options provide opportunities to hedge and/or speculate 
on the future evolution of Treasury rates with a minimum initial payment, 
called the option's premium. Understanding these contracts is an essential 
part of this text. Call and put options are discussed in Chapters 4 and 12. 


2.6 EURODOLLAR SPOT, FORWARD, 
AND FUTURES MARKETS 

Eurodollar deposits are dollar deposits held in banks outside the United 
States (and therefore exempt from Federal Reserve regulations). An index 
of rates for interbank lending of Eurodollars for various maturities is 
known as LIBOR (London Interbank Offered Rates). These are the spot or 
cash markets in Eurodollars. These markets are most active for transac- 
tions of less than a year. 

Figure 2.2 contains the LIBOR rates for Wednesday, January 2, 2019, as 
reported in the Wall Street Journal on Thursday, January 3. The 1-month 
LIBOR rate is 2.50713 percent, the 3-month rate is 2.79388 percent, the 
6-month rate is 2.87394 percent, and the 1-year rate is 3.00200 percent. 

Forward contracts in LIBOR trade in the over-the-counter market. 
These are called forward rate agreements (FRAs). An FRA is a forward 
contract written on LIBOR that requires a cash payment at the delivery 
date equal to the realized LIBOR rate on the delivery date less the pre- 
specified forward rate times some principal dollar amount. FRAs differ 
with respect to the maturity of the LIBOR rate (usually 1 month to 1 year) 
and the delivery date of the contract (usually 4 months to 18 months; see 
Jarrow and Chatterjea [1] for more explanation). 

There is also an active market in Eurodollar futures contracts. They are 
written on different maturity Eurodollar rates (e.g., 3 months). Eurodollar 
futures contracts are settled in cash on the delivery date. Delivery dates 


Wednesday, January 2, 2019 


one month .0250713 
three months .0279388 
six months .0287394 
one year .0300200 


FIGURE 2.2 LIBOR Rates. 


(As Reported in the Wall Street Journal on Thursday, January 3, 2019.) 
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of the contracts range from 1 month to 10 years. These contracts are quite 
active because they are the main instruments used to hedge more complex 
interest rate derivatives based on LIBOR. 


2.7 INTEREST RATE DERIVATIVES ON LIBOR 


There are active markets in interest rate derivatives on LIBOR - both 
exchange-traded and over-the-counter. In the over-the-counter market 
are traded swaps, floors, caps, swaptions, and more exotic interest rate 
derivatives, like digitals and index-amortizing swaps. 

Briefly, an interest rate swap is an agreement between two counterpar- 
ties to exchange fixed rate payments for floating rate payments (based on 
LIBOR) at regular time intervals on some principal amount for a given 
period of time (maturity of the contract). A cap is a sophisticated type 
of call option on LIBOR rates. A floor is the corresponding sophisticated 
type of put option on LIBOR rates. A swaption is a call or put option on 
a swap. Although complex sounding, swaps, caps, floors, and swaptions 
are very practical interest rate derivatives, used to hedge (provide insur- 
ance for) and to speculate on future interest rate movements. These instru- 
ments are common tools for corporate debt management. These contracts 
are discussed in great detail in Chapter 14. Interest rate exotic options are 
discussed in Chapter 15. 
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CHAPTER 3 


The Classical Approach 


3.1 MOTIVATION 


The chapter studies the classical approach to pricing fixed income securi- 
ties. Unfortunately, for the classical approach, pricing fixed income secu- 
rities means just the pricing of coupon-bearing bonds with no embedded 
options. This is due to the limitation of the tools and techniques involved. 
The classical approach to coupon bond pricing uses only the notion of an 
internal rate of return and simple calculus to generate the traditional risk 
management parameters — yields, duration, modified duration, and con- 
vexity. The classical approach uses little, if any, economic theory. As such, 
one should not anticipate that significant insights into the subject can be 
obtained via the classical approach. 

We present the classical approach in this book for two reasons. One, 
these tools are still used by many fixed income traders today (although 
these tools are slowly being replaced by the techniques presented in sub- 
sequent chapters). So, any serious student of finance needs to understand 
the classical techniques. Two, understanding the limitations of these clas- 
sical techniques motivates the approach used in the subsequent chapters. 
Indeed, one perspective on the HJM model is that it is precisely that gen- 
eralization of the classical techniques needed to overcome the limitations 
of duration and convexity hedging. 


3.2 COUPON BONDS 

As mentioned earlier, the classical approach to fixed income analysis 
concentrates on studying coupon bonds. Although the techniques are 
often (and incorrectly) applied to Treasury, corporate, and municipal 
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bonds, we will concentrate only on Treasury bonds in this section. The 
U.S. government (Treasury) issues coupon-bearing notes and bonds (see 
Chapter 2). A coupon-bearing bond is a loan for a fixed amount of dollars 
(e.g., $10,000), called the principal or face value. The loan extends for a 
fixed time period, called the life or maturity of the bond (usually 5, 10, 20, 
or 30 years). Over its life, the issuer is required to make periodic interest 
payments (usually semi-annually) on the loan’s principal. These interest 
payments are called coupons. Hence, the term a coupon bond. The U.S. 
government also issues short-term bonds (less than a year in maturity) 
with no coupons, called Treasury bills. These Treasury bills are called 
zero-coupon bonds. The same techniques apply to both coupon and zero- 
coupon bonds. 

A callable coupon bond is a coupon bond that can be repurchased by 
the issuer, at predetermined times and prices, prior to its maturity. This 
repurchase provision is labeled a "call" provision. For example, a typical 
callable coupon bond includes a provision where the issuer can repurchase 
the bond at face value (the predetermined price), anytime during the last 
5 years of its life (the predetermined times). This section studies only non- 
callable coupon bonds. Callable coupon bonds are studied in a subsequent 
chapter. Unfortunately, the techniques of the classical approach cannot 
be used to price callable coupon bonds. This is a serious limitation of the 
classical approach that is overcome by the HJM model introduced later in 
the book. 

To discuss these techniques, we need to introduce some notation. First, 
consider a time horizon of length T, divided into unit subintervals with 
dates 0, 1, 2, ... , T- 1, T. This is a discrete trading model. 

We define a coupon bond with principal L, coupons C, and maturity 
T to be a financial security that is entitled (contractually) to receive a 
sequence of future coupon payments of C dollars at times 1, ... , T with a 
principal repayment of L dollars at time T. The times 1, 2, ... , T represent 
payment dates on the coupon bond. The coupon rate (one plus a percent- 
age) on the bond per period is given by c=1+ C/L. This cash flow sequence 
is illustrated in Figure 3.1. For simplicity, we assume that the bond makes 
a coupon payment every period. Relaxing this assumption to have coupon 
payments only every so often is straightforward and left to the reader as 
an exercise. 

We let B(t) denote the price of this coupon bond at time t. By con- 
struction, the price of the coupon bond is forward-looking. It represents 
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+ time 


a 
= 
a=+ 
a+ 
^ 
ORI 
E 
ly) 


coupon rate c = 1 + C/L 


FIGURE 3.1 Cash Flows to a Coupon Bond with Price 8(0), Principal L, Coupons 
C, and Maturity T. 


the present value of all the future cash flows (those cash flows received 
after time t). For example, if a coupon payment C occurs at time f, then 
B(t) does not include this coupon payment, i.e., it is the bond's price 
ex-coupon. 

Recall from Chapter 2 that the market convention in buying and sell- 
ing bonds is to pay a quoted price plus accrued interest (because we are in 
frictionless markets, the ask price equals the bid price, which equals the 
quoted price). We next discuss how B(t) relates to the bond's quoted price. 
The relation is straightforward. The price paid for the coupon bond must 
equal dt). That is, 


quoted price + accrued interest = B(£). 
Thus, 
quoted price = B(t) — accrued interest. 


For example, on a coupon-payment date t (the ex-date), accrued interest 
equals zero, so the quoted price equals B(t). For a date t halfway between 
the coupon payment dates, the accrued interest equals C/2, so the quoted 
price=@(t)—C/2. Of course, if the date t lies somewhere else between 
the coupon payment dates, then the accrued interest calculation must be 
modified accordingly (in a prorated fashion).* 

We point out that a zero-coupon bond paying a dollar at time T is a 
special case of this definition. It is the case in which the coupon pay- 
ment is set identically to zero (C=0) and the principal is set equal to 
unity (L=1). Zero-coupon bonds play an important role in the subse- 
quent theory. 


* For example, if date t occurs one-third of the way to the next coupon payment date, then the 
accrued interest is C/3. 


26 m Modeling Fixed Income Securities and Interest Rate Options 


3.3 THE BOND'S YIELD, DURATION, MODIFIED 
DURATION, AND CONVEXITY 
This section defines the bond’s yield, duration, modified duration, con- 
vexity and explores their relationship to the bond’s price. 
The bond's yield, Y(t), is defined as one plus its percentage internal rate 
of return; i.e., Y(t) is defined by the expression 


T- 
B(t) = KE Y(t +L/Y(t)"* with Y(t)>0. (3.1) 
i=1 
As a convention in this book, for simplicity of notation and exposition, all 
rates will be denoted as one plus a percentage (these are sometimes called 
dollar returns). This convention greatly simplifies all of the subsequent 
formulas. This is why the denominator in expression (3.1) is given by 
Y(t) » 0 and not by (1 + y(t)) with y(t) > -1. 

The rate Y(t) is the internal rate of return on the bond because it is 
that rate which equates the cost of the bond (B(t)) to the present value 
of all its future cash flows (the right side of expression (3.1)). To see this, 
note that the term inside the summation on the right side of expression 
(3.1), (C/Y()), represents the present value of a coupon payment of C dol- 
lars received at time t- i. All such coupon payments are included in the 
summation. The last term (L/Y(t)*- 9) is the present value of the principal 
repayment at time T. 


Example: Computing a Bond's Yield 


Let the time step be years. Consider a coupon bond with maturity 
T = 10 years, paying a coupon of C=5 dollars per year on a face value 
of L = 100 dollars. At time t=0 the bond is currently trading at par or, 
equivalently, its current price is B(t) = 100 dollars. The yield is deter- 
mined by solving expression (3.1), i.e., 


100 = V s/v(0) 100/Y (o^. 


This expression must be solved numerically (on a computer). Such a 
computation shows that the bond's yield is Y(0) = 1.05. 

This example illustrates a general result. When the bond trades at 
par, it will always be true that the yield equals one plus the coupon rate: 
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Y(0)=1+(C/L). 


Suppose instead that the bond’s price B(t) = 90 dollars. In this case 
the bond’s yield is determined by solving the modified equation: 


90= Y 5/Y(0) +100/Y(0)”. 


The solution (determined on a computer) is Y(0)= 1.0638. We see 
that the bond's yield increases as the bond's price declines, every- 
thing else constant. 

Finally, it is instructive to compute the yield on a zero-coupon 
bond. Let the zero-coupon bond have a maturity of T=5 years and 
a face value of L=1 dollar. Let the bond's price be B(t) =.85 dollars. 
The zero-coupon bond's yield solves the simplified expression, 


85 1/Y(0)". 


Equivalently, Y (0) = (1/.85) 9. 

This expression also needs to be solved on a computer. The solu- 
tion is Y(f) = 1.0330. 

This completes the example. [ 


Bond markets usually trade bonds by quoting yields. This is because a 
bond's yield is a "standardized" price, roughly comparable across differ- 
ent bonds with different coupon rates and maturities. Unfortunately, this 
standardization is not exact. Comparing bonds based solely on yields has 
serious problems. This is because the yield is not a good measure of the 
bond's expected yearly return. Implicit in this use of the yield as a mea- 
sure of return is an unrealistic reinvestment rate assumption. A complete 
discussion of these problems is outside the scope of this text and is left to 
independent reading. We point out in passing, however, that the problems 
that occur with using yields to compare different bonds are equivalent to 
the well-known problems that occur with using the internal rate of return 
to choose different investment projects (see Brealey and Myers [1]). 

Risk management is concerned with understanding and managing the 
exposure of a bond portfolio’s value to the evolution of (changes in) the 
underlying coupon bond prices through time. The coupon bond's price, as 
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given by expression (3.1), is a function of its yield. So, we can understand 
the stochastic evolution of a bond portfolio’s value by understanding the 
stochastic evolution of each of the underlying bonds’ yields. This is the 
direction to which we now turn. 

Consider the bond given in Figure 3.1. Suppose that the bond’s 
yield shifts from Y( to Y(t) + A. A yield change of size A. Let 
AB(Y) = B(Y(t)+A)—B(Y(t)) represent the change in the value of the 
coupon bond’s price* given a change in the yield of size A. Our task is to 
understand this bond price change in terms of simple expressions involv- 
ing A and A raised to a power. 

A Taylor series expansion! of the coupon bond’s price gives us such an 
expression: 


AB(Y) = (98(Y)/ 9Y)A + (0?8(Y)/ 9Y?)A? /2+--- (3.2) 


The change in the bond's price is seen to equal a polynomial function of 
the change in the bond's yield A. Thus, understanding the change in the 
bond's price involves understanding the first and second derivatives ofthe 
bond's price with respect to the bond's yield. We next study these two 
derivatives. 

A straightforward computation shows that the first derivative is: 


98(Y)/9Y =-D8(Y)/Y «0 (3.3) 


where 


T-t 
D= $ ee +(T-HL/Y7 |/ 8Y). 


i=1 


Expression (3.3) gives an expression for the first derivative of the bond’s 
price with respect to the bond’s yield. First, we see that this expression is 
negative, that is, as the bond’s yield increases, the bond’s price declines. This 
makes sense because as the yield rises, the present value of all the future 
cash payments to the bond declines. The quantity D in expression (3.3) is 
called the bond’s duration. It has two interesting economic interpretations. 


* The astute reader will notice that we have chosen to keep t fixed and only change the yield. This is 
done to keep the mathematics simple. 
+ Given a function f(x) that is infinitely differentiable, the Taylor series expansion of f(x) around (x,) 


is f(x) = f (xo) + yo) Xo) + ; d Cd, Xp) te 
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The first economic interpretation is obtained by performing some sim- 
ple algebra on expression (3.3). One obtains: 


D= [08(Y)/9Y]Y ` 9&(Y)/&(Y) (34) 
BY) oY/Y 


Duration is seen to be minus the percentage change in the bond’s price for 
a given percentage change in the bond’s yield. Thus, duration is a measure 
of the sensitivity of the coupon bond’s price to percentage changes in the 
bond's yield. It is a “risk measure” for the bond. Shortly, we will see how 
this risk measure can be used to do risk management. 

To get the second economic interpretation, we can rewrite the defini- 
tion of D. 


D= S (3.5) 


i=l 
where w,=C/Y'@(Y) fori=1,2,....T—t-1, wr, =(C+L)/Y"*@(y), 


and KÉ =1, 


Expression (3.5) shows that duration can also be interpreted as the aver- 
age life of the bond. This is because it represents a weighted average of the 
time periods where the bond's cash flows are received. The weights (w) 
correspond to the percentage of the bond's price that the ith period cash 
flow represents. Of course, the weights sum to one. 

This interpretation of duration is the one most often used when com- 
paring bond portfolios. For example, a bond portfolio with a 5 percent 
yield and a duration of 10 (years) is sometimes (incorrectly) viewed as sim- 
ilar, in terms of risk, to a single bond with a yield of 5 percent and a matu- 
rity of 10 years. The reason why this comparison is incorrect is explained 
later in the text. 


Example: Computing a Zero- Coupon Bond's Duration 


We first consider computing the duration of a zero-coupon bond. 

Consider a zero-coupon bond with maturity T=5 years, a face 
value of L=1 dollar, and a price of B(t) =.85 dollars. Its yield is com- 
puted via expression (3.1) and equals Y(0) = 1.0330. 


30 m Modeling Fixed Income Securities and Interest Rate Options 


Using expression (3.3), the duration is 


D= [(5)1/ (1.0330) |/.85 = 5(.85)/.85=5. 


This zero-coupon bond’s duration is 5 years. This equals the zero- 
coupon bond’s time to maturity! 
This completes the example. [ 


The fact that a zero-coupon bond's duration is its time to maturity is 
a general result. Indeed, consider a zero-coupon bond with maturity T, 
face value L, and price B(t). Its yield is determined from expression (3.1) 
as Y(t). Substituting these symbols into the expression for the bond's dura- 
tion gives 


D=((T-#)L/Y(t)"* lan 
But, the definition of the bond’s yield is 
B) = LYH. 
Substitution and simplification give the desired result: 


D=(T-t). 


Example: Computing a Coupon Bond's Duration 


We now compute a coupon bond’s duration. 

Consider a coupon bond with maturity T=10 years, paying a 
coupon of C=5 dollars per year on a face value of L=100 dollars. 
Suppose that the bond is currently trading at par so that its cur- 
rent price is B(t)=100 dollars. We know that the bond’s yield is 
Y(0) = 1.05. Substituting this information into expression (3.3) gives: 


10 
D= KD (1.05) + (10)100/ (1.05) |/100 = 8.1078. 
i=l 
The bond’s duration is 8.1078 years, or slightly more than three- 
fourths of its remaining time to maturity. This completes the 
example. [] 
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Expression (3.3) is often written alternatively as 
08(Y)/9Y =-DyB(Y) (3.6) 


where Dy = D/Y = -[08(Y)/0Y]/ &XY). 

The quantity D,, in expression (3.6) is called modified duration. It has 
the interpretation of being the percentage change in the bond's price for a 
unit change in the yield. Its usage is justified by the simpler form that the 
first derivative takes in expression (3.6) versus expression (3.3). 


Example: Computing a Bond's Modified Duration 


First, we compute the modified duration for a zero-coupon bond. 
Consider a zero-coupon bond with maturity T, face value L, and 
price B(t). We know that the zero-coupon bond’s duration is its time 
to maturity, or D= (T—- f). Hence, a zero-coupon bond's modified 
duration is 


D, =D/Y -(T-t)/Y. 


For a specific example, let the zero-coupon bond have maturity T=5 
years, a face value of L=1 dollar, and a price of &(t) =.85 dollars. 
Its yield is computed via expression (3.1) and equals Y(0) = 1.0330. 
Substitution into the above expression gives 


Dy —5/(1.0330) = 4.8401. 


Next, we compute modified duration for a coupon-bearing bond. 
Consider the coupon bond in the previous example for the computa- 
tion of duration. The coupon bond has maturity T= 10 years and pays 
a coupon of C=5 dollars per year on a face value of L= 100 dollars. 
At time t=0 the bond is currently trading at par, so its current price 
is B(£) = 100 dollars. We know, in this case, that the bond's yield is 
Y(0) = 1.05. The duration was computed to be D= 8.1078. Then, 


Du = D/Y =8.1078/1.05 = 7.7217. 


This completes the example. [ 
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Finally, we next compute the second derivative of the bond's price with 
respect to its yield. This computation is given in expression (3.7). 


9^3(Y)/0Y? =C,B(Y)>0 (3.7) 


where C, = DS DC/Y' * «ur -5(P LJ pen /B(Y). 


The second derivative of the bond’s price with respect to the bond’s 
yield is always positive. It is written in expression (3.7) as a product of 
C, times the bond’s price. The quantity C, is called the bond’s convexity. 
It represents a normalized second derivative, where the normalization is 
the bond’s price. This normalization allows a comparison of convexities 
across different bonds. 


Example: Computation of a Bond’s Convexity 


We now compute a coupon-bearing bond’s convexity. Consider 
a coupon bond with maturity T=10 years, paying a coupon of 
C=5 dollars per year on a face value of L= 100 dollars. Suppose that 
the bond is currently trading at par so B(t) = 100 dollars. The bond 
yield is Y(0) = 1.05. Substituting into expression (3.7) gives 


10 
Cs Y ii+5/ (1.05) + (10)(11)100/ (1.05)? |/100 = 74.9977. 


i=1 


This completes the example. [] 


Using these expressions, we can now give a simpler form for the change 
in the bond's price given a change in the bond's yield. Substitution of 
expressions (3.6) and (3.7) into (3.2) gives 


AB(Y) = -D4G(Y)A - C,8(Y)A? /24----. (3.8) 


That is, the change in the bond's price due to a change in the bond's yield 
is seen to be composed of two parts. The first component is a negative 
change that is proportional to the bond's modified duration. The second 
component is a positive change, related to the bond's convexity. The next 
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section of this chapter shows how these quantities are useful for managing 
the risk in holding a portfolio of coupon bonds. 


3.4 RISK MANAGEMENT 


This section of the chapter discusses the use of modified duration and 
convexity for hedging the interest rate risk in a portfolio of coupon bonds. 

Consider a portfolio consisting of two coupon bonds, one denoted with 
a subscript a and the other with a subscript b. Let the value of the portfolio 
be denoted 


V(Y,, Yp) = n,8,(Y,) +B (Ys) = B, (Ya) +1, By (Y) (3.9) 


where n,=1 is the number of shares of bond a and n, is the number of 
shares of bond b. 

For simplicity, we have set the holdings in bond a equal to 1 unit. The 
idea is that we have just purchased bond a. It was undervalued, and we 
want to lock in the mispricing profit. To do this, we want to hedge its inter- 
est rate risk. Useful in this regard will be expression (3.8). 

The portfolio’s value changes when yields change. Given a shift in the 
yields of bond a by A, and bond b by A, the change in the value of the 
portfolio is 


AV (Ya Yb) = AB, (Y,) +n, AB, (Y). (3.10) 


Note that the yield on bond a, Y,, can differ from the yield on bond b, Y, 
Similarly, the changes in the yields on both bonds can also differ; i.e., 
A, A, is possible. 

Substitution of expression (3.8) into (3.10) yields an equivalent expres- 
sion in terms of modified duration and convexity: 


AV (Ya Yp) = -D m, aB, (Y, JA - ny Dy bBo (Y, JA, + C, aBa (Y, JA: /2 

(3.11) 

+C, pB, (Y, Ag / 2 - 

For small changes in yields, i.e., A, z& 0 and A, z 0 (e.g., .0001 or 1 basis 
point), then the squared changes of yields are orders of magnitude 
smaller than the change itself, Le, AZ << A, and Aj << A, (e.g., (0001) 
(.0001) 2.00000001 «« .0001). In this case, the terms in expression (3.11) 
involving convexity are small and can be ignored. Then, 
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AV(Y,, Yp) = — Du aBa (Y, JA, ^ nyDy Ae (Y, Av. (3.12) 


Expression (3.12) gives us a very simple expression for the change in the 
value of a bond portfolio when yields change. 

A hedged portfolio is one where AV(Y,,Y,)=0, i.e, the value of the 
portfolio is invariant to changes in the underlying bond’s yields. This is 
because in a hedged portfolio, bond a’s price changes are exactly offset by 
changes in bond b’s price. Such a portfolio is said to be riskless, because its 
value does not change when the underlying term structure changes.* We 
next study the choices of n, necessary to obtain such a hedged portfolio. 

To obtain a hedged portfolio, imagine for the moment that A,=A,=A. 
Then, we can write 


AV(Y,,Y,) = [D m aB, (Va) + n Dus B(W)lA. 
This will be zero if the term preceding A is zero, ie, DyqB,(Y,)+ 
ny Dy B, (Y,) = 0. Solving for n, gives n, = — Du. BON, UI Dm By (Yp). This 
simple calculation motivates the following definition. 
The portfolio is said to be (modified) duration hedged if 
n, = -Du aB, (Y,)/ Du AB UL (3.13) 


For a (modified) duration hedged portfolio, substitution of (3.13) into 
expression (3.12) gives that 


AV(Y,,Y,) = -D maB: (Ya Aa — Av]. 
Thus, we see that for a (modified) duration hedged portfolio, 

AV(Y,,Y,) = Oif and only if A, = Aj. (3.14) 
This says that a bond portfolio is hedged against random changes in yields 


using modified duration hedging if and only if changes in bond yields are 
identical for all bonds included in the portfolio. 


* This assumes that the change in time is zero. If time changes as well, from t to t + ô, then a risk- 
less portfolio of positive investment will earn the riskless rate over this time period, i.e., AV = rV8 
where r is the riskless rate. We will show later that r is called the spot rate of interest. 
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Extending this result to arbitrary bond portfolios, duration hedged 
bond portfolios will be hedged against random changes in yields if and 
only if changes in bond yields are identical for all bonds. However, because 
zero-coupon bonds are possible for inclusion in such portfolios, modified 
duration hedging provides a hedged portfolio only if there is a parallel 
shift in the zero-coupon bond’s yield curve. 

Unfortunately, parallel shifts in the zero-coupon bond’s yield curve 
are unlikely events. Glancing back at Figure 1.2 in Chapter 1, we see 
that yield curve changes are almost never parallel. In fact, historically 
yield curves have shifted through time in quite a complex fashion. This 
empirical observation indicates that modified duration hedging does 
not provide a perfect hedge. Hence, the duration-hedged portfolio is not 
expected to have a zero change in value. This is a significant limitation 
of using the classical duration hedging approach for fixed income risk 
management. 

A better procedure for hedging the bond portfolio is to choose the 
number of shares of bond b, n, such that the portfolio is hedged for the 
actual shift in the yield curve (not just parallel shifts). But, yield curve 
shifts are random. This implies that we should use a model that hedges the 
evolution for yield changes that are expected to occur based on historical 
experience. This is the motivation behind the HJM model presented in 
subsequent chapters. 


Example: Modified Duration Hedging 


This example illustrates a modified duration hedge. 

Suppose our portfolio consists of a single coupon-bearing bond 
with maturity T,=10 years, paying a coupon of C,=5 dollars per 
year on a face value of L,= 100 dollars. The bond is currently trading 
at par so that its current price is 8,(0) = 100 dollars. 

We want to apply a modified duration hedge using another 
coupon-bearing bond with maturity T,=5 years, paying a coupon 
of C,=6 dollars per year on a face value of L,=100 dollars. Let the 
bond's price be trading above par at B;(0) = 103 dollars. 

Computing the bond yields and modified durations gives: 


Y,(0)=1.05, Du, = 7.7217, Y,(0)=1.0530, Dy, = 4.2487. 


The modified duration neutral hedge in bond b is: 
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n, = —(7.7217)100 / (4.2487)103 = —1.7645. 


That is, we need to short 1.7645 units of the second coupon bond. 
This completes the example. [ 


In addition, there is an additional limitation of classical duration hedg- 
ing. As mentioned previously, even under parallel shifts, modified dura- 
tion hedging is only valid given small changes in yields. Remember that 
expression (3.12) was only an approximation because we omitted the terms 


involving convexity. For small changes in yields, Aj << A, and Aj << Ay. 


But, for large changes in yields, A2 = A, and Aj = A, (eg. if A,=1, i.e., 


100 basis points, then A2 =1 so A, = A2). In this case, the second-order 
terms are as important as the first-order terms. 

For this reason, convexity hedging can also be performed. One can 
hedge a bond portfolio with respect to both modified duration and con- 
vexity. We now discuss convexity hedging. Here, at least three bonds are 
needed in the portfolio. The second bond is needed to hedge duration, and 
the third bond is needed to hedge convexity. 

Consider three coupon bonds with indexes a, b, and c. The portfolio 
value is 


V(Y,, Y, Y.) = B, (Ya) + nB, (Y, ) +.B; (Y. ). (3.15) 
Given a change in yields, the change in the portfolio's value is 
AV(Y,,Y,, Y.) = Dy, (Y JA, — nyDy By (Y Av = N.D yy ¿BY YA 
+C, aB, (Y JAS / 2* nC, 48, (Y, JAS / 2 (3.16) 
+n.C, 8, (Y.) A] /2 ----. 


To make this portfolio delta and convexity hedged, choose n, and n, such 
that the following terms involving modified duration and convexity are 
Zero, i.e., 
Dy aBa (Ya) - ny Dy pB (Yp) * n.D,,,,(Y.) = 0 (modified duration hedged) 
C, aBa (Y, ) +C, bB, (Yp) +n.C, B. (Y.) = 0 (convexity hedged). 

(3.17) 
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As before, this system gives a hedged portfolio if and only if there is a par- 
allel shift in yields, i.e., A, = A, = A,. Standard linear algebra can be used 
to solve this system of two equations in two unknowns. 


Example: Duration and Convexity Hedging 


This example illustrates a modified duration and convexity hedge. 
We continue with the previous example. 

Suppose our portfolio consists of a single coupon-bearing bond 
with maturity T,— 10 years, paying a coupon of C,=5 dollars per 
year on a face value of L, — 100 dollars. The bond is currently trading 
at par so that its current price is 8,(0) = 100 dollars. 

We want to apply a modified duration and convexity hedge using 
two additional bonds. 

The first is a coupon-bearing bond with maturity T,= 5 years, pay- 
ing a coupon of C, — 6 dollars per year on a face value of L, = 100 dol- 
lars. Let the bond’s price be trading above par at B;(0) = 103 dollars. 
The second is a coupon-bearing bond with maturity 1.= 15 years, 
paying a coupon of C,—4 dollars per year on a face value of L.= 100 
dollars. Let the bond's price be 8, (0) = 94 dollars. 

Computing the bond yields and modified durations gives: 


Y,(0)21.05, Du, 27.7217, Y,(0) 21.0530, Dy, = 4.2487, 


Y.(0) 21.0456, Du, = 10.9393. 
The convexities are: C, a = 74.9977, C,» = 23.2842, C,, =151.6231. 


The system of equations (3.17) becomes 
(7.7217)100 + n, (4.2487)103 +n, (10.9393)94 = 0 


(74.9977)100 + n, (23.2842)103 + n,(151.6231)94 = 0. 


The solution is: n, = —.8734 n, = —.3792. 

Both additional bonds need to be shorted to create the appropriate 
hedge. 

This completes the example. [] 
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In summary, there are two problems with classical modified duration 
hedging: first, it is valid only for small shifts in the yield curve, and second, 
it is valid only for parallel shifts in the yield curve. The convexity adjust- 
ment to the modified duration hedge is useful only for reducing the first 
of these biases, i.e., that due to small changes in yields. It does not remove 
the nonparallel shift bias. Historical term structure evolutions are incon- 
sistent with parallel shifts in the yield curve, making modified duration 
hedging imprecise. For this reason, we do not recommend the use of the 
classical approach to risk management. Instead, we recommend the pro- 
cedure discussed in the remainder of the book. 
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CHAPTER 4 


The Term Structure 
of Interest Rates 


T CHAPTER PRESENTS THE preliminaries of the model. As is true of 
all models, the model selected for presentation is an abstraction from 
reality. It is an abstraction because it is a simplification. It is simplified in 
order to facilitate understanding and analysis. Of course, the hope is that 
the simplified model is still a good approximation to the actual economy. 
The approximation needs to be good enough to provide both (i) accurate 
valuation of interest rate options and (ii) accurate synthetic construction 
of the cash flows to interest rate options using the traded Treasury or 
Eurodollar securities. How accurate the valuation and the synthetic con- 
struction need to be is determined in each application. Our experience, 
however, is that this model and its extensions are accurate enough to have 
proven quite useful in the actual trading and risk management of fixed 
income securities and interest rate options. 

To maintain a sense of realism, all of the examples presented in this 
chapter (and in the remainder of the book) are based on term structure 
parameters, calibrated to actual market rates, at the writing of the first 
edition. The discrete time period selected corresponds to 6 months. It is 
useful to keep this statement in mind as one reads the remainder of the 
book. Although simple in appearance, the examples provided are based on 
data obtained from real markets. Generalized slightly, at one time, these 
examples were used to price traded interest rate derivatives. 
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4.1 THE ECONOMY 


We consider a frictionless, competitive, and discrete trading economy. By 
frictionless we mean that there are no transaction costs in buying and sell- 
ing financial securities, there are no bid/ask spreads, there are no restric- 
tions on trade (legal or otherwise) such as margin requirements or short 
sale restrictions, and there are no taxes. 

The frictionless markets assumption can be justified on two grounds. 
First, very large institutional traders approximate frictionless markets 
since their transaction costs are minimal. If these traders determine 
prices, then this model may approximate actual pricing and hedging well. 
The second argument is that understanding frictionless markets is a nec- 
essary prelude to understanding friction-filled markets. Only by under- 
standing the ideal case can we hope to understand the more complicated 
friction-filled economy. Both arguments have merit, and either provides 
us with sufficient motivation to continue with the analysis. 

The markets are assumed to be competitive; i.e., each trader believes that 
she can buy/sell as many shares of a traded security as she desires with- 
out influencing its price. This implies, of course, that the market for any 
financial security is perfectly (infinitely) liquid. This is an idealization of 
actual security markets. It is more nearly satisfied by large volume trad- 
ing on organized exchanges than it is in the over-the-counter markets. 
Nonetheless, it is a reasonable starting hypothesis, from which we will pro- 
ceed. The modification of the subsequent theory for a relaxation of this 
competitive market assumption is a fruitful area of research. (For some 
work along these lines, see Back [1], Gastineau and Jarrow [2], Jarrow [3, 4].) 

Last, we consider a discrete trading economy with trading dates (0, 1, 
2, ..., T}. This assumption is not very restrictive because it is a reasonable 


approximation to actual security markets, especially if t is large and the 
time interval between trading periods is small. The alternative, continu- 
ous trading, provides similar results but with significantly more compli- 
cated mathematics. 


4.2 THE TRADED SECURITIES 


Traded in this economy are zero-coupon bonds of all maturities (0, ... , 7) 
and a money market account. The price of a zero-coupon bond at time t 
that pays a sure dollar at time T > t is denoted by P(t,T). All zero-coupon 
bonds are assumed to be default-free and have strictly positive prices. 
Table 4.1 provides three different hypothetical zero-coupon bond price 
curves. Panel A gives these prices for a flat term structure, panel B is for 
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a downward sloping term structure, and panel C is for an upward sloping 
term structure. The numbers are constructed so that each time period cor- 
responds to half a year. 

The money market account is constructed to always represent an 
investment portfolio in the shortest maturity zero-coupon bond. It is ini- 
tialized at time 0 with a dollar investment, and its time t value is denoted 
by B(t). Thus, by convention, B(0)= 1. To construct this account, at time 0 
this dollar is invested in the zero-coupon bond that matures at time 1 (i.e., 
1/P(0,1) units are purchased). This position is held until time 1. At time 1, 
the initial dollar plus interest earned is reinvested into the zero-coupon 
bond that matures at time 2. This is the shortest maturity zero-coupon 


TABLE 4.1 Hypothetical Zero-Coupon Bond Prices, Forward Rates, and Yields 


Time to Zero-Coupon Bond Forward 
Maturity (T) Prices P(O,T) Rates f(O,T) Yields y(O,T) 
Panel A: Flat Term 0 1 1.02 1.02 
Structure 1 .980392 1.02 1.02 
2 .961168 1.02 1.02 
3 .942322 1.02 1.02 
4 .923845 1.02 1.02 
5 .905730 1.02 1.02 
6 .887971 1.02 1.02 
7 .870560 1.02 1.02 
8 .853490 1.02 1.02 
9 .836755 
Panel B: 0 1 1.024431 1.024431 
Downward 1 976151 1.023342 1.023886 
Sloping Term 2 „953885 1.022701 1.023491 
Structure 3 „932711 1.022319 1.023198 
4 „912347 1.022025 1.022963 
5 „892686 1.021794 1.022768 
6 873645 1.021627 1.022605 
7 855150 1.021544 1.022472 
8 837115 1.020748 1.022281 
9 .820099 
Panel C: Upward 0 1 1.016027 1.016027 
Sloping Term 1 „984225 1.016939 1.016483 
Structure 2 „967831 1.017498 1.016821 
3 „951187 1.017836 1.017075 
4 .934518 1.018102 1.017280 
5 .917901 1.018312 1.017452 
6 .901395 1.018465 1.017597 
7 .885052 1.018542 1.017715 
8 .868939 1.019267 1.017887 
9 .852514 
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bond at time 1. So, interest is earned on interest in this fund. This process 
continues at times 2, 3, ... The value of the money market account at any 
time is just the accumulated value of this fund. More will be said about 
the money market account after the introduction of various interest rates. 


4.3 INTEREST RATES 


Markets tend to quote bond prices using interest rates. This is because 
interest rates summarize very complex cash flow patterns into a single 
number that is (roughly) comparable across different financial securities. 
In this text, various different interest rates will play a significant role in the 
analysis. This section defines the most important of these interest rates: 
yields, forward rates, and spot rates. As a convention in this book, for sim- 
plicity of notation and exposition, all rates will be denoted as one plus a 
percentage (these are sometimes called dollar returns), implying that all 
rates will be strictly positive. This convention greatly simplifies all the sub- 
sequent formulas. It has already been employed in Chapter 3. 

The yield at time t on a T-maturity zero-coupon bond, denoted by y(t,T), 
is defined by expression (4.1): 


1 1/(T—t) 
y(t,T)= l Ga si (4.1) 


The yield is one plus the percentage return earned per period by holding the 
T-maturity bond from time t until its maturity and, therefore, y(t, T) > 0.* 
The yield is often called the holding period return. Alternatively written, 
expression (4.1) implies 


1 
ben? 


In this expression, we see that the yield is also the internal rate of return 
on the zero-coupon bond. It is that single rate compounded for (T'- f) peri- 
ods that discounts the dollar payoff at time T to the present value of the 
zero-coupon bond, its price. 

The time t forward rate for the period [T,T+ 1], denoted by f(t,T) > 0, is 
defined by 


P(t,T) = (4.2) 


*In more standard notation, one would write 14,7) [uren] TP. The difference 
between these two expressions is slight. Here y(t,T) » —1. 
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P(t,T) 


TT) = P(t,T +1). 


(4.3) 


The forward rate can be understood from two perspectives. First, look- 
ing at expression (4.3), the only difference between P(t,T) and P(t,T + 1) is 
that P(t,T'+ 1) earns interest for one more time period, the period [T,T + 1]. 
Taking the ratio as in expression (4.3) isolates the implicit rate earned on 
the longer maturity bond over this last time period. This implicit rate is 
the forward rate. 

The second interpretation of the forward rate is that it corresponds to 
the rate that one can contract at time f for a riskless loan over the time 
period [T,T+ 1]. 

To see this interpretation, we construct a portfolio of zero-coupon 
bonds that creates a dollar loan over [T,T'+ 1] that is riskless. The inter- 
est rate on this loan is shown to be the forward rate of interest. With 
this goal in mind, consider forming the following portfolio at time t: (i) 
buy one zero-coupon bond maturing at time T and (ii) sell the quantity 
[P(t,T)/P(t,T + 1)] of zero-coupon bonds maturing at time T+ 1. Hold each 
zero-coupon bond until maturity. The cash flows to this portfolio are 
given in Table 4.2. The initial cash flow from forming this portfolio at time 
t is zero. Indeed, the cash outflow is P(t,T) dollars, but the cash inflow is 
[P(t,T)P(t,T + 1)] P(5 T 1) - P(5T) dollars. These net to zero. The first cash 
flow of one dollar occurs at time T. It is an inflow. In addition, there is a 
cash outflow of P(t,T)/P(t,T + 1) dollars at time T 4 1. 

This pattern of cash flows is the same as that obtained from a dollar 
loan over [T,T+ 1], contracted at time t. The implicit rate on this loan is 
P(t,T)/P(t,T + 1), the forward rate. This completes the argument. 

From expression (4.3) we can derive an expression for the bond's price 
in terms of the various maturity forward rates: 


TABLE 4.2 Cash Flows to a Portfolio Generating a Borrowing Rate Equal to the Time t 
Forward Rate for Date T, f(t,T) 


Time T T T+1 
Buy bond with maturity T —P(t,T) +1 
Sell [P(t, T)/ P(t T + 1)] bonds with P(T) P(t,T) 
, ST POT REDE. 
maturity T+1 P(t, T 4-1) ( P(t,T +1) 
Total Cash Flow 0 +1 P(t,T) 
— PUT 1) 
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I^»? 
jet 


Derivation of Expression (4.4) 


Step 1. 


f (t,t) = P(t,t)/P(t,t +1) 
= 1/P(t,t +1) 
Since P(t,t) = 1. So, 


PPT TD S FO. 

Step 2. Next, 

f(t,t-- 1) =P(t,t+1) / P(t,t +2). 
So, 

P(t,t+2) = P(t,t *1)/ f(t,t+0. 
Substitution yields 

P(t,t+2)=1/ f (t) f (tt 1). 
Continuing, we get 
PE Us H (5t) f(GS[t-Df(G5St- 2)... fete j - 1. 


This completes the proof. [ 


Expression (4.4) shows that the bond’s price is equal to a dollar received 
at time T and discounted to the present by the different maturity forward 
rates.* 


* The symbol itz Iren = f(t,Of(tt+1)--- f(T —1) means the result obtained from multiplying 
together the terms arising when the index j runs from t to T - 1. 
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Example: Computing Forward Rates and 
Bond Prices Using Table 4.1 


In Table 4.1, panel A gives the forward rates for a flat term structure, 
panel B for a downward sloping term structure, and panel C for an 
upward sloping term structure. The shape of the term structure is 
defined by the slope of the graph of the forward rate versus time to 
maturity. To illustrate the use of the definitions, from panel A we 
have, in symbols, 


f (0,3) = P(0,3)/ P(0, 4) 
or, in numbers, 
1.02 = 0.942322 / 0.923845. 


For this example the forward rate is f(0,3) = 1.02, and it is the rate one 
can contract at time 0 for borrowing starting at time 3 and ending 
at time 4. 

Conversely, given the forward rates, we can determine the bond 
prices. Using expression (4.4), the calculation is 


P(0,3) =1/ f(0,0) f (0,1) f (0,2) 
or, in numbers, 
0.942322 = 1/ (1.02) (1.02) (1.02). 


This shows that the 3-period zero-coupon bond's price is equal to 
a discounted dollar at 2 percent for three periods. This completes the 
example. [] 


Last, the spot rate, denoted by r(t), is defined as the rate contracted 
at time t on a 1-period riskless loan starting immediately. By definition, 
therefore, 


r(t)= f(t,t). (4.5) 


From Table 4.1 we see that the spot rate r(0) =f(0,0) is 1.02 for the flat 
term structure, 1.024431 for the downward sloping term structure, and 
1.016027 for the upward sloping term structure. 
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Alternatively, using expressions (4.1) and (4.3), the spot rate is seen to be 
the holding period return on the shortest maturity bond, i.e., 


r(t) = y(t,t +1). (4.6) 


We can now clarify the return earned on the money market account. By 
construction, 


B(t) = B(t-)r(t-2) = ¡NE j). (4.7) 
j=0 


The money market account invests its entire fund in the shortest maturity 
zero-coupon bond each period, thereby earning the spot rate over each 
subsequent period. From Table 4.1 we see that for the flat term structure in 
panel A, B(1) = B(0)r(0) = 1.02. The money market account earns 2 percent 
over the first interval. The data in Table 4.1 does not enable us to deter- 
mine the money market account's value at any future date beyond time 1 
because the future spot rates are not available. 


4.4 FORWARD PRICES 


This section introduces forward contracts and forward prices. Forward 
contracts are one of the oldest forms of financial contracts in existence, 
having been used over 4,000 years ago in the Roman Empire and Greece. 

A forward contract is a financial security obligating the purchaser to 
buy a commodity at a prespecified price (determined at the time the con- 
tract is written) and at a prespecified date. At the time the contract is 
initiated, by convention, no cash changes hands. The contract has zero 
value. The prespecified purchase price is called the forward price. The 
prespecified date is called the delivery or expiration date. Forward con- 
tracts are written on many different commodities. In this book, we are 
only interested in studying forward contracts on zero-coupon bonds. 
Nonetheless, the mathematics for the other commodities is almost iden- 
tical to that presented below. 

There are three dates of importance for forward contracts on zero-cou- 
pon bonds: the date the contract is written (f), the date the zero-coupon 
bond is purchased or delivered (T,), and the maturity date of the zero- 
coupon bond (T;). The dates must necessarily line up as t€ T, < T,. We 
denote the time t forward price of a contract with expiration date T, on the 
T,-maturity zero-coupon bond as F(t, TT). 
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By definition, the forward price on a contract with immediate delivery 
is the spot price of the zero-coupon bond, i.e., 


FUT: 5) PO, (4.8) 
The payoff to the forward contract on the delivery date is 
POD) F(t,T, : T;). (4.9) 


This is the value of the T,-maturity zero-coupon bond on the delivery date 
less the agreed-upon forward price. Expression (4.9) is called the boundary 
condition or payoff to the forward contract. 

For subsequent usage, we illustrate the cash flow to the forward con- 
tract at expiration using a payoff diagram. A payoff diagram is a graph 
of the payoff to a financial instrument, as a function of its underlying 
commodity’s price at the delivery (or expiration) date. The payoff dia- 
gram for the forward contract is shown in Figure 4.1. On the x-axis is 
the price of the underlying commodity, the zero-coupon bond. On the 
y-axis is the payoff to the forward contract. As shown, the payoffs are 
positive when the zero-coupon bond’s price is greater than the forward 
price, negative otherwise. This payoff is linear in the underlying zero- 
coupon bond’s price. Furthermore, it has unlimited gains and unlim- 
ited loss potential. 


POT, T3) - F(t, Ti: T) 
a 


> PTT) 
F(t, T: T;) 


FIGURE 4.1 Payoff Diagram for a Forward Contract with Delivery Date T, on a 
T,-Maturity Zero-Coupon Bond. 
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4.5 FUTURES PRICES 


Futures contracts are a more recent development than are forward con- 


tracts, having been introduced to financial markets sometime during the 
late 19th and early 20th centuries. Futures contracts can be thought of 
as standardized “forward” contracts, constructed to trade on organized 
exchanges with a minimum of counter party risk. To minimize counter 
party risk, futures contracts have daily cash flows, unlike forward con- 
tracts. The differences between futures contracts and forward contracts 
are now detailed. 

A futures contract,* like a forward contract, is an agreement to pur- 
chase a commodity at a prespecified date, called the delivery or expiration 
date, and for a given price, called the futures price. The futures price is paid 
via a sequence of random and unequal installments over the contract’s 
life. At the time the contract is initiated, by convention, no cash changes 
hands. The contract has zero value at initiation. A cash payment, however, 
is made at the end of each trading interval, and it is equal to the change in 
the futures price over that interval. This cash payment resets the value of 
the futures contract to zero and is called marking-to-market. 

To see how this process works, let us denote the time t futures price on 
a contract with delivery date T, on a T,-maturity zero-coupon bond as 
F(t,T, :T,). As before, these dates must line up as t € T, € T}. By definition, 
the futures price for a contract with immediate delivery of the T,-maturity 
zero-coupon bond is the bond's price, i.e., 


FM, :T;) - PCI). (4.10) 


The cash flow to the futures contract at time t+ 1 is the change in the value 
of the futures contract over the preceding period [t, t+ 1], i.e., 


T(t- LT, : T;)—- (tT, : T;). (4.11) 


This payment occurs at the end of every period over the futures contract's 
life. 

Table 4.3 compares the cash flows of a forward contract and a futures 
contract. Let us first consider the forward contract. The forward contract 
has a cash flow only at the expiration date T,. The forward contract's cash 
flow at delivery is equal to the zero-coupon bond's price less the forward 


* This section discusses a hypothetical futures contract, devoid of the imbedded options associated 
with actual market traded futures contracts; see Chapter 2. 
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TABLE 4.3 Cash Flow Comparison ofa Forward and Futures Contract 


Time Forward Contract Futures Contract 

T 0 0 

t+1 0 F(t+1,T, :T,) -F(t,T, :T,) 
t+2 0 F(t+2,T, :T,)-F(t+1,T, :T,) 
T,-1 0 F(T,-1,T,:T,)-F(T, -2,T, :T,) 
T, P(T,,T,) -FG T: T;) DROE F(T; -LT : T) 
Sum P(T T,) Ft Ty: T) P(T,T:) —F(t,T, :T,) 


price. Next, consider the futures contract. The futures contract has a cash 
flow at the end of each intermediate trading date equal to the change in 
the futures price on that day. This is distinct from the forward contract. 

Next, look at the sum of the cash flows to the two contracts. The total 
(undiscounted) sum of all the cash flows paid to each contract is similar. 
It is the spot price of the T,-maturity bond less the forward price (futures 
price) for the forward contract (futures contract). 

The difference between the two contracts, therefore, is solely in the tim- 
ing of the cash flows. The forward contract receives one cash flow at the 
end of the contract, and the futures contract receives a cash flow at the 
end of each trading date. This cash payments to the futures contract are 
random. 

There is a heuristic argument that helps form intuition for the relation 
between forward and futures prices. Consider a forward contract with 
delivery date T, on the T,-maturity bond with forward price F(t, T, : T;). 
This contract will be our standard for comparison. It has no cash flow 
prior to the maturity date. To make the comparison equal, any cash flow to 
the futures contract must be reinvested (if positive) or borrowed (if nega- 
tive) so that the futures contract plus investment/borrowing is also zero. 

Next, let us decide whether a long position in a forward contract is pre- 
ferred to a long position in a futures contract with delivery date T, on 
the same T,-maturity bond. If the forward contract is preferred, then the 
futures price should be less than the forward price. Why? Because inves- 
tors would be less willing to enter into a futures contract, and to induce 
one to do it (with zero cash exchanging hands), the futures price must be 
less than the forward price, i.e., 


FtT:D)<F6T:D). 
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We claim that the forward contract on a zero-coupon bond is preferred to 
a futures contract. To see this, suppose the spot rate increases, then: 


(i) the zero-coupon bond price falls, 
(ii) the current futures price falls, 
(iii) the change in the futures price is negative, thus 


(iv) the futures contract has a negative cash outflow. 


But, to get this cash to cover the futures contract’s loss, we need to borrow, 
and spot rates are high. This is a negative compared to the forward con- 
tract that has no cash flow and is implicitly borrowing at the lower interest 
rate, determined before the spot rate increased. 

Next, consider the case where spot rates fall, then: 


(i) the zero-coupon bond price rises, 
(ii) the current futures price rises, 
(iii) the change in the futures price is positive, thus 


(iv) the futures contract has a positive cash inflow. 


But, after getting this cash profit, we need to invest it and spot rates are 
low. This is a negative compared to the forward contract that has no cash 
flow and is implicitly investing at the higher interest rate, determined 
before the spot rate decreased. 

In both cases the forward contract is preferred to the futures con- 
tract. This follows because of the negative correlation between futures 
prices and interest rates assumed in the above argument. The argument 
is only heuristic because we have not proven the relations: (i) implies 
(ii) implies (iii) above. The formal proof of these relations requires the 
full power of the theory presented in this book, and thus awaits a sub- 
sequent chapter. 


4.6 OPTION CONTRACTS 

This section discusses four types of option contracts: calls and puts of 
either the European or American type. A good reference for this material 
is Jarrow and Chatterjea [5]. 
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4.6.1 Definitions 


This section gives the definitions of the various option contracts. 

A call option of the European type is a financial security that gives its 
owner the right (but not the obligation) to purchase (call) a commodity at 
a prespecified price (determined at the time the contract is written) and 
at a predetermined date. The prespecified price is called the strike price 
or exercise price. The predetermined date is called the maturity date or 
expiration date. 

The difference between a call option of the European type and a for- 
ward contract on the same commodity with the same delivery date is 
that the call option gives the right to purchase, but not the obligation. 
This means that the owner of the call does not have to purchase the 
underlying commodity if he or she doesn’t want to. In contrast, the for- 
ward contract’s holder (long position) must purchase the commodity at 
the forward price at the delivery date. This is a crucial distinction, as we 
will see below. 

A call option of the American type is identical to the European call 
except that it allows the purchase decision to be made at any time from 
the date the contract is written through the maturity date. This added 
flexibility makes the American-type call option at least as valuable as its 
European counterpart. 

A put option of the European type is identical to the European call 
except that it gives the right to sell (put) the commodity. 

A put option of the American type is identical to the European put 
except that it allows the sell decision to be made at any time from the 
date the contract is written through the maturity date. Again, this added 
flexibility makes the American type put option at least as valuable as its 
European counterpart. 

Option contracts are written on many commodities. Examples include 
zero-coupon bonds, coupon bonds, futures contracts, interest rates, and 
swaps. All of these options will be discussed in this book. But, at the start, 
to understand these contracts in more detail, we concentrate only on 
options written on zero-coupon bonds. 


4.6.2 Payoff Diagrams 

This section studies European call and put options using payoff diagrams. 
For this analysis, we need some notation. Let the underlying zero-coupon 
bond have maturity date T,. Its time f price is denoted by P(t,T,). 
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Consider a European call option with strike price K and maturity date 
T, € T; written on this zero-coupon bond. Its time f price is denoted by 
C(t, f, K : T). 

At maturity its payoff or boundary condition is: 


CTK : T5) = max[P(T;, 5) - K,0]. (4.12) 


If at maturity, the zero-coupon bond's price exceeds the strike price K, 
then the call option is said to be in-the-money. In this circumstance, 
the holder of the call will exercise their right (option) to purchase the 
underlying bond for K dollars. The value of the call is then the value of 
the underlying zero-coupon bond less the purchase price, P(T,,T,)—K. 
Alternatively, if at maturity the zero-coupon bond's price is less than the 
strike price, the call option is out-of-the-money. In this circumstance, the 
holder of the call does not exercise the option to purchase, and the option 
expires worthless. 

This payoff is graphed in Figure 4.2. On the x-axis is the price of the 
underlying zero-coupon bond at maturity. We see that the call has a zero 
payoff for zero-coupon bond prices below the strike K. At K, the payoff 
increases dollar for dollar with any increase in the price of the zero-cou- 
pon bond. The payoff to a call is nonlinear. The loss to the call is bounded 
below by zero. The gains are unlimited. This is in contrast to the payoffs to 
the forward contract (see Figure 4.1). The payoffs to a forward contract are 
unlimited both above and below. 


C(T;, T,, K: T,) = max [P(T,, T;) - K, 0] 
^ 


> P(T,, T 
E (Tj, Ta) 


FIGURE 4.2 Payoff Diagram for a European Call Option on the T,-Maturity 
Zero-Coupon Bond with Strike K and Expiration Date T. 
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Next, consider a European put option with strike K and maturity date 
T, ST, written on this same zero-coupon bond. Let its time t price be 
denoted by P(t,T,,K : T;). 

At maturity its payoff or boundary condition is: 


P(T,,T,,K : T;) = max[K — P(T,,T,), 0]. (4.13) 


If at maturity, the zero-coupon bond’s price is less than the strike price 
K, the put option is in-the-money. In this circumstance, the holder of the 
put will exercise their right (option) to sell the underlying bond for K dol- 
lars. The value of the put is then K dollars less the value of the underlying, 
K —P(T,,T;). Alternatively, if at maturity the zero-coupon bond's price 
exceeds the strike price, the put option is out-of-the-money. In this cir- 
cumstance, the holder of the put does not exercise the option to sell, and 
the option expires worthless. 

This payoff is graphed in Figure 4.3. On the x-axis is the price of the 
underlying zero-coupon bond at maturity. We see that the put has posi- 
tive payoff for zero-coupon bond prices below the strike K. Above K, the 
payoff on the put is zero. Similar to the call, the payoff to the put is non- 
linear, and the loss to the put is bounded below by zero. In contrast to the 
call, the put’s gains are bounded above by the strike price K. This simple 
observation shows that a call option is not equivalent to shorting a put. 
The relationship, called put-call parity, is more complex, and its explana- 
tion awaits a subsequent chapter. 


P(T,, T>, K: T,) = max [K - POT, T;), 0] 
A 


K > P(T,, T) 


FIGURE 4.3 Payoff Diagram for a European Put Option on the T,-Maturity 
Zero-Coupon Bond with Strike K and Expiration Date TI, 
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4.7 SUMMARY 


The basic assumptions and traded securities introduced in this chapter 
are used throughout the remainder of the book. The assumptions are that 
the economy is frictionless and competitive and has only discrete trading. 

The traded securities are zero-coupon bonds of all maturities (P(t,T)) 
and a money market account (B(t)). From these traded securities, we 
define the bond's yield (y(t,T)), forward rates (f(t,T)), and spot rates (r(t)). 
By convention, all these rates are given as one plus a percentage. The rela- 
tions among these rates are provided. 

Last, forward contracts, futures contracts, and options on zero-coupon 
bonds have been defined in this chapter. The forward price of a contract 
with delivery date time T, on a zero-coupon bond maturing at time T, is 
denoted by F(t,T,;T,). The futures price ofa contract with delivery date time 
T, on a zero-coupon bond maturing at time T, is denoted by F(t, T; T;). 
The difference between futures and forward contracts is that futures con- 
tracts are marked to market, whereas forward contracts are not. 

Call and put options of the European and American type were defined. 
A European call option gives its holder the right to purchase the underly- 
ing zero-coupon bond at a strike price on the maturity date of the option. 
The European put is the right to sell. American-type options can be exer- 
cised any time over their life. It was argued that calls, puts, and forward 
contracts are quite different, and their relationship awaits the derivation of 
a subsequent result known as put-call parity. 
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CHAPTER D 


The Evolution of 
the Term Structure 
of Interest Rates 


5.1 MOTIVATION 


Arbitrage pricing theory is often called a relative pricing theory because it 
takes the prices of a primary set of traded assets as given, as well as their 
stochastic evolution, and then it prices a secondary set of traded assets. It 
prices a secondary traded asset by constructing a portfolio of the primary 
assets, dynamically rebalanced across time, such that the portfolio’s cash 
flows and value replicate the cash flows and value of the secondary traded 
asset. This portfolio is called the “synthetically created traded asset.” To 
prevent riskless profit opportunities, or arbitrage, the cost of this replicat- 
ing portfolio and the price of the secondary traded asset must be identical. 
Of course, the cost of the replicating portfolio is known, since the prices 
of the primary traded assets are given. The given stochastic evolution of 
the primary traded assets determines whether this synthetic replication is 
possible (whether markets are complete). 

For this text, the primary set of traded assets consists of the zero-cou- 
pon bonds and the money market account. The secondary set of traded 
assets is either (i) other zero-coupon bonds (Chapter 8-9) or (ii) inter- 
est rate options (Chapters 11-15). The basic inputs to this relative pricing 
theory are the prices of the primary set of zero-coupon bonds and their 
stochastic evolution through time. 
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This chapter introduces the stochastic evolution for the zero-coupon 
bond price curve. The stochastic structure is introduced sequentially, 
starting with a one-factor model, then presenting a two-factor model, and 
so forth. Starting with the simplest stochastic structure (one factor) facili- 
tates understanding. After this one-factor model is mastered, additional 
factors can be added in a straightforward fashion. Chapter 7 formalizes 
the meaning of arbitrage opportunities and market completeness. 

This section motivates the discrete time processes constructed in this 
chapter. Using historic zero-coupon bond price observations, we can 
compute a time series history of forward rates (across all maturities). 
Such a historical forward rate curve evolution is illustrated in Figure 5.1. 
Figure 5.1 gives the historic evolution of the forward rate curve from 
January 2007 to December 2018 in weekly observation intervals. 

From this evolution, we can generate histograms for changes in a 
particular maturity forward rate as illustrated in Figure 5.2. These 
histograms provide an estimate of the true underlying distributions, 
shown in Figure 5.2 as the continuous curve. For each histogram, 
there are a mean (expected value) and a standard deviation. These 
are estimates of the true underlying distribution's mean and stan- 
dard deviation. Although we do not present it graphically, from these 
forward rate observations we can also compute the joint histogram 


Forward Rates 


Time to Maturity 


FIGURE 5.1 Forward Rate Curve Evolutions over January 2007-December 2018. 
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FIGURE 5.2 Histogram of Weekly Changes in Forward Rates from January 
2007-December 2018. 


(multidimensional distribution) and the covariance matrix of changes 
in forward rates. 

What we want to do in this chapter is to build a model for the evolu- 
tion of forward rates such that the model provides a reasonable approx- 
imation to the true underlying joint distribution. The model needs 
to be simple enough to be computable, but rich enough to be realistic. 
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FIGURE 5.2 (Continued) 


The binomial (and its generalization - the multinomial) model provides 
such an approach. 

To understand how this works, in its simplest form, we build a binomial 
tree such that over a month, the distribution for changes in forward rates 
induced by the binomial tree approximates the true underlying distribu- 
tion. This is done via a two-step process. First, the mean and standard 
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FIGURE 5.3 Example of a Binomial Approximation to the True Distribution. 


deviations for the binomial model are chosen to match the mean and stan- 
dard deviations of the histograms. Second, the number of intervals in the 
binomial tree over a month is chosen to be large enough so that the bino- 
mial model's distribution provides a reasonable approximation to the true 
underlying distribution. 

This process is illustrated in Figure 5.3. Figure 5.3 shows that as the 
number of intervals in the binomial tree increases, the distribution implied 
by the binomial model becomes closer and closer to the true underlying 
distribution. The details of this procedure are discussed more precisely 
in Chapter 16. The next sections in this chapter demonstrate how to con- 
struct such a binomial (or multinomial) tree. 


5.2 THE ONE-FACTOR ECONOMY 


This section presents the one-factor binomial tree. We first describe the 
state space process, which characterizes the “randomness” in the econ- 
omy. Based on this characterization, we then describe the bond price pro- 
cess, the forward rate process, and the spot rate process. 
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5.2.1 The State Space Process 


The uncertainty in the economy is best visualized by utilizing a tree dia- 
gram as given in the following example. 


Example: One-Factor State Space Process 


An example of a one-factor state space tree diagram is given in 
Figure 5.4. The tree starts at time 0 and terminates at time 3. The 
states are indicated by a sequence of vs (up) and d's (down). Branches 
connect the various states. Above each branch is a probability. The 
probabilities across branches at a node sum to one. 

The initial probability of jumping up is (3/4), and the initial prob- 
ability of jumping down is (1/4). If a u occurs, at the next node in the 
tree, the probabilities of jumping up and down remain the same (3/4) 
and (1/4), respectively. This pattern repeats itself throughout the tree. 

At this time, the up state and the down state have no economic 
interpretation. They are just used as “place-holders” for an economic 
state, e.g., “good” or “bad.” Later in this chapter, when we intro- 
duce the bond price process, these states will take on an economic 
meaning. 


3 / 4 uuu 
- 1/4 
uud 
3/4 
u 1/4 
3/4 udu 
3/4 
ud 1/4 
udd 
3/4 duu 
1/4 3 
dud 
d 
1/4 
3/4 ddu 
dd 1/4 
ddd 
time 0 1 2 3 


FIGURE 5.4 An Example of a One-Factor State Space Tree Diagram. 
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The state space process in Figure 5.4 is called a one-factor model 
because at each node in the tree, only one of two possibilities can 
happen (up or down). Each branch also occurs with strictly positive 
probability. One can conceptualize the tree's being constructed by 
tossing one coin (one-factor).* 

If, instead, at each node of the tree there were three branches, 
each with strictly positive probability, it would be called a two-factor 
model because it would take two coins to construct the treet The 
first coin would decide between the up branch, on the one hand, and 
the middle and down branches, on the other hand. The second coin 
would determine the splitting of the last two branches into middle 
and down. 

Conceptually, the analytics of describing the evolution of the state 
space process is no more difficult in multiple-factor models than it 
is in a one-factor model. Multiple-factor models will be discussed in 
subsequent sections. 

This completes the example. [7] 


We next present the abstract representation of this state space tree 
diagram, see Figure 5.5. At time 0, one of two possible outcomes can 
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FIGURE 5.5  One-Factor State Space Tree Diagram. 


* The coin would not be fair, however. 
t As in the case of a one-factor model, in general these coins will not be fair. 
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occur over the next time interval: “up,” denoted by u, and “down,” 
denoted by d. The up state occurs with probability q> 0, and the down 
state occurs with probability 1 — q> 0. Again, at this point, the states 
up and down have no real economic interpretation. They are just an 
abstraction formulated to characterize the only uncertainties influenc- 
ing the term structure of interest rates. At time 1, one of two possible 
states exists: {u, dj. We denote the generic state at time 1 by s,. Thus, 
s, € lu, d}. 

Over the next time interval, one of two possible outcomes can occur 
again: up, denoted by u, or down, denoted by d. The resulting state at time 
2 is su or sd. The up state occurs with probability q,(s,) > 0, and the down 
state occurs with probability 1— q,(s,) > 0. Note that these probabilities 
sum to one and they can depend on the time 1 and the state s,. 

At time 2, therefore, there are four possible states (su, s,d for each s, € 
fu, dy), namely (uu, ud, du, and dd). The ordering in which the ups and 
downs occur is important; ud is considered distinct from du. 

The process continues in this up-and-down fashion until time m. For 
an arbitrary time f, there are 2' possible states. The possible states at time t 
correspond to all possible t-sequences of u and d.* We let s, denote a generic 
state at time f, so s,€ {all possible t-sequences of ws and d’s}. 

Over the next time period [t, t+ 1], one of two possible outcomes can 
occur, up and down. The resulting state at time f+1 is su or s,d. The up 
outcome occurs with probability q,(s,) > 0, and the down outcome occurs 
with probability 1—4,(s) » 0. At time t+1, therefore, there are 2 pos- 
sible states (s,u, s,d for each s, € {all possible t-sequences of ws and d’s}), 
namely, all possible t+ 1 — sequences of ws and de The ordering within 
the sequence of the ws and d's is important, as distinct orderings are con- 
sidered different states. Note that this specification of a state provides the 
complete history of the process. 

At the last date all uncertainty is resolved, and the state s is some 
m-sequence of ws and ds The state space consists of all possible t — 
sequences of u's and d's, where ordering is important. 

As the state space process is constructed, the entire history at any 
node may be important in determining the probabilities of the next 
outcome in the tree. This is indicated by making the probabilities at 
each date t dependent on the state s,as well as time, i.e., q,(s,). Thus, the 


* There are t empty slots, and each slot can take a u or d. Therefore, there are 2 e 2 eee 2 possibilities, 
where 2 is multiplied by itself t times. This totals 2°. 
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state process is said to be path dependent, and the tree is often called 
bushy. Such a tree ensures the most flexibility for modeling term struc- 
ture evolutions. 


5.2.2 The Bond Price Process 


The state space process describes the uncertainty underlying and generat- 
ing the evolution of all the zero-coupon bond prices. The evolution of the 
zero-coupon bond prices, in turn, determines the evolution of the forward 
rates and the spot rates. This section describes these stochastic processes. 
We start via an example. 


Example: One-Factor Zero-Coupon Bond Curve Evolution 


Figure 5.6 contains an example of a one-factor zero-coupon bond 
price curve evolution. The zero-coupon bond price evolution is rep- 
resented as a tree diagram. The underlying state space process is that 
contained in Figure 5.4. The zero-coupon bond price tree has the 
same number of branches as the state space tree, and it has the same 
probabilities. This is by construction. 

The initial zero-coupon bond price curve is given at the node at 
time 0, 


P(0,4)| | .923845 
P(0,3) | | .942322 
P(0,2) |=] .961169 |. 
P(0,1) | | .980392 


P(0,0) 1 


This curve is observed at time 0 (perhaps from a broker’s screen or 
in the financial press). Notice that the last element in this vector is 
the zero-coupon bond that matures at time 0. This bond pays a dol- 
lar at time 0, hence, the “one” in the last element of the vector. We 
include this price in the vector for consistency across all the vectors 
in the tree. 

After time 0, two possible paths are possible: “up” or “down.” 
With probability 34 this curve jumps up to: 
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FIGURE 5.6 An Example of a One-Factor Bond Price Curve Evolution. Actual 
Probabilities Along Each Branch of the Tree. 


P(1,4;u)| [.947497 
P(1,3;u) | |.965127 
P(L2;u)| |.982699| 


P(Ll;u) l 


In this vector are all the zero-coupon bond prices in the up state. 
Notice that the notation for the zero-coupon bond price is now aug- 
mented to include the state “u.” At time 1, the zero-coupon bond that 
matures at time 1 pays a dollar. This zero-coupon bond is included as 
the last element in this vector. 
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With probability !4 this curve jumps down to: 


P(,4id)| [.937148 
P(1,3;d)| |.957211 
P(2.d)| |.978085 | 
P(1,1;d) 1 


In this vector are the zero-coupon bond prices in the down state. The 
notation reflects the state "d." 

We can now give the “up” and “down” states an economic inter- 
pretation. The "up" state refers to the fact that bond prices are greater 
in state “u” than they are in state "d." This is true for the entire tree. 

At time 2, there are four possible zero-coupon bond price curves, 
depending upon the path through the tree. If at time 1 the “up” path 
occurred, then if “up” occurs again at time 2, and the zero-coupon 
bond price vector is: 


P(2,4;uu)| |.967826 
P(2,3;uu) |= | .984222 |. 


P(3,3;uu) 1 


Notice that state “uu” is included in the bond price notation. 

The zero-coupon bond price curve evolution given in Figure 5.6 
continues in a similar fashion until time 4, when the tree ends. 

We see that as each period occurs, the shortest maturity bond 
matures and then disappears from the tree. Note that between times 
3 and 4 only one zero-coupon bond remains in the tree, the 4-period 
zero-coupon bond. At maturity, it pays off 1 dollar. Hence on the tree, 
only one arrow with a one appears at time 4. Although there are two 
states possible at time 4, the payoffs to this bond cannot distinguish 
them. Hence, the tree really terminates at time 3. For this reason, in 
all the subsequent examples and theory, the last step in the tree will 
be a residual, not used for analysis. This completes the example. [ 


We now present the symbolic representation of a zero-coupon bond 
price curve evolution. Figure 5.7 depicts this evolution. To understand this 
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FIGURE 5.7 


One-Factor Bond Price Curve Evolution. 
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figure, we first introduce a new notation for the zero-coupon bond prices 
in the various states. 

Formally, we indicate this state process's influence on the zero-coupon 
bond prices by expanding the notation, letting P(t,T;s) be the T-maturity 
zero-coupon bond's price at time f under state s,. Similarly, we expand the 
notation for yields, forward rates, spot rates, and so on. This is the stan- 
dard way of denoting random variables given an underlying state space 
process and probabilities. 

We assume that P(T,1:s,)= 1 for all T and sp. This assumption formal- 
izes the statement that zero-coupon bonds are default-free, i.e., that they 
are worth a dollar at maturity under all possible states. In addition, we 
assume that P(t,Tis)) > 0 for all t € T and s, This ensures that one cannot get 
something for nothing, i.e., that a sure dollar costs something. 

To understand this figure, we first introduce some new notations for 
the return on the zero-coupon bond in the up state and in the down state: 


u(t,T;s,) = P(t-LT;su)/P(t,T;s) for t+1<T (5.1a) 
and 
d(t,T;s,) = P(t-LT;sd)/P(t,T;s) for t+1<T (5.1b) 


where u(t, T;s) > d(6, Tis) for all t< T—1 and s, 

Expression (5.la) defines u(t,T:s,) as the return at time t on the 
T-maturity zero-coupon bond in the up state. Similarly, expression (5.1b) 
defines d(t,T;s,) as the return at time t on the T-maturity bond in the down 
state. The same symbols “uv” and “d” are used for both the states and the 
returns on the bond. This is done to facilitate understanding by visually 
linking the state with the changes in the bond price process. This double 
usage should cause no confusion. 

As suggested by the notation, the up and down terminology is given 
economic meaning by these expressions, for they are seen to describe the 
relative changes in the magnitudes of the zero-coupon bond prices as* 
u(t, T;s) > d(t,Ts,). This strict inequality only holds for t< T— 1 because at 
time T, its maturity date, the zero-coupon bond pays a sure dollar, i.e., 
P(T,Ts,) = 1 for all s,. Therefore, expression (5.1) implies the following: 


* This restriction is somewhat stronger than that which is actually needed. For the subsequent anal- 
ysis, we need to only require that u(t,T:s) + d(t,T;s,) for all t < T - 1 and s, 
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u(t,t+1;s,)=d(t,t+1;s,)=1/P(t,t+ls,)=r(tss,) foralltands,. (5.2) 


Over the last interval in the bond’s life, the returns in the up and down 
states must be identical, nonrandom, and equal to the spot rate. 

Expression (5.2) implies an important fact regarding the money 
market account's value at any time f. Since B(t) = B(t- 1)r(t- 1), we see 
that the money market account's value at time t depends only on the 
previous state s, , of the process at time t— 1, and not time f's state. 
This is because we know the return on the money market account one 
period before we earn it. Hence, we write B(t;s, ,) as the money market 
account's time f value. 

Although Figure 5.7 looks complicated, it is in fact quite simple. The 
first observation to make is that Figure 5.7 depicts the evolution of the 
entire zero-coupon bond price curve (a vector). Hence, at each node there 
is a vector of zero-coupon bond prices, and not just a single point as in 
Figure 5.5. 

At time 0 we start with the initial zero-coupon bond price curve (P(0,7), 
P(0,t — 1), ..., P(0,1), P(0,0). There are (t+ 1) elements in this vector. For 
consistency, the price of the bond maturing at time 0 (P(0,0)) with a price 
of unity is included as the last element in this vector. 

Over the time interval between 0 and time 1, the zero-coupon bond 
price curve moves up to (P(1,t;u), ..., P(1,2;u),1) with probability q,>0 or 
down to (P(1r;4), ..., P(,2;d), 1) with probability 1 — q> 0. These zero- 
coupon bond price curves, however, consist of only elements, because the 
1-period zero-coupon bond at time 0 matures at time 1 and pays a sure 
dollar. After that date, it no longer trades. 

For convenience, these new price vectors are alternatively written in 
Figure 5.7 as the zero-coupon bond price curve at time 0 multiplied by the 
return over the period 0to 1. For the up state the new vector is (u(0,t)P(0,t),...5 
u(0,2)P(0,2), r(0)P(0,1)) and the down vector is (d(0,t)P(0,t), ..., d(0,2) P(0,2), 
r(0)P(0,1)). At time 1, therefore, there are two possible zero-bond price 
curves as determined by the returns. 

Between time 1 and time 2, given the state at time 1 (either u or d), the 
entire curve again shifts up or down. For example, if the state at time 1 is 
s, =u, then with probability q,(u) > 0 the curve moves up to (P(2,t;uu), ..., 1), 
or with probability 1 - q,(u) > 0 the curve moves down to (P(2,t;ud), ...,1). In 
return form this is (u(1,t;u)P(1,t3u), ..., r(154)P(1,2;u)) or (d(1,t;u)P(1,7;u), ..., 
r(1;u)P(1,2;u)). At time 2 four zero-coupon bond price curves are possible. 
Each curve now has only 1 elements. 
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Starting from an arbitrary curve (P(t;v;s,), ..., Pts, = 1) at time t under 
state s, the curve moves up with probability q,(s) » 0 to (P(t+ 1,735, u), ..., 
P(t Lt+ 1;s,u) = 1) or down with probability 1 — q,(s,) > 0 to (P(t+ 1,1;s,d), ..., 
P(t+1,t+ 1;s,d) = 1). In return form these can be written as (u(f;v;s;) P(t;v;s,), ..., 
r(ts,) P(tt+ 155)) and (d(t;s)P(t;v;s), ..., r(ts)P(t,t+ 1;5)), respectively. 

The evolution of the zero-coupon bond price curve continues in this 
fashion until time c. Over the last interval in the model, time t — 1 to time 
T, there is only one zero-coupon bond trading, the bond that matures at 
time t. This bond pays a sure dollar at time t regardless of the state, and 
after time t the model ends. 

It is important to point out that the traded zero-coupon bonds do not 
span the relevant uncertainty over this last time interval. For any his- 
tory s, at time t — 1, the state space process tree branches up or down. 
However, the single traded zero-coupon bond pays a certain amount, a 
dollar, regardless of the state. Hence, this zero-coupon bond's payoff does 
not differentiate the up and down states at time 7. This is the only time 
period in the model that has this property. The last time period in the tree 
is thus a residual, not really useful for analysis. Indeed, we will later show 
that in all other time intervals the market is complete with enough zero- 
coupon bonds trading to span all the relevant states or histories. 

We can summarize the evolution of the one-factor zero-coupon bond 
price curve analytically as in expression (5.3): 


u(t,T;s,)P(t,T;s,) if s, = su with q,(s,)>0 
P(t-LT;s)- (5.3) 
d(t,T;s,)P(t,T;s,) if s, sd with 1-q,(s,)>0 


where 
u(t,T;s,)>d(t,T;s,) for t«T-1 
and 
u(t,t - 15s, )P(t,t -155s,) =d(t,t+135,)P(t,t+135,) =r(t;s,)P(t,t+1;s,) =1. 


For simplicity of presentation, we have constructed the economy so that 
at each trading date, a zero-coupon bond matures and it is removed from 
trading. In addition, no new zero-coupon bonds are issued. It is an easy 
adjustment to introduce a newly issued t-maturity zero-coupon bond at 
each trading date. In this situation, the zero-coupon bond price vector 
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would be of constant size containing t elements at every date. Expression 
(5.3) is simply expanded to accommodate these newly issued bonds. This 
extension is not pursued in this text. 


5.2.3 The Forward Rate Process 


This section describes the evolution of the forward rate curve. This evo- 
lution can be derived from the evolution of the zero-coupon bond price 
curve, given the definition of the forward rate from Chapter 4. As before, 
we first illustrate the setup with an example. 


Example: One-Factor Forward Rate Curve Evolution 


Figure 5.8 gives the one-factor forward rate curve evolution implied 

by the zero-coupon bond price curve evolution example in Figure 5.6. 

The process starts at time 0 with a flat term structure, with forward 
1.018607 


rates given by 
1.014918 
1.016941 | 
1.016031 | 
3/4 1.018972 
1.018207 
1.017606 1/4 


z 1.017857 
m 1.020286 
1.020393 1/4 
1.022727 


£(0,3) 1.02 
f(0,2)|_| 1.02 
f(0,1) 1.02 
£(0.0) 1.02 1/4 1.017155 
1.019487 
» "au 1.019193 
1.021408 1.021830 
1.021808 
1.022406 
d 1.020543 
1.023347 
1.024436 
1.026165 
time 0 1 


FIGURE 5.8 An Example of a One-Factor Forward Rate Curve. Actual 
Probabilities Along Each Branch of the Tree. 
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f(0,3,] [1.02 
f(0,2)| |1.02 
f (0,1) BRAI 
f(0,0)| |1.02 


With probability %, the forward rate curve shifts up to 


f(1,3;u)| [1.018607 
f(,2;u) |=| 1.018207 |. 


f(LLu) 1.017606 


The term “up” corresponds to changes in the bond prices. Because 
rates move inversely to prices, the forward rate curve actually moves 
down. 

With probability 1⁄4, the forward rate curve shifts “down” to 


fa3d)] [1.021408 
f(,2;d) |=| 1.021808 |. 
f(Ll;d) | |1.022406 


Given the evolution of the forward rate curve, we can deduce the 
evolution of the bond price curve. For example, at time 1, the up 
node in the forward rate curve enables us to generate the bond price 
vector in Figure 5.6 as follows: 


POL 4;u) 1/(1.018607)(1.018207)(1.0176066) „947497 


P(1,3;u) | |1/(1.018207)(1.017606) 965127 
P(1,2;u) | | 1/(1.017606) 982699 | 
PüSEu)| | 1 


The remainder of the forward rate process in Figure 5.8 continues in 
a similar fashion. Note that at time 3, there is only one period left in 
the example. The only forward rate at time 3, f(3,3), is the spot rate 
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of interest at that date r(3). For example, at time 3 in state uuu, the 
forward rate is: f(3,3; uuu) = r(3;uuu) = 1.014918. 
This completes the example. [] 


We now introduce the symbolic representation of the forward rate curve 
evolution, as given in Figure 5.9. To understand this figure, we introduce a 
new notation for the rate of change in the forward rate over any interval of 
time [£, t+ 1] conditional upon the history at time f, i.e., 


a(t,T;s,)= f(t-LT;su)/ f(,T;s) for t+1<T<T-1 (54a) 


| f(t- SE Ki dë yl 
tu) r(u)] | 0(0.1) £Q1) | 
qo 
| "fr: 1] 
| E | 
re) r0)) 
1-90 | f(Lt-td) 1 BO 1)1(0,5-1)| 
ar. (o) | (0.1) (0.1) | 


time 0 1 


f(t+1,t-Ls,u) o(t,v— Ls, )f(t,c— Ls, ) 
E = d N/A 
P +1,t+1;s,u)= r(t R Kos )e(tt+ | 


[71 t- 1; u... u)= rG- 1; u... u) 


1—q,4(u...u) 
N/A 


f(t,T-Ls,) 
Pu: ES 


OD 


N/A 


) 


[t -14,7- rg air re —1;d...d) 


| WEI L;s,d) | ere 


halt tel r(t+l:syd)} (Bitte, )e(t.t + 1:s,) 
t ttl t-l t 


FIGURE 5.9 One-Factor Forward Rate Curve Evolution. 
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and 
B(t,T;s)s f(t--LT;sd)/ f(t,T;s,) for t+1<T<t-1. (5.4b) 


Expression (5.4a) defines the rate of change in the T-maturity forward rate 
over [t, t+ 1] to be a(fT:s,) in the up state and to be p(t, Ts) in the down 
state. These rates of change depend on the history s, and time. 

Like the preceding figures, Figure 5.9 describes the stochastic evolution 
of an entire vector of forward rates. At time 0 the tree starts with the initial 
vector of forward rates (f(0,t — 1), ... , f(0,0) =r(0)). There are t elements in 
this vector, the last element being the spot rate. 

This forward rate curve jumps at time 1 to the vector (flt — Lu), ... , 
f(,l;u)) in the up state and (f(t — Ld), ... , f(1,1;d)) in the down state. 
These can alternatively be written in return form as (a(0,t — 1)/(0,1), ... , 
a(0,1)f(0,1)) and (B(0,t — 1)f(0,1), ... , 8(0,1)/(0,1)), respectively. Each new 
vector has only « — 1 elements; its size is reduced by one as the time 0, 
1-period zero-coupon bond matures. 

Consider an arbitrary time t and state s, where the forward rate 
curve is at (f(t, — Ls), ..., f(bt;s)). It moves with probability q,(s) > 0 to 
(Ft Lc — Ls), ..., f(t+ Lt* l;su)) and with probability (1—4,(s)) » 0 to 
(Ft Lc — bsd), ..., f(t+ Lt+ 1;s,d)). In return form, these can be written 
as (altt — Lett Ls, ..., a(tt-- L:5)f(t,t+ 1;s)) and (B(tv — Gett el, ..., 
B(t,t+ Lis )f(6t+ L;s,)), respectively. The forward rate curve starts at time t 
with « — t elements and is reduced to t-t- 1 elements at time t+1. 

We can summarize this evolution for an arbitrary time t as in expres- 
sion (5.5): 


Q(t, T;s,)f(t, T;s,) if s, — su with q,(s)20 
fG*LTs4)- (5.5) 
B(t,T;s,)f(t, T;s,) if s, = sd with 1-q,(s,)>0 


where 

t-l2T2ttl. 
Finally, at time t — 1 only one zero-coupon bond remains in the market 
and only one forward rate exists, the spot rate. At time t, when the last 


zero-coupon bond matures, no additional forward rates can be defined, 
and the model is terminated. 


76 m Modeling Fixed Income Securities and Interest Rate Options 


As seen in the example, the relation between the zero-coupon bond 
price process and the forward rate process can be easily deduced. First, by 
the definition of a forward rate, 


(EL Tisa) PERL Tisa) REEL E +1; sai). (5.6) 
Letting s,,, = su, we can rewrite expression (5.6) in return form: 
TEL ak P(t,T;s WIS PUT be mate T +a). (57) 
Using the definition of a forward rate again yields: 
f(t-LT;su)- f(t,T;s))u(t; T;s,)/ u(, T * bs,). (5.8a) 
A similar analysis for s,,,=s,d yields 
f(t+1,T;5,d) = f(t,T3s,)d(t,T;s,)/dt,T +1s,). (5.8b) 
Comparison with expression (5.5) gives the final result: 
a(t,T;s,)=u(t,T;s,)/u(it,T+hs,) for t-1>2T>t+1 (59a) 
and 
B(t,T;s,) =d(t,T;s,)/d(t,T +1;s,) for t-12T2t-«1. (59b) 


Expression (5.9) relates the forward rate's rate of change parameters to 
the zero-coupon bond price process's rate of return parameters in the up 
(5.9a) and down (5.9b) states, respectively. Expression (5.9) is useful when 
one parameterizes the bond price process first and then wants to deduce 
the forward rate process from it. 

The parameterization can also work in the reverse direction. Given 
the forward rate process parameters as in Figure 5.9 one can alternatively 
deduce the zero-coupon bond price process's rate of return parameters in 
the up and down states. These relations are given in expression (5.10). The 
proof follows. 


u(t,T;s,)= M E 


Toc. 


j=t+1 


for T-1>T>t+2 (5.10a) 
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and 


_ r(t;s,) 
I2 o 
[ [sesso 


j=t+1 


d(t,T;s,) for t-12T2t-«2 (5.10b) 


Derivation of Expression (5.10) 


From (5.9a) we have that u(t,t+1;s)/a(t,t+ 1;)-— u(t,t--2;s). But 
u(t,t+ 1;s,)=r(t;s,), so substitution generates 


r(t;s,)/O(t,t +1;s,) = u(t,t+2;5,) (*) 
Similarly, from (5.9a) we have that 
u(t,t+2;s,)/O(t,t+2;s,) = u(t,t -3;s,). 
Substituting in (*) gives 
r(t;s,)/ (t,t +1; s,)O(t,t +2; s,) = u(t,t + 3;s,). 


Proceeding inductively gives the result (5.10a). Finally, (5.10b) fol- 
lows in a similar fashion. This completes the proof. [ 


Expression (5.10) is useful when one parameterizes the forward rate 
process first and then wants to deduce the bond price process from it. 
This is the focal point of the analysis, for example, in the original papers 
of Heath, Jarrow, and Morton [1, 2, 3]. This perspective is detailed in 
Chapters 16 and 17 of this text. 

In summary, the evolution of the zero-coupon bond price curve can be 
specified in one of two ways. First, one can directly specify the changes 
in the zero-coupon bond price curve itself as in Figure 5.7 or expres- 
sion (5.3). Alternatively, one can specify the changes in the forward rate 
curve as given in Figure 5.9 or expression (5.5) and then use the rela- 
tion between the changes in forward rates and zero-coupon bond prices 
as given in expression (5.10) to deduce the bond price curve evolution. 
For reasons based on the stability of empirical estimates of the vari- 
ous parameters, the latter approach may often be preferred (see Heath, 
Jarrow, and Morton [2]). 
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5.2.4 The Spot Rate Process 


The stochastic process for the spot rate can be deduced from the zero- 
coupon bond price process's evolution in Figure 5.7 or read off the 
forward rate curve evolution in Figure 5.9. Indeed, as each 1-period 
zero-coupon bond matures, its return determines the spot rate; or, the 
shortest maturity forward rate is, by definition, the spot rate. We can 


apply either of these procedures to the previous example to obtain the 
spot rate process. 


Example: One-Factor Spot Rate Process Evolution 


The spot rate process evolution implied by the example in Figure 5.6 
is given in Figure 5.10. This curve can be read off Figure 5.8, because 
the last entry in every forward rate vector is the spot rate of interest. 

In this tree diagram, the spot rate of interest at time 0 is 1.02. 
In the up state it falls to 1.017606 and in the down state it rises to 


1.014918 
3/4 
1.016031 
1/4 
3/4 
3/4 
1/4 


1.018972 
1.017606 " LOS 
3/4 
1.020393 
1.02272 
i iza 1 Se 
1/4 3/4 l 
1.019193 1/4 
3/4 
1.021830 
1.022406 
1/4 
jh 1.020543 
1.024436 1/4 
1.026165 
time 0 1 2 3 


FIGURE5.10 An Example ofa One-Factor Spot Rate Process. Actual Probabilities 
Along Each Branch of the Tree. 
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1.022406. Just like with forward rates, the spot rate moves inversely 
to zero-coupon bond prices. The remainder of the tree evolves in a 
similar manner. 

This completes the example. [ 


More symbolically, we can represent the evolution for the spot-rate pro- 
cess as in Figure 5.11. 

The spot rate curve starts at r(0), and it moves “up” to r(1;u) with prob- 
ability q,>0 and “down” to r(1;d) with probability 1 — q,» 0. Quotes are 
placed around “up” and “down” because the spot rate actually moves 
inversely to the zero-coupon bond price curve movement. So, in fact, u 
indicates that spot rates move down, and d indicates that spot rates move 
up. The spot rate process's parameters are deduced from Figure 5.7 (expres- 
sion 5.3) as u(1,2;u) or d(1,2;d). 


r(2;uu) = u(2,3;uu) 


qu(u) 
r(1;u) = u(1,2;u) 
do 1- qq(u) 
r(2;ud) = d(2,3;ud) 
Wéi 1(2;du) = u(2,3;du) 
quid) 
1-qo 
r(1;d) = d(1,2:d) 
1-9) N 5.0 = q(2,3;dd) 
time 0 1 2 


uu)= u(r-1,r;u...uu) 


... ud)» d(t - 1,«;u... ud) 


1- arr) A AN. d r(t- 1;d...du)= u(t- 1, t; d... du) 
r(t+1;s4d)= d(t+1,t+ 2;s4d) r(t- 2:3. d) c 
Io ad. d 


r(t - 1;d... dd)= d(t - 1, t;d... dd) 


t t+1 1-2 t-l 


FIGURE 5.11 One-Factor Spot Rate Process. 
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The spot rate process continues in this branching fashion. At time f, 
under state s, the spot rate r(t;s,) again moves down to r(t+ Ls,u) = u(t+ 
Lt- 2;5,u) with probability q,(s,) > 0 and up to r(t+ 1;s,d) =d(t+ 1,t+ 2;5,d) 
with probability 1 —q,(s,) > 0. 

The last period's spot rate is determined at time c — 1: it is r(t — Ls j), 
and it is either u(t- Les. ;u) with probability q,,(s,,)>0 or d(v- 1, 7; 
5, 5d) with probability 1— q. e, ;) > 0. We can summarize the spot rate's 
stochastic process as 


u (t +1,t+ 2;s,u) with probability q,(s,)>0 


5.11 
d(t+1,t+2;s,d) with probability 1—4,(s,)>0 SH 


droe) 


for alls,andt+1< T- 1. 

It is in fact possible to go in the opposite direction, but only given 
additional information. In later sections, using the risk-neutral valuation 
methodology, we will show that Figure 5.11 is sufficient (given additional 
information) to deduce the evolution of the zero-coupon bond price curve 
as given in Figure 5.7. 


5.3 THE TWO-FACTOR ECONOMY 


Given the analysis for a one-factor economy, the extension to a two-factor 
economy is straightforward. For brevity, the presentation proceeds using 
only the analytic representation. 


5.3.1 The State Space Process 


Between time 0 and time 1, one of three possible outcomes can occur: up, 
denoted by u; middle, denoted by m; and down, denoted by d, i.e., s, € 
{u,m,d}. The probability that s, =u is q,"> 0, the probability that s, — m is 
qo" > 0, and the probability that s, 2 d is 1 - qj" — qo" » 0. 

At time t € (L2, ... ,), the generic initial state is labeled s, € {all possible 
t sequences of ws, ms, and d’s}. There exist 3! possible histories at time t. 
Over the time interval [t, t+ 1], the new state s,,, is generated according to 
expression (5.12): 


su with q/(s;)>0 
Si =45,m with q7"(s,)>0 (5.12) 
sd with 1—q/(s,)—-q; (s;) » 0. 
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The state space at time contains 3 possible histories and is (all possible 
ordered sequences of ws, ms, and d's). 


5.3.2 The Bond Price Process 


The notation for the return on a zero-coupon bond is expanded to include 
the middle state as in expression (5.13): 


u(t,T;s,) = P(t +1,T;s,u)/P(t,T;s,) for t+1<T (5.13a) 
m(t,T;s,)= P(t+1,T;s,m)/P(t,T;s,) for t+1<T (5.13b) 
and 


d(t,T;s,) = P(t+1,T;s,d)/P(t,T;s,) for t+1<T (5.13c) 
where u(t, T;s) > m(6 Tis) > d(t, Tis) for t< T-1 and s, and 


Ll Is)  ult,T*;s;) 
1 m(T;s) m(t,T*;s,) (5.13d) 
l d(t,T;s,) d(t,T^;s,) 


is nonsingular for T # T^, t+ 1<min(TT”) and s, By construction, 
u(t,t+ls,)=m(t,t+ls,)=d(t,t+ls,)=1/ P(tjt--hs,) &r(t;s,). (5.14) 


Expressions (5.13) and (5.14) are a straightforward extension of the one- 
factor model with the exception of the nonsingularity condition on the 
matrix in expression (5.13d). This is included so that different maturity 
bonds (T'z T^) are not identical in their return structure either to each 
other or to the money market account. (As in the one-factor case, we do 
not need the restriction that u(t, Tis) > m(t, Tis) > d( Tis) for all t< T-1 
and s, It is imposed for clarity of the exposition.) 

The evolution of the zero-coupon bond price curve is described by 
expression (5.15): 


u(t,T;s,)P(t,T;s,) if si =su ith q;'(s,)>0 
P(t +1,T3 5141) = 4 m(t,T3s,)P(t,T35:) if sı = sm with ge Gelz 
d(t,T;s,)P(t,T;s,) if Sea = sd withl-qr(s)-qr(s)»0 
(5.15) 
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forallt<T-1<t-lands, 
This completes the description of the zero-coupon bond price evolution. 


5.3.3 The Forward Rate Process 


The new notation for the rate of change of the forward rate is given in 
expression (5.16): 


a(tT;s)s f(t-LT;su)/f(tT;s) for t+1<T<t-1 (5.163) 
Y(tT:;s)s f(t+LTssm)/f(tTss,) for t+1<T<t-1  (5.16b) 
B(tT;s)s f(t-LT;sd)/f(tT;s) for t+1<T<t-1. (5169 
The evolution of the forward rate curve is described by expression (5.17): 
Q(t, T;s,) f (t,T;s,) if su = su withqr(s)20 
f(t-LT;sia)m4Y(5T;s)f(t5T;s,) if si = sm with d (s,) >0 


B(t,T5s,) f(;[ T;s,) if sm = sd with L—qe (se) — qi (s) > 0 
(5.17) 


where T-1>T>t+1. 

The same derivation that generates expressions (5.9) and (5.10) gener- 
ates expressions (5.18) and (5.19). We can derive the forward rate process 
from the bond price process: 


a(t,T;s,)=u(t,T;s,)/u(t,T+ls,) for v-12T2t-1 (5.18a) 

y(t,T;s,) = m(t,T;s,)/m(t,T+ls,) for Tt-1>T>t+1 (5.18b) 

B(t,T;s,)=d(t,T;s,)/dt,T+1;s,) for t-12T2t-1. (5.18c) 
We can derive the bond price process from the forward rate process: 


u(t,T;s,)= SE, 


UO 


j=t+1 


fo T-12>T2t+2 (5.19a) 
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E PI, > MI for T-1>T>t+2 (5.19b) 
[ess 
j=t+1 
and 
r(t;s,) 
BUDE)Su——  ——. Tor @=L2T 2142: (5.19c) 


Tbe so 


j=t+1 


This completes the description of the forward rate process evolution. 


5.3.4 The Spot Rate Process 


The spot rate process evolution is described by expression (5.20): 


u (t +1t+2; su) with probability q;(s,)>0 

r(t + LS ) = m(t +1,t+2; sm) with probability q; (s,)>0 
d(t +1t+2; sd) with probability 1— q; (s;) - q; (s;) » 0. 
(5.20) 


This completes the description of the spot rate process evolution. 


5.4 N>3-FACTOR ECONOMIES 


The extension in Section 5.C from a one-factor economy to a two-factor 
economy is straightforward. It just corresponds to adding an additional 
branch on every node in the appropriate tree (or analytic expression). This 
procedure for extending the economy to three factors, four factors, and so 
on is similar and is left as an exercise for the reader. This procedure is, in 
fact, a blueprint for the design of a computer program for generating these 
evolutions. 


5.5 CONSISTENCY WITH EQUILIBRIUM 


The preceding material in Chapter 5 exogenously imposes a stochastic 
structure on the evolution of the zero-coupon bond price curve. The evo- 


lution, except for the number of factors, is almost completely unrestricted. 
Buta moment's reflection reveals that this cannot be the case. A T-maturity 
zero-coupon bond is, of course, a close substitute (for investment purposes) 
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to a T-1 ora T+1 — maturity zero-coupon bond. Therefore, in an eco- 
nomic equilibrium, the returns on these similar maturity zero-coupon 
bonds cannot be too different. If they were too different, no investor would 
hold the bond with the smaller return. This difference could not persist in 
an economic equilibrium. 

Furthermore, the entire zero-coupon bond curve is pairwise linked in 
this manner to adjacent maturity zero-coupon bonds. Consequently, to 
be consistent with an economic equilibrium, there must be some addi- 
tional explicit structure required on the parameters of the evolution of the 
zero-coupon bond price curve. But what are these restrictions? Chapter 7 
introduces these restrictions by studying the meaning and existence of 
arbitrage opportunities. 
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CHAPTER 6 


The Expectations 
Hypothesis 


6.1 MOTIVATION 


This chapter studies the expectations hypothesis. The expectations 
hypothesis should really be called the expectations hypotheses — plural. 
There are in fact more than one expectations hypothesis, each of which is 
distinct (see Jarrow [2]). One expectations hypothesis relates to a simple 
technique for computing present values. This hypothesis is of immense 
practical importance, and it will be discussed later on in this chapter. The 
second expectations hypothesis relates to the ability of forward rates to 
forecast future (realized) spot rates of interest. An implication of this later 
hypothesis can be illustrated by glancing at Figure 6.1. Figure 6.1 graphs a 
typical forward rate curve. In Figure 6.1 we are standing at time t, and the 
forward rates correspond to dates greater than time t. The graph is upward 
sloping. The second form of the expectations hypothesis implies that an 
upward sloping forward rate curve, as illustrated, predicts that spot rates 
will increase as time evolves. This correspondence between the slope of 
the forward rate curve and the future movement of spot rates is a com- 
monly held belief. Unfortunately, in general, it is not true. In fact, neither 
of the two expectations hypotheses is empirically valid. We document this 
statement below. 

But then, why study the expectations hypotheses? The answer is sur- 
prising. Although the expectations hypothesis is not true in its stated 
form, and not used again in the text, a modification of it is! A modification 
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KT) 


r(t) 


FIGURE 6.1 The Graph of an Upward Sloping Forward Rate Curve. 


of the “present value” form of the expectations hypothesis is used in the 
subsequent chapters to value interest rate derivatives. To understand 
this application, it is important to first understand the traditional form of 
the expectations hypothesis. Hence, the motivation for this chapter. 


6.2 PRESENT VALUE FORM 


This section discusses the present value form of the expectations hypoth- 
esis. This version of the expectations hypothesis is related to the expected 
returns on zero-coupon bonds of different maturities. 

To characterize this hypothesis, we first define a liquidity premium 
(sometimes called a term premium or risk premium), L,(t,T), as 


(6.1) 


Le al? pou r(t) 


P(t,T) 


for 1<t+1<T<t. 

E,(.) is the time t expected value using the actual probabilities as given 
in Figure 5.5 for a one-factor economy or expression (5.12) for a two- 
factor economy. These are the probabilities that generate the bond prices 
observed in the markets, reported in the financial press, and viewed on 
broker screens. These are the probabilities that standard statistical pro- 
cedures estimate from market prices. These probabilities have various 
names in the literature; they are called either the actual or statistical or 
empirical or true probabilities. 

The present value form of the expectations hypothesis is that 
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(6.2) 


L (t,T)=0 ivalently E 
i(t,T) or equivalently | PET) 


aD) " 
The present value form of the expectations hypothesis states that the 
liquidity premium is zero or, equivalently, that the expected return on all 
zero-coupon bonds is the same and equal to the spot rate of interest. 

The motivation for the present value form of the expectations hypoth- 
esis can be understood by considering standard investment theory (see 
Jarrow [3]). The liquidity premium in expression (6.1), L,(¢,7), represents 
the excess expected return that the T-maturity zero-coupon bond earns 
above the spot rate. 

In the theory of investments, it is normally believed that traders are risk 
averse, and the riskier the investment (financial instrument, e.g., common 
stock), the higher the expected return must be (in equilibrium) to induce 
traders to hold it. The risk of an investment is usually measured by its 
contribution to the variance (standard deviation) of an investor's optimal 
investment portfolio. In the simplest model of asset pricing, this is called 
the investment's “beta.” In these equilibrium asset pricing models, the 
liquidity premium is the compensation that risk-averse traders require for 
bearing risk. As an aside, the empirical literature supports the validity of 
this theory - riskier assets earn higher expected returns - but the particu- 
lar form that the asset pricing model assumes is still subject to significant 
debate (see Jagannathan, Schaumburg, and Zhou [1]). 

Also in this investment theory, if investors are risk-neutral, then they 
do not care about risk. By definition, risk-neutral investors only care about 
expected returns. The higher the expected return on an investment, the 
more desirable the investment is to the risk-neutral investor. Consequently, 
risk-neutral investors invest all of their savings into the security with the 
highest expected return. 

In an equilibrium economy consisting of only risk-neutral investors, 
the excess expected return on all assets, including zero-coupon bonds, 
must be zero. To see this, consider the contrary. If two assets had different 
expected returns, then the asset with the highest expected return would 
be desired by all investors, and the asset with the lowest expected return 
would be shunned. Supply would not equal demand. Thus, this could not 
be an equilibrium. The only condition where supply equals demand is 
when all assets have equal expected returns. In such an economy with a 
spot rate of interest, in equilibrium, all assets' returns must be equal to it 
(see expression (6.2)). 
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This gives the first motivation for the present value form of the expecta- 
tions hypothesis. It is consistent with economic equilibrium in a risk-neutral 
economy. Unfortunately, few economists believe that the actual economy is 
populated with risk-neutral investors. Nonetheless, it provides some insight 
into the conditions under which expression (6.2) would be true. 

The second motivation for the present value form of the expectations 
hypothesis can be obtained by rewriting expression (6.2) in an equivalent 
form: 


E,(P(t+1,T)) 
rt 


Expression (6.3) demonstrates that the present value form of the expecta- 
tions hypothesis is equivalent to the statement that the time t value of a 
T-maturity zero-coupon bond is its time t+1 expected value, discounted 
at the spot rate. That is, expression (6.3) provides a method for computing 
the present value of a zero-coupon bond. By a process of iterated substitu- 
tion, recalling that P(T,T) = 1, we can rewrite expression (6.3) as 


P(t,T)= (6.3) 


P(t,T) = E, l } (6.4) 

r(t)r(t -1)---r(T —1) 
We see here, more clearly, that this form of the expectations hypothesis 
gives us a simple technique for computing the present value of a bond. 
Simply, take the cash flow, discount it to the present using the spot rate of 
interest, and then take an expectation using the actual probabilities. There 
is no need to estimate risk premiums or use asset pricing models. If only 
expression (6.4) was true! 

Unfortunately, the empirical evidence is stacked against the validity of 
expression (6.4). In this form, it does not appear to be true. However, we 
will return to an expression similar to (6.4), a transformation of expres- 
sion (6.4), which is true in subsequent chapters. At that time, it will be 
important to keep in mind that the present value form of the expectations 
hypothesis is not true (as given by expression (6.4)). Instead, something 
else is going on. What that something else is awaits a subsequent chapter. 


Example: Present Value Form of the Expectations Hypothesis 


For the one-factor example given in Figure 6.2, we see that the 
expected returns on the bonds are given by the following: 
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E(P(1, 4)/ P(0, 4)) (3 /4)1.025601+ (1/ 4)1.014399 1.022801 


E(P(1,3) / P(0,3)) (3 / 4)1.024201+ (1/ 4)1.015800 1.022101 


E(P(1,2) / P(0,2)) n (3 / 4)1.022400 + (1/ 41.017600 1.021200 | 


1/ P(0,1) (3 /4)1.02 + (1 / 4)1.02 1.02 


where E(.) stands for the expectation based on the actual probabili- 
ties q,(s,) in Figure 6.2. 

We see that the longer-maturity zero-coupon bonds are expected 
to earn more than the spot rate. This difference is consistent with the 
existence ofa liquidity premium. Alternatively stated, the present value 
form of the expectations hypothesis does not hold for this example. 

In fact, one can also show that the discounted, expected bond 
prices are not equal to the current zero-coupon bond prices. 
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FIGURE 6.2 An Example of a One-Factor Bond Price Curve Evolution. Actual 
Probabilities Along Each Branch of the Tree. 


90 m Modeling Fixed Income Securities and Interest Rate Options 


The discounted expect bond prices are 


E(P(1,4)/ r(0)) [(3/ 4)0.947496 + (1/ 4)0.937148]/ 1.02 .926381 


E(P(,3)/r(0) [(3/ 4)0.965127 + (1/ 4)0.957211]/1.02 .944262 


E(P(1,2) / r(0)) 7 [(3/ 4)0.982699 + (1/ 4)0.978085] /1.02 962299 | 


1/r(0) 1/1.02 .980392 
.923845 
„942322 
This does not equal the initial bond price vector in 
Figure 6.2. 961169 
„980392 


In future chapters it is important to remember that in this exam- 
ple, the present value form of the expectations hypothesis does not 
hold. At that time, a modification of the present value relation will 
hold, and one must not confuse the two concepts. [] 


6.3 UNBIASED FORWARD RATE FORM 


This section presents the unbiased forward rate form of the expectations 
hypothesis. This second version of the expectations hypothesis involves 
the different maturity forward rates. 

To characterize this hypothesis, we define a second liquidity premium, 
L,(t,T), as 


L,(t,T) = f(t,T)-E,(r(7)) (6.4) 


for0<t<T<t-1. 

The liquidity premium L,(t,T) is the difference between the forward 
rate at time t for date T and the expected spot rate for date T. This liquidity 
premium has two interpretations. 

The first is that it represents the premium required for avoiding the risk 
of waiting until the future to borrow or lend, versus contracting today. 
This interpretation can be understood by glancing at Figure 6.3. 

Suppose we need to borrow funds at a future date, time T. We are cur- 
rently standing at time f, with a spot rate of r(t). There are two ways to 
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Contract 


at time t f(t,T) 
f(t,T) 75 
| | | L— time 
t t+] T T+1 
Wait to bk e 
borrow r(T) 
ED) 4 
Distribution 
for r(T) 


FIGURE 6.3 The Forward Rate f(t, T) versus the Expected Spot Rate E,(r(T)). 


borrow in the future. One is to wait until time T to borrow. At that date, 
we borrow at the spot rate r(T). Viewing this alternative from time t, the 
future spot rate is random, so there is a probability distribution around 
the possible values we can borrow at. It could be higher or less than the 
current rate r(t). Our best guess for the borrowing rate is the mean of this 
distribution, E,(r(Tis; ,)). 

The second alternative is to contract today (time f) to borrow at time T. 
The rate we can contract for is the forward rate f(t,T). In this alternative, 
there is no risk associated with the borrowing rate. Expression (6.4) rep- 
resents the difference between these two alternatives. The difference rep- 
resents the premium one is willing to pay (in interest) to avoid the risk of 
waiting to borrow. 

The second interpretation of expression (6.4) is more straightforward. 
It represents the forecasting bias in using the forward rate as an estimate 
of the expected future spot rate at time T. It is a common belief among 
traders that the forward rate is a good forecast of the spot rate expected 
to hold in the future. This belief is formalized as the second version of the 
expectations hypothesis. 

The unbiased forward rate form of the expectations hypothesis is that 


L,(t, T) 20 or, equivalently f(t,T) = E, (r(T)). (6.5) 
This hypothesis states that forward rates are unbiased predictors of 


future spot rates. Unfortunately, the evidence is inconsistent with this 
hypothesis; see the last section of this chapter. The satisfaction of this 
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hypothesis depends on the supply and demand of individuals willing to 
wait versus contracting today, for borrowing and lending in the future. 
This is a complex decision, involving the availability of funds, risk aver- 
sion, and beliefs over the future distribution of the spot rate at time T. 
There is no reason to believe that equality between rates as in expression 
(6.5) must hold. 

It is also a common belief among traders that the slope of the forward 
rate curve predicts the future evolution of spot rates. This is a corollary of 
expression (6.5). For example, if the forward rate slope is positive, traders 
expect spot rates to increase over time. 

Contrary to common belief, the slope of the forward rate curve has 
no simple relation to the expected increase or decrease in future spot 
rates. Indeed, let the slope of the forward rate curve be fixed and as 
given at the node at time 0 in Figure 6.4. At time 0, Figure 6.4 has a 
flat forward rate curve. Hence, under the common belief, traders would 
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FIGURE 6.4 An Example of a One-Factor Forward Rate Curve. Actual 
Probabilities Along Each Branch of the Tree. 
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expect spot rates to stay constant over time. But, the expected spot rate 
in the future is determined by both the outcomes and the probabilities 
on the branches of the tree and not by the initial forward rate curve. 
Keeping the outcomes fixed and altering the probabilities, it is possible 
to have either increasing or decreasing expected spot rates, even given 
a flat initial forward rate curve. We clarify these statements through an 
example. 


Example: Unbiased Forward Rates form 
of the Expectations Hypothesis 


Consider the example shown in Figure 6.4. First, we claim that the 
forward rate process in Figure 6.4 does not satisfy this version of the 
expectations hypothesis. 

Indeed, at time 0, all forward rates f(0,1), f(0,2) and f(0,3) are 1.02. 
This is a flat term structure. 

The expected spot rates are: 


E(r(1)) = (3/4)1.017606 + (1/ 4)1.022406 = 1.018806 


E(r(2)) = (3/ 4)(3/ 4)1.016031+ (3/ 4)(1/ 4)1.020393 
+ (1/4)(3/4)1.019193+(1 / 4)(1 / 4)1.024436 
= 1.017967 
E(r(3)) = (3/4)(3/4)(3/4)1.014918 + (3/4)(3/4)(1/4)1.018972 
+ (3/4)(1/4)(3/4)1.017857 + (3/4)(1/4)(1/4)1.022727 
+ (1/4)(3/4)(3/4)1.017155+ (1/4) (3/4) (1/4)1.021830 
+ (1/4) (1/4) (3/4)1.020543 + (1/4) (1/4) (1/4)1.026165 


= 1.017345 


This shows that f(0,T) 4 E(r(T)) for T=1, 2, 3. 

Second, this example shows that the slope of the forward rate 
curve does not forecast the direction of future spot rates. In this 
figure, the forward rate curve is flat, but spot rates are expected to 
decline from time 0 to time 1 to time 2 to time 3 (1.02 to 1.018806 to 
1.017967 to 1.017345, respectively). 
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By changing the probabilities in the tree, we can get the expected 
spot rate to increase or decrease in any period, leaving the forward 
rate curve's slope unchanged. This demonstrates the absence of any 
simple relation between the future course of interest rates and the 
slope of the forward rate curve. [] 


6.4 RELATION BETWEEN THE TWO VERSIONS 

OF THE EXPECTATIONS HYPOTHESIS 
This section examines the relation between the two versions of the expec- 
tations hypothesis. It is more abstract than the previous two sections, and 
it can be skipped, as it is not used in the remainder of the text. 

The two versions of the expectations hypothesis are not equivalent; i.e., 
L,(t,T) =0 does not imply, nor is it implied by L,(¢,T) =0. The easiest way to 
prove this statement is to rewrite expressions (6.2) and (6.4) in an equiva- 
lent form. These are given by expressions (6.6) and (6.7): 


T-1 
rie [| EI (6.6) 
j=t 


T-1 
P(t,T) = y I 815€») (6.7) 
j=t 


For general random processes, L,(t,T)=0 does not imply that L,(t,T)=0 
(and conversely), because the expected value of the inverse of a product 
does not equal the inverse of the products of the expected values. 


Derivation of Expressions (6.6) and (6.7) 
From (6.2) we have 
P(t,T) = E, (P(t+1,T)/[L,(t,T)+r(c))) 
This also holds true for time t+1. Successive substitution for P(t,T) 
and the law of iterated expectations, E,(E,,,(.)) =E,(.), gives (6.6). 
From (6.5), substituting in the definition of f(t, T) = P(t,T)/P(t, To 
yields 


P(t,T 41) - P(,T)/|L (5T) + E, (r(T))]. 
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This holds for maturity T as well. Successive substitution for P(t,T) 
yields 


T 
P(,T41)- [| | E, (Lot. nes 
j=t 


A change of maturity from T+1 to T gives (6.7). O 


Example: Comparison of the Two Liquidity Premiums 


The example of Figures 6.2 and 6.4 illustrates the fact that there is 
no simple relation between L,(t,T) and L,(t,T). This can also be seen 
by examining Table 6.1, which contains the two liquidity premiums 
for time 0. The liquidity premiums have different values, and for two 
cases, they are not even defined for the same maturity. In summary, 
this table shows that the two liquidity premiums are distinct and not 
equal. [] 


TABLE 6.1 Liquidity Premiums L,(0, T) and L,(0,T) 
for the Example of Figure 6.2 


T L,(0,T) L,(0,T) 

0 Not defined 0 

1 0 .001194 

2 .001200 .002033 

3 .002101 .002655 

4 .002801 Not defined 


6.5 EMPIRICAL ILLUSTRATION 


This section provides an illustrative empirical investigation of both 
forms of the expectations hypothesis. These investigations use weekly 
price observations of U.S. Treasury bonds from January 2007 to 
December 2018. From these bond prices, zero-coupon bond prices 
and (continuously compounded) forward rates are extracted for the 
maturities: 1 month, 3 months, 6 months, 1 year, 2 years, 3 years, 
5 years, 7 years, 10 years, and 20 years. The details of this procedure 
are described in Chapter 17. For this chapter, one does not need to 
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understand the details of the estimation procedure. Instead, it is suf- 
ficient to only understand the reasons for the statistical tests and the 
summary statistics provided. 

The analysis is kept purposely simple in order to facilitate under- 
standing and to illustrate the ease in which one can reject both forms 
of the expectations hypothesis. More complicated tests of these two 
hypotheses exist in the literature, and their study is left to independent 
reading. 


6.5.1 Present Value Form 


To investigate the present value form of the expectations hypothesis, we 
computed the excess (continuously compounded) weekly return on the 
different maturity zero-coupon bonds over the time period, i.e., 


P(t+A,t+T) 
P(t,t+T) 


log r(t)A (6.8) 


where T € [255123 5, 7,10,20,30} corresponds to the zero-coupon 
bond’s time-to-maturity and A = 1/52 (1 week). The 1-month zero-coupon 
bond is omitted because its return is the spot rate. 

The results are contained in Table 6.2. Note that the mean excess return 
on all the zero-coupon bonds is strictly positive and increasing in time-to- 
maturity. The present value form of the expectations hypothesis is rejected 


TABLE 6.2 Mean Excess Returns on Zero-coupon Bonds of Different Maturities 


95% Confidence Interval 


Time-to-Maturity Mean Lower Bound Upper Bound 
3 Months .000017384 .0000077797 .0000269883 
6 Months .000061822 .0000400166 .0000836280 
1 Year .000091535 .0000575853 .0001254856 
2 Years .000174464 .0001170825 .0002318464 
3 Years .000303000 .0001621592 .0004438411 
5 Years .000484895 .0002440123 .0007257774 
7 Years .000684481 .0002179723 .0011509887 
10 Years .000791800 .0000942480 .0014893517 
20 Years .000934200 —.0000541616 .0019225622 


30 Years .001252783 —.0007847082 .0032902745 
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for all zero-coupon bond maturities except for the 20- and 30-year zero- 
coupon bonds.* 

An alternative joint (across all bonds) non-parametric test rejects the 
present value form of the expectations hypothesis more definitively. If the 
present value form of the expectations hypothesis were true, then across 
maturities, we would expect to see a positive difference in the mean excess 
return half of the time and a negative difference half of the time. The prob- 
ability of observing ten positive differences in a row across maturities is 
thus (1/2)? 2.00098. This is so unlikely to occur by chance that we can 
easily reject the present value form of the expectations hypothesis. 

In fact, as noted previously, the mean excess returns on the zero-cou- 
pon bonds increase with time-to-maturity. This could not occur by chance 
under the present value form of the expectations hypothesis, and it is con- 
sistent with the hypothesis that longer maturity zero-coupon bonds are 
“riskier” in the sense discussed earlier in the chapter. 


6.5.2 Unbiased Forward Rate Form 


To investigate the unbiased rate form of the expectations hypothesis, we 
computed the forecasting bias of the various constant maturity (continu- 
ously compounded) forward rates over the sample period, i.e., 


f(t,T) - (T) for T-t e (.083,.25,.5,1,2,3,5,7,10) (6.9) 


where (T-t) corresponds to time-to-maturity and f(t,T) is defined in 
Chapter 16. 

The (continuously compounded) forward rate f (tT) is observed at 
time f, and it can be viewed as a forecast of the future time T spot rate 
r(T). The difference, the forecasting bias, is observed for each week over 
the sample period. The time-to-maturities 20 and 30 years are excluded 
from this empirical investigation because we will be studying realized dif- 
ferences across time as in expression (6.9) over our 12-year sample period. 
For time-to-maturities 20 and 30 years, no realized forward rate forecast- 
ing differences exist in our sample. 

The mean is calculated and recorded in Table 6.3 along with the 95 per- 
cent confidence intervals. 


* This follows because the 95 percent confidence interval includes the value zero. Hence, the hypoth- 
esis that the difference is zero cannot be rejected at the 95 percent level. 
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TABLE 6.3 Forecasting Bias of Forward Rates of Different Maturities 


95% Confidence Interval 


Time-to-Maturity Mean Lower Bound Upper Bound 
1 Month 00091166 .00072941 .00109391 
3 Months .00322410 .00284610 .00360211 
6 Months .00475482 .00426444 .00524519 
1 Year .00921053 .00851424 .00990681 
2 Years .01581192 .01473416 .01688968 
3 Years .02525952 .02409864 .02642040 
5 Years .03494272 .03362886 .03625658 
7 Years .04076861 .03932894 .04220829 
10 Years .04326958 .04200714 .04453202 


Note that the mean forecasting bias is strictly positive and increasing 
with time-to-maturity. As seen, the unbiased forward rate form of the 
expectations hypothesis is rejected for all time-to-maturities at the 95 per- 
cent confidence interval. 

An alternative joint (across all maturities) non-parametric test 
rejects the unbiased forward rate form of the expectations hypothesis 
more definitively. If the unbiased forward rate form of the expectations 
hypothesis were true, then across maturities, we would expect to see a 
positive difference half of the time and a negative difference half of the 
time. The probability of observing nine positive differences in a row 
across maturities is thus (1/2)? -.00195. This is so unlikely to occur by 
chance that we can easily reject the unbiased forward rate form of the 
expectations hypothesis. 

In fact, the forward rate forecasting bias for all maturities increases 
with time-to-maturity. This could not occur by chance under the fore- 
casting bias form of the expectations hypothesis, and it is consistent with 
the hypothesis that forward rates have an embedded risk premium that 
increases with time-to-maturity. 
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CHAPTER T 


Trading Strategies, 
Arbitrage Opportunities, 
and Complete Markets 


7.1 MOTIVATION 


This chapter studies the meaning of trading strategies, arbitrage oppor- 
tunities, and complete markets. These are the basic concepts needed to 
develop the pricing and hedging methodology for fixed income securities 
and interest rate options. An intuitive description of these concepts can be 
easily obtained by considering an example, say, the pricing of an interest 
rate cap. An interest rate cap is a type of call option written on an interest 
rate (see Chapter 2). 

As mentioned earlier in Chapter 1, the idea underlying the pricing 
methodology is to construct a synthetic cap by forming a portfolio in the 
underlying zero-coupon bonds such that the cash flows and value to this 
portfolio match the cash flows and value to the traded cap. This portfolio 
of zero-coupon bonds may be dynamic, involving rebalancing the hold- 
ings of the zero-coupon bonds through time. Such a portfolio is called a 
trading strategy. 

Then, to avoid riskless profit opportunities — called arbitrage opportuni- 
ties — the cost of constructing this portfolio must equal the market price of 
the traded cap. The cost of construction is called the fair or arbitrage-free 
price of the cap. 
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This argument works, however, only if a portfolio of zero-coupon bonds 
can be found to replicate the cash flows and value of the traded cap. If such 
a portfolio of zero-coupon bonds cannot be found, then the arbitrage-free 
price of the cap cannot be determined. If such a portfolio can be found to 
replicate the cap and, in fact, any arbitrarily selected interest rate option, 
then the market is said to be complete. Complete markets are advanta- 
geous for risk management. 

This chapter formalizes this intuitive discussion. 


7.2 TRADING STRATEGIES 


This section formally defines the concept of a trading strategy used 
throughout the book. Intuitively, a trading strategy is a dynamic invest- 
ment portfolio involving some or possibly all of the traded zero-coupon 
bonds. Portfolio rebalancings can occur within the investment horizon, 
and they are based on the information available at the time that the port- 
folio is revised. Simply stated, one cannot look into the future to decide 
which portfolios to hold today. 

An example best illustrates how to formally describe a trading strategy. 


Example: A Trading Strategy 


Figure 7.1 gives a zero-coupon bond price evolution for times 0, 1, 
and 2. This is the first part of Figure 5.4. 

Figure 7.2 repeats Figure 7.1, but this time with a vector of zero- 
coupon bond and money market account holdings listed underneath 
the bond price vectors. We will call these the holdings vector. 

For example, looking at time 0, the holdings vector is: 


(no(0), n1, (0), 13 (0),n, (0)) = (=; 0,2.5,—2). 


The first vector gives the notation for the holdings in the available 
securities. The elements in the vector are the number of units of the 
money market account held at time 0, ng(0), the number of units of 
the 4-period zero-coupon bond held at time 0, n,(0), the number of 
units of the 3-period zero-coupon bond held at time 0, n,(0), and 
the number of units of the 2-period zero-coupon bond held at time 
0, n,(0). The 1-period zero-coupon bond is not included because a 
position in this zero-coupon bond is implicitly incorporated into the 
position in the money market account. Note that for simplicity, the 
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FIGURE 7.1 An Example of a Zero- Coupon Bond Price Curve. 


subscript on the holdings of each zero-coupon bond corresponds to 
the maturity of the zero-coupon bond. The money market account 
is included as the first element in this vector, and it has a subscript 
of zero. 

This position vector represents selling 1 unit of the money market 
account, holding 0 units of the 4-period zero-coupon bond, holding 
2.5 units of the 3-period zero-coupon bond, and selling 2 units of the 
2-period coupon bond. 

Similarly, position vectors are given under each price vector pos- 
sible in the tree at times 1 and 2. As before, these represent the hold- 
ings in the money market account and the various zero-coupon 
bonds. 

As depicted on Figure 7.2, this collection of holdings vector rep- 
resents a trading strategy. A trading strategy is thus a complete list- 
ing of the holdings of each traded security for each time and state 
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FIGURE 7.2 An Example of a Zero-Coupon Bond Price Curve Evolution and a 
Trading Strategy (n)(t), n4(t), n4(t), n;(t)). 


in the tree. These trading strategies can be time and state depen- 
dent. A trading strategy imposes no additional restrictions on these 
holdings. 

Let us examine the trading strategy given in Figure 7.2 in more 
detail. At time 0, the initial cash flow from forming this trading 
strategy is: 


n, (0)B(0) + n, (0) P(0, 4) + n; (0)P(0,3) +n, (0)P(0, 2) 
= n,(0)1 - n,(0).923845 + n3(0).942322 + n, (0).961169 
= +(1)1 + (0).923845 — (2.5).942322 + (2).961169 


= +.566533. 
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This portfolio has a positive cash inflow of .566533 dollars at time 0. 
A positive cash flow implies that the value of this position is —.566533 
dollars; it is a liability. Other trading strategies may have had an ini- 
tial cash flow that is negative or zero. When the initial cash inflow 
is zero, the trading strategy has a special name, a zero investment 
trading strategy. 

These holdings are formed at time 0 and held until time 1. At 
time 1, two outcomes are possible - either up or down occurs. If up 
occurs, the trading strategy enters time 1 with a value of: 


n, (0) B(1) + n4 (0) P(1 4; u) + m(0)P(1,3;u)+ n; (0)P(1,2; u) 
= —(1)1.02 + (0).947497 + (2.5).965127 — (2).982699 


= —.5725805. 


Note that in this valuation, the holdings are the same as those formed 
at time 0 and only the prices have changed. They represent the “new” 
prices at time 1 in the up state. As shown, the position has lost value, 
moving from —.566533 to —.5725805. 

Next, at time 1 in the up state, the portfolio is rebalanced. The new 
holdings at time 1 in the up state are 0 units of the money market 
account, 0 units of the 4-period zero-coupon bond, 3.5 units of the 
3-period zero-coupon bond, and 0 units of the 2-period zero-coupon 
bond. In symbols: 


(no 15), n 05 u), n (05), n; 0;u)) = (0,0, 3.5,0) 


where the notation for the holdings at time 1 includes the state u as 
the second argument. 

In this ^new" holdings vector, the positions in the money market 
account, 4- and 2-period zero-coupon bonds have been liquidated. 
An additional unit of the 3-period zero-coupon bond has been pur- 
chased. The value of this rebalanced position at time 1 in the up 
state is: 


n, (1;4)B(1) - n4 (5 u)P(L 4; u) +n; (1; u)P(,3; u) - n; (l;u)P(L2; u) 
= (0)1.02 + (0).947497 + (3.5).965127 + (0).982699 


= +3.3779445. 
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This portfolio was rebalanced from —.5725805 dollars to +3.3779445 
dollars. This can occur only if there was cash input to the trading 
strategy at time 1 in state u. The cash inflow to this trading strategy 
is equal to (.5725805 + 3.3779445) = 3.950525 dollars. 

If the rebalanced value of this trading strategy at time 1 state u had 
been equal to the entering value of the portfolio, then the strategy 
would be called self-financing. Self-financing strategies are special 
and utilized frequently in the text. The rebalancing just discussed is 
not self-financing. 

A self-financing rebalancing is illustrated at time 1 in the down 
state. The value of the portfolio entering time 1 in state d is given by 


n,(0)B(1) + n4 (0) PCL, 4; d) + n4(0)P(1,3; d) + n; (0)P(1,2; d) 
= —(1)1.02 + (0).937148 + (2.5).957211— (2).978085 


= —.5831425. 


The rebalanced portfolio is (n,(1; d), n,Q; d), a: d), n,(1; d))= 
(0, 0, 0,—.5962084). This consists of zero units of the money market 
account, zero units of the 4- and 3-period zero-coupon bonds, and 
—.5962084 units of the 2-period zero-coupon bond. The value of this 
rebalanced portfolio is: 


no (1;d)B(1) +4 (5 d)P(, 45d) + ns (15d) PCL, 3; d) + m (1; d)P(L, 2; d) 
= (0)1.02 + (0).937148 + (0).957211— (.5962084).978085 


= —,5831425. 


As these two values are equal, this rebalancing is self-financing. 

For this trading strategy, all holdings are liquidated at time 2. This 
is indicated by the holdings vector at time 2 in state uu, ud, du, and 
dd having only zero entries, i.e., (0, 0, 0, 0). The liquidated portfolio 
values at time 2 in the various states are: 


(time 2 state uu) n, (1; u)B(2; u) - n4 (5; u)P(2, 4; uu) +n; (1; u)P(2, 3; uu) + n; (1; u) P(2,2; uu) 
= (0)1.037958 + (0.967826 + (3.5).984222 + (0) = 3.444777 

(time 2 state ud) n,(1;u)B(2; u) - n4 (5; u)P(2,4; ud) 4- n5 (1; u)P(2, 3; ud) + n; (1; u) P(2, 2; ud) 
= (0)1.037958 + (0).960529 + (3.5).980015 + (0)1 = 3.430053 
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(time 2state du) —n,(Isd)B(2;d) n (d)PQ, 4 du)  n((d)PQ, 3;du) +1,(1:d)P(2,2;du) 
= (0)1.042854 + (0.962414 + (0.981169 — (.5962084)1 = —.5962084 
(time2statedd) — n,(:d)BQsd) n (d)PQ, 4 dd) + n3(1sd)P(2, 3;dd) n, (5 d)PQ 2; dd) 
= (0)1.042854 + (0).953877 + (0).976147 — (.5962084)1 = —.5962084. 


The money market account's value at time 2 in the uu and ud states 
is given by B(1)r(1;u) = 1.02(1.017606) = 1.037958 and it is given by B 
(Dr(1;d) = 1.02(1.022406) = 1.042854 in the du and dd states. At time 
2 in either state uu or ud the trading strategy has a negative value at 
liquidation and thus a negative cash flow. 

This completes the illustration of a trading strategy. They will be 
used repeatedly throughout the book. For simplicity in the subse- 
quent formalization of this example, since at the liquidation date, 
time 2, the holdings vector is identically zero, it will usually be 
omitted. [] 


We now formalize this example. First, fix a particular zero-cou- 
pon bond with maturity date t,, where 0 «v, € «. The simplest trad- 
ing strategy is a pair of security holdings (ny(t;s,), n. (t5s)) for all s, and 
t € (0,1,..., min(1;,t —1) — 1) such that n,(5s) is the number of units of the 
money market account held at time t at state s, and n, (65s) is the number 
of shares of the t,-maturity zero-coupon bond held at time t at state s, 

This portfolio is initially formed at time 0, and it is liquidated at the 
horizon date t*=min (t,, 1-1). The horizon date is the smaller of the 
zero-coupon bond's maturity, t,, or the last relevant date in the model, 
t — 1. The last relevant date in the model is time 1-1 because over the 
last period in the model [c- 1, t], the remaining traded t-maturity zero- 
coupon bond’s payoff is identically one. It does not differ across the nodes 
in the tree, and therefore, it does not span the relevant uncertainties; see 
Figure 5.3. Consequently, this period is not useful for analysis, and it is 
omitted from the trading strategy horizon. 

The fact that these time t portfolio holdings (n)(t;s,), n. (t;s)) depend 
only on the past history s, implies that only currently available informa- 
tion is used in the determination of the time f trading strategy. This is an 
obvious fact in real life, but an important restriction to impose on the 
abstract mathematical model. 

The initial value of this trading strategy at time 0 is 


no (0)1+n,, (0)P(0, t1). (7.1) 
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The initial cash flow is minus the value given here in expression (7.1). For 
example, if the value in expression (7.1) is positive, then the initial cash 
flow is negative, because one is “buying” the portfolio. If the value in 
expression (7.1) is negative, then the initial cash flow is positive, because 
one is “shorting” the portfolio. If the initial value of the position is zero, 
then the trading strategy requires no cash inflow or outflow, and it is said 
to be a zero investment trading strategy. 

At an (arbitrary) intermediate time f, the trading strategy enters with a 
value equal to 


no(t — 1; s,)B(ts s1) + na (t - s, )P(E Tuse). (7.2) 


This represents the holdings at date t— 1 times the value of the securities 
at date t in state s,. 

The portfolio is then rebalanced, and the time t value of the trading 
strategy after rebalancing is 


Ny (f; s, ) BCE; s 4) + ny (£5 s, UL, Ta). (7.3) 


This represents the new holdings at date t times the value of the securities 
at date t in state s, 

The portfolio value entering time t in expression (7.2) need not equal 
the portfolio value after rebalancing in expression (7.3). If the portfolio 
value after rebalancing is larger (smaller) than the value entering, then a 
positive (negative) cash inflow to the trading strategy has occurred. This 
cash infusion (receipt) is implicitly determined by the difference between 
expression (7.2) and (7.3). If the portfolio value after rebalancing equals 
the portfolio value entering, the rebalancing is said to be self-financing. 
A self-financing rebalancing requires no cash inflow or outflow. 

At the liquidation date, t* = min (t,,t - 1), the trading strategy's value is 


Ho (t -L Sa-l )B(1*; Se Al + Ha (t -L Se Pet"; HEES ). (7.4) 


This is the value of the portfolio entering time t*. It equals the shares 
held at time t* — 1 times the value of the securities at time t*. The port- 
folio is liquidated at time t* (all holdings go to zero). The value of the 
portfolio at liquidation equals the cash flow. For example, if the value 
is positive at t*, then the cash flow will be positive as well because the 
assets held are sold. 
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This trading strategy is said to be self-financing if at every intermediate 
trading date t € (1, 2, ... , ** — 1} the value of the portfolio entering time t 
equals its value after rebalancing, i.e., 


no(t —1;5,)B(t; 5,1) + n, (t-—1;5,)P(t 713 5;) 
(7.5) 
= No(t;s,)B(ts s1) + my, (t; si ) PE 55, ). 


We will be interested only in self-financing trading strategies. For conve- 
nience, define the set ®, = {all self-financing trading strategies involving 
only the money market account and the t,-maturity zero-coupon bond}. 

Note that these trading strategies are only defined on the time hori- 
zon T* —1=min (T, T— 1) - 1 determined by the t,-maturity bond. This is 
because after time t,, the t,-maturity bond no longer trades. 

Similarly, one could investigate a self-financing trading strategy involv- 
ing three securities: two distinct zero-coupon bonds with maturities T,, T, 
where 0 « 1, « 1, € t, and the money market account. This would be rep- 
resented by a triplet (n)(t;s,), n. (ts), n. (5s)) for all s, and rein, 1, ... , 
7, — 1) such that n,(t;s,) and n, (t;s) are as defined before, and n, (Gel is 
the number of shares of the t,-maturity zero-coupon bond held at time t 
under state s,. 

We assume that the following self-financing condition, condition (7.6), 
is also satisfied: 


no(t —1:5,) B(ts 5,1) +m, (E- s )P(E T1581) + n, (t -155,) P(t, 5; 5;) 


(7.6) 
= no(t;s,) B(t5 s1) + na (55, )P(t, ts) + n; (ts, ) P(t, T2584) 


for all t€ (1 2, ... , v, — 1}. This portfolio is liquidated at time 7, with value 


no (Ti = l; Sr 2)B(9554 3) Ff (Ti — L; Sr iT; = L; Sa -1 )PO 2:5). 


(7.7) 


The liquidation value equals the holdings at time v, — 1 times the securi- 
ties’ prices at time t,. Note that the zero-coupon bond with maturity 7, is 
identically one at time q}. 

In an analogous manner, we define the set ®, = {all self-financing trad- 
ing strategies involving only the money market account, the t,-maturity 
zero-coupon bond, and the t,-maturity zero-coupon bond}. 
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For convenience, we have defined the trading strategy over the time 
horizon determined by the shortest maturity bond 7,. We could have, 
however, equivalently defined it over the time period determined by the 
longest t,-maturity bond, [0, t,]. This would have required that we set 
the position in the t,-maturity zero-coupon bond to be identically zero 
over the later part of this horizon, i.e., nt, (t;s) 20 for te [t,,t,]. This later 
restriction would be necessary because the t,-maturity bond no longer 
exists after time t,. When convenient, we will utilize this alternative defi- 
nition without additional comment. 

The set of self-financing trading strategies ®, is a subset of ®,. It is the 
subset in which the holdings of the t,-maturity bond in ®, are identically 
equal to zero. 

In a straightforward fashion, given any K<t bonds with maturities 
Ti < 1, €...€ Tk we could define analogous sets of self-financing trading 
strategies ,. The relation ®, C b, C 6, C...C O, holds.* 

One last set of self-financing trading strategies needs to be defined. 
This is the set simultaneously utilizing all the zero-coupon bonds of dif- 
ferent maturities. Formally, consider the self-financing trading strategy 
(n,(t;s,),n,(t;s, ),...,n¿(€;5,)) for all s and tE {0, 1, ..., 7-2} such that 

nj(t;s,) is the number of units of the jth-maturity zero-coupon bond 
purchased at time t at state s, for j= 1, 2, ..., T, and 

nj(tss,) =0 for t2 j. 

The following self-financing condition (7.8) is satisfied, i.e., 


Y nit cus Ai, s) = M nls Pb s) (7.8) 
j=l ja 
for all s, and t € (0,,2,...,1—2]. 

The value of this portfolio at liquidation, time t — 1, is 


n, 1(t—2;s, 5) +n (T—235,_,)P(T-1,T35,_). (7.9) 


The right side consists of only two terms because the only zero-coupon 
bonds still trading at time t-1 are those with maturities t—1 and Tt. 
Furthermore, the t — 1 maturity zero-coupon bond has a value identically 
equal to one at time c - 1. 


* Formally, we are imbedding O, into 6, ®, into ®,, and so on, because they are not strict subsets 
but only isomorphic to a strict subset. 
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Define the set ®,= {all self-financing trading strategies involving all 
the different maturity zero-coupon bonds}. 

There are a couple of subtle observations to make about this set of trad- 
ing strategies. First, the horizon for this class of trading strategies is the 
whole trading interval less one period: [0, x — 1]. This is because over the last 
period in the model, the only traded zero-coupon bond is the t-maturity 
zero-coupon bond. Its payoff at time 7 is identically one. Thus, it cannot 
span the relevant uncertainties; e.g., see Figure 5.3. This last period in 
the model is a vestige that has no real economic purpose and is therefore 
omitted from the trading strategy horizon. 

Second, after any zero-coupon bond matures, the holdings in this bond 
must be set to be identically zero. This is because the bond no longer exists 
after it matures. This fact is captured by the condition that n,(t; s) =0 for 
t2 j. 

Third, this class of trading strategies takes no explicit position in 
the money market account, because the money market account can be 
created within this class of trading strategies. Indeed, the money mar- 
ket account is obtainable (by itself or in conjunction with additional 
holdings of the zero-coupon bonds) with the following self-financing 
trading strategy. First, purchase 1/P(0,1) units of the 1-period zero- 
coupon bond at time 0. The cost of this purchase is (1/P (0,1))P(0,1) 2 1 
dollar. This cost equals the money market account's value at time 0, 
ie. B(0)=1. This position then pays off 1/P(0,1) 2 r(0) = BO) dollars 
at time 1. Next, reinvest this B(1) dollars at time 1 into the zero-cou- 
pon bond that matures at time 2 (i.e., purchase B(1)/P(1,2; s,) of these 
bonds). The time 2 value of this position is then B(1)r(1;s,) = B(2;s,). 
Continuing in this fashion generates the money market account 
BUS for any So 

For this reason, and for consistency of the notation with the previously 
defined sets d, for j< qt, we can without loss of generality redefine ®, to be 
the class of all self-financing trading strategies 


(no(t; s), (t;s) no (t35,),...,4,(t35,)) for all s, and t{0,1,..., 1—2} 


where n,(t;s,) for j— 1, ..., t are defined as before, and n,(t;s,) is the number 
of units of the money market account B(t;s, ,) held at time t under state s,. 
The self-financing condition holds, i.e., 
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T 


nt - Lis,.)B(tis a) Y nit is) Pss) 


j=l 


(7.10) 
T 
= no(t;s,.,)B(t;s,.,) + Kë nj (t5 s, PET D 
j=l 
for all s and tE {0, 1, ..., T—2). 
The value of this portfolio at liquidation, time c - 1, is 
Ny (tT —2;5, 3)B(t 1; 55-23) +11 (1 — gea 
(7.11) 


T n.(t—2;s, ;)P(1 — 1,155). 


This is the liquidation value because at time t— 1 there are only three secu- 
rities traded: the money market account, the t — 1 maturity zero-coupon 
bond, and the t-maturity zero-coupon bond. The t - 1 maturity zero-cou- 
pon bond has a price identically equal to one at time c - 1. 


7.3 ARBITRAGE OPPORTUNITIES 


This section formally defines the concept of an arbitrage opportunity. 
Intuitively, an arbitrage opportunity is a zero investment self-financing 
trading strategy that generates positive cash flows (with positive probabil- 
ity) at no risk of a loss. The notion of an arbitrage opportunity is essen- 
tial to the subsequent theory. In fact, setting prices such that there are no 
arbitrage opportunities in a market is the key method for determining fair 
values for fixed income securities and interest rate options. An example 
illustrates the notion of an arbitrage opportunity. 


Example: An Arbitrage Opportunity 


Consider the zero-coupon bond price evolution depicted in 
Figure 7.3. In this figure, there are two time periods depicted, times 
0 and 1. At time 0 there are three zero-coupon bonds trading: P(0,3), 
P(0,2), and P(0,1). The market prices for the bonds are given. At time 
2, the zero-coupon bond prices can move up or down. The time 1 
market prices for these zero-coupon bonds are also given. Note that 
across both paths, the shortest maturity bond, P(0,1), matures and 
pays off a dollar. 
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FIGURE 7.3 An Example of a Zero-Coupon Bond Price Curve Evolution with an 
Arbitrage Opportunity. 


There is a mispricing implicit in the time 0 market prices of these 
zero-coupon bonds. Can you see it? 

The 2-period zero-coupon bond is undervalued, and it should sell 
for .961169 dollars. (This book provides a technique for determining 
such mispricings.) A clever trader will recognize this mispricing and 
create a trading strategy based on it, to generate profits at no risk ofa 
loss. The trader should sell .58287 units of the 3-period zero-coupon 
bond, sell .4119177 units of the money market account, and buy 1 
unit of the 2-period zero-coupon bond. The trader should hold this 
portfolio until time 1, then liquidate his position. This is called a buy 
and hold trading strategy. 

The initial cash flow from this position is: 


+(.58287)P(0,3) —(1)P(0,2) + (.4119177)B(0) 
= +(.58287).942322 —(1).96000 + (.4119177)1 = +.001169. 


A positive cash flow implies a negative value (a liability). We next 
determine the time 1 cash flows from liquidating this position. This 
liquidation requires a determination of the money market account’s 
time 1 value. This is easily computed from the relation B(1) = B(0)r(0) 
where B(0)=1 and r(0)=[1/P(0,1)] = [1/.980392] = 1.02. The money 
market account has the same time 1 value in both the up- and down 
states due to the fact that it earns the spot rate of interest over [0, 1], 
and the spot rate of interest over [0, 1] is known at time 0. 
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The time 1 cash flow in the up state is: 


—(.58287)P(1, 3;u) + (1) P(1,2;u) — (.4119177)B(1) 
= —(.58287).965127 + (1).982699 — (.4119177)1.02 = 0. 


The time 1 cash flow in the down state is: 


—(.58287)P(L3; d) + (1) PC, 2;d) — (.4119177) B(1) 
= —(.58287).957211-- (1).978085 — (.4119177)1.02 = 0. 


Surprisingly, there is no additional cash flow from liquidating this 
portfolio at time 1. Thus, this portfolio generates 4.001169 dollars at 
time 0 and has no further liability. It creates cash from nothing! It is 
a money pump. Obviously, to create more cash, one should increase 
the size of the holdings in each of the assets proportionately. Why be 
satisfied with only 4.001169 dollars? 

The trading strategy employed in this example is an arbitrage 
opportunity. It generates positive cash flows at time 0 with no further 
liability at time 1. Arbitrage opportunities are fantastic investments! 
They increase wealth at no risk of a loss. We would not expect to find 
many of these arbitrage opportunities in well-functioning markets. 
The only price for the 2-period zero-coupon bond consistent with no 
arbitrage is .961169. [7] 


We now formalize the concept of an arbitrage opportunity. An arbi- 
trage opportunity is a particular type of self-financing trading strategy. To 
be precise, consider the set of self-financing trading strategies O, for some 
Ke {l, 2, ..., t). Recall that these self-financing trading strategies are initi- 
ated at time 0 and are liquidated at time t,, which is the smallest maturity 
of the zero-coupon bonds included in the trading strategy. 

An arbitrage opportunity is a self-financing trading strategy* (n)(tss,), 
NT, (t;s), ... , NT(ts,)) ED, such that either 

(Type I) 


K 


n(0)B(0) V. n, (0)P(0,x,) <0 (712) 


j=l 


* A type l arbitrage opportunity can be transformed into a type II arbitrage opportunity by invest- 
ing the initial cash flow in a zero-coupon bond maturing at time account 1). 
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and 


K 
no (Ti ss a Bt EA E KE (Tti —-Lbs,4)P(1,15$,)50 forall s}, 


jal 


or 
(Type ID 
K 
mo(0)B(0)+ V n, (0)P(0,1,)=0 (7.13) 
j=1 
and 
K 
Ny (T bës 1)B(T1557,-1)+ KS? (t —bs,.)P(t,15;5,) 20 for all s, 
j=l 
K 
ME LS, a) BUS) + Ti (t -135;,-1)P(%,,T;35;,)>0 for some ze, 
j=l 


There are two types of arbitrage opportunities. A type I arbitrage oppor- 
tunity, given in expression (7.12), has a negative value at time 0. This cor- 
responds to a positive initial cash flow. Furthermore, at the liquidation 
date t,, there is no further liability. The liquidation value is identically 
zero. This is the type of arbitrage opportunity that was illustrated in the 
previous example. 

The second type of arbitrage opportunity is given in expression (7.13). It 
states that the initial value of the portfolio is zero; i.e., it is a zero investment 
trading strategy. The portfolio is liquidated” at time 7,. At liquidation, the 
portfolio's value is nonnegative for all states s,, and strictly positive for some 
states. This type of arbitrage opportunity offers the possibility of turning 
nothing into something, with no chance of a loss and with a strictly posi- 
tive probability of a gain. This is a probabilistic money pump! 

To illustrate an arbitrage opportunity of type IL suppose the t,-maturity 
bond had a zero price at time 0; i.e., P(0,t,) =0. An arbitrage opportunity 
of type IT in the smallest class of trading strategies d, would be buying the 
t,-maturity bond and holding it until time t,. Indeed, the initial cost is 0. 


* For K = t we make the following identification for the indices: 1, = 1, T, = 2, ..., T, = T. In this case, 
the portfolio’s liquidation date is t — 1, not q, as in expressions (7.12) and (7.13). 
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At maturity, it is worth a sure dollar. Consequently, it satisfies expression 
(7.13). In well-functioning markets, we would expect P(0,7,) » 0 for all 7,. 
This is the reason we imposed this strict positivity condition earlier in 
Chapter 5. 

In closing, note that because the trading strategies are subsets of each 
other, i.e, b, CO, C...C O,, an arbitrage opportunity with respect to a 
trading strategy set ®; is an arbitrage opportunity with respect to a larger 
trading strategy set ®, for j< K € v. Thus, if there are no arbitrage oppor- 
tunities in the larger trading strategy set ® there are no arbitrage oppor- 
tunities in the smaller trading strategy set O, for j < K. The converse is, of 
course, not true. 

The subsequent pricing theory is based on the simple notion that we 
would not expect to see many arbitrage opportunities in well-functioning 
markets. Why? Because bright investors would hold these arbitrage oppor- 
tunities, becoming wealthy in the process. They would desire to hold as 
many of them as possible. The process of arbitrageurs taking advantage 
of these arbitrage opportunities would cause equilibrium prices (supply 
and demand) to change until these arbitrage opportunities are eliminated. 
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The concept of a complete market is the last notion that we need to intro- 
duce before studying risk-neutral valuation. Roughly, a complete market 
is one in which any cash flow pattern desired can be obtained via a self- 
financing trading strategy. This concept is essential in pricing derivative 
securities. Indeed, if the traded derivative security's cash flows can be 
duplicated synthetically via a trading strategy, then the initial cost of this 
trading strategy should be the fair price of the traded derivative security. 
Otherwise, an arbitrage opportunity can be constructed. The key to this 
argument is the ability to replicate the traded derivative security's cash 
flows. This is the concept of a complete market that we next illustrate with 
an example. 


Example: A Complete Market 


Figure 7.4 contains an evolution for a term structure of interest rates 
for two dates (0 and 1) and two zero-coupon bonds (P(0,1), P(0,2)). 
The spot interest rate is included at the intersection of the node on 
the tree (r(0) = 1.02), and the value of the money market account's 
value is included at the top of each zero-coupon bond price vector. 
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FIGURE 7.4 An Example of a Zero-coupon Bond Price Curve Evolution in a 
Complete Market. 


This term structure evolution implies a complete market. To prove 
this, suppose at time 1 we desire to construct a portfolio whose value 
is (x, Xa) in the up and down states, respectively, where x, + x4. For 
example, this cash flow could represent the value of an interest rate 
cap or a Treasury bond futures option. For convenience, let us call 
this cash flow the value of an (arbitrary) traded interest rate option. 

The idea is to form a trading strategy (n,(0), n,(0)) in the money 
market account and 2-period zero-coupon bond at time 0 such that 
the liquidation value at time 1 matches the cash flow (x, x,). 

The initial cost of this trading strategy is 


ng(0)B(0) + n,(0)P(0, 2) = n (0)1 + n (0).961169. (7.14) 
The objective is to choose (n,(0), 1,(0)) such that 
ny (0) B(1) +n (0) PCL, 2; u) = x, 
and 


Ny (0)B(1) +n (0)P(L,2; d)x,. (7.15) 


Here, the value of the trading strategy entering time 1 equals the 
desired values of the interest rate option (x, x,). 

Substitution of the prices from Figure 7.4 into expression (7.15) 
yields 


116 m Modeling Fixed Income Securities and Interest Rate Options 


n9(0)1.02 +n, (0).982699 = x, 
and 

19(0)1.02 + 1, (0).978085 = x4. (7.16) 
The solution is 


x4(.982699) — x, (.978085) 
1.02(.005614) 


n(0)= (7.17) 


and 


Xy — Xa 
„005614 


Expression (7.17) gives the trading strategy that replicates the cash 
flow (x, x4). This trading strategy is called the synthetic interest rate 
option. The cost of constructing this trading strategy is obtained by 
substituting expression (7.17) into expression (7.14), i.e., 


n;(0) = 


.982 -x,(. — 
x4(.982699) — x, (.978085) (D+ Xy — X4 (961169). (7.18) 
1.02(.005614) .005614 


This cost of constructing the synthetic interest rate option is called 
the arbitrage-free price because if the traded interest rate option had 
a different market price, then an arbitrage opportunity could be con- 
structed. Indeed, the traded and synthetic interest rate options have 
identical values at time 1 under all states. Thus, an arbitrage oppor- 
tunity would be to buy the cheap option and sell the expensive one, 
pocketing the difference at time 0, and having no future liability. 
This completes the example. [ 


To formalize the concept of a complete market, we must first define 
a simple contingent claim. Simple contingent claims are the building 
blocks for all possible derivative securities issued against the term struc- 
ture of interest rates. This includes forward and futures contracts, call and 
put options both European and American, as well as other interest rate 
options, exotic or otherwise. 

A simple contingent claim has a single maturity date and a value or 
cash flow on that date. Formally, a simple contingent claim with maturity 
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date t* for 0 € &* <T- 1 is defined to be a cash flow x(t’; s,.) dependent on 
time T* and state s,.. 

A market is said to be complete with respect to the trading strategies O, 
for KE{1, 2, 3, ... , t} if given any simple contingent claim with matu- 
rity date" t* <q; — 1, there exists a self-financing trading strategy (n)(t;s,): 
NT, (Gah, mv, (5s)) ED such that at time 7%, 


K 
nt re less A M elt? se P sse) 


ja (7.19) 
= x(1%;s,+) forall su. 


The left side of expression (7.19) represents the value of the trading 
strategy entering time t*. The right side of expression (7.19) equals the 
value of the simple contingent claim. Condition (7.19) guarantees that 
the trading strategy’s value at time t* replicates the simple contingent 
claim’s time t* cash flow at each state s,. Explicit in expression (7.19) 
is the condition that only the money market account and the zero- 
coupon bonds with maturities T,, T,, ... , Tg are utilized in this trad- 
ing strategy. We will call the trading strategy in expression (7.19) that 
replicates the simple contingent claim’s time t* cash flows a synthetic 
simple contingent claim x. 

If the market is complete with respect to the trading strategy set D,, it 
is also complete with respect to a larger set trading strategy set O, for any 
j2 K. This follows because the smaller trading strategy set D, is contained 
in the larger trading strategy set O, for j > K. So, any portfolio available in 
the smaller set is available in the larger set as well. This observation will 
prove useful in subsequent chapters. 

We define the arbitrage-free price of the simple contingent claim with 
maturity date t* to be the initial cost of constructing the synthetic contin- 
gent claim, i.e., 


K 


n (0)8(0) V n. (0)P(0,t,). (7.20) 


m 


* The convention followed for the remainder of the text is that when K = q, the following identifica- 
tions hold: (1.) 1, = 1, t, = 2, ..., T, = T. (2.) The trading horizon is [0, 1-1]. (3.) All holdings in bonds 
that have already matured must be identically zero. 
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The idea behind this definition is that if the simple contingent claim x is 
traded, its price would have to be that given by expression (7.20). Otherwise, 
it would be possible to construct an arbitrage opportunity involving the 
Tiz Ta") ... » Ty maturity zero-coupon bonds and the traded contingent 
claim. This logic will be further clarified in subsequent chapters. 

We now show that all other derivative securities issued against the 
term structure of interest rates can be constructed from simple contingent 
claims. Consider a more complex contingent claim than that defined above, 
namely, one having multiple random cash flows at the different dates (0, 
1, ..., 7%), the cash flows being denoted by x(t;s)) for each t € (0, 1, ... , 7%). 

This complex contingent claim, however, is nothing more than a collec- 
tion of t* simple contingent claims each with a different maturity date. So, 
understanding the simple contingent claims is sufficient for understand- 
ing these complex contingent claims. 

For example, the self-financing trading strategy that duplicates the 
complex contingent claim is the sum of the self-financing trading strate- 
gies that generate each simple contingent claim composing the complex 
contingent claim. The holdings in each underlying zero-coupon bond are 
merely summed to get the aggregate holdings of each zero-coupon bond 
in the complex contingent claim. 

Correspondingly, the arbitrage-free price of this complex contingent 
claim having multiple cash flows is the sum of the arbitrage-free prices of 
the simple contingent claims of which it is composed. The motivation for 
this definition is that if both the simple contingent claims and the complex 
contingent claim traded simultaneously, this would be the only price con- 
sistent with the absence of arbitrage opportunities. 

The previous two types of contingent claims are of the European type, 
because the cash flows are independent of any active decision made by the 
investors holding the claim. Contingent claims in which the cash flows 
depend on an active decision of the investors holding the claim are of the 
American type.* These contingent claims can also be analyzed using an 
extension of the above procedure. 

Let us denote the cash flows to an American-type complex contingent 
claim at time t € (0, 1, ... , 7-1) given a decision choice a € A of the inves- 
tor by x(t,a;s,) where A represents the set of possible decisions. 


* A European call option's payoff at maturity is considered to be a passive decision, because it is 
assumed to be exercised if it is in the money. 
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Given an arbitrary decision a € A, the cash flow to the claim is x(t,a’3s,) 
for each rein, 1, ... 7-1). Now the cash flow no longer depends on the 
investor making a choice, for it is already determined by a'. Thus, given 
a € A, the claim is now a European-type claim (sometimes called pseudo- 
American). And, we are back to valuing a complex contingent claim as a 
portfolio of simple contingent claims. Both the self-financing trading strat- 
egy in ®, that duplicates the European complex contingent claim under a’ 
and its arbitrage-free price are determined as discussed previously. 

Finally, to get the American contingent claim’s synthetic self-financing 
trading strategy and the arbitrage-free price, we choose that â€ A such 
that the arbitrage-free price is maximized for the investor holding the 
claim. The synthetic self-financing trading strategy for x(t,d;s,) duplicates 
the American claim's cash flows under the optimal decision. The arbitrage- 
free price of x(t,d;s,) is, thus, the arbitrage-free price for the American con- 
tingent claim. 

This completes the demonstration that all types of interest rate deriva- 
tives can be formulated as portfolios of simple contingent claims. Hence, 
if one can generate all simple contingent claims synthetically using self- 
financing trading strategies in the zero-coupon bonds, then all interest rate 
derivatives can be synthetically constructed, and the market is complete. 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 


CHAPTER 8 


Bond Trading 
Strategies — An Example 


8.1 MOTIVATION 


This chapter shows how to use the concepts of trading strategies, arbitrage 
opportunities, and complete markets to investigate mispricings within 
the yield curve. Taken as given are the stochastic processes for a few zero- 
coupon bonds (i.e., one bond for the one-factor model, two bonds for the 
two-factor model, and so forth), the stochastic process for the spot rate, and 
the assumption that there are no arbitrage opportunities. The purpose is 
to find the arbitrage-free prices of all the remaining zero-coupon bonds. If 
the market prices for the remaining zero-coupon bonds differ from these 
arbitrage-free prices, then arbitrage opportunities have been discovered. 

This is the modern analog of arbitraging the yield curve. Prior to the 
development of these techniques, traders would plot bond yields versus 
maturities, fitting a smooth curve to the graph (perhaps using spline tech- 
niques), and they would buy or sell outliers from the curve. These outliers 
are analogous to the arbitrage opportunities discovered in the following 
technique. 

This chapter illustrates this bond trading procedure using a 4-period 
example. The next chapter provides the abstract theory underlying this 
example. Mastering the example is sufficient for reading the remainder of 
the book. 

This example can be visualized by examining Figure 8.1. Figure 8.1 
contains a graph of a zero-coupon bond price curve. Marked with “X’s” 
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+ Prices P(0,T) 


X = given price 
F = fair price 
M = market price 


EC 
T 
E 


| | | | * Time (T) 


FIGURE 8.1 A Graphical Representation of “Arbitraging the Zero-Coupon Bond 
Price Curve." X = Given Price; F = Fair Price; M = Market Price. 


are the prices of the 1-period and the 4-period zero-coupon bonds. These 
market prices are taken as given. Presumably, they are the most liquid 
zero-coupon bonds. Recall that the 1-period zero-coupon bond's price 
determines the spot rate; thus, the spot rate is given. The purpose of the 
analysis is to use these prices, plus an exogenous specification of the evolu- 
tion of the spot rate and 4-period zero-coupon bond, to determine "fair" 
prices for the remaining zero-coupon bonds. These are the “F's” on the 
graph. Market quotes are indicated as “M’s.” 

If the market quotes differ from the “F’s,” then an arbitrage opportu- 
nity has been identified. For example, the market quote for the 2-period 
zero-coupon bond is indicated on the graph as an ^M." This market price 
lies below the "fair" value. Hence, the traded 2-period zero-coupon bond 
is undervalued. It should be purchased. The arbitrage opportunity is 
obtained by constructing a synthetic 2-period zero-coupon bond with the 
fair price ^F" and selling it! The mechanics of this procedure are the con- 
tent of this chapter. 


8.2 METHOD 1: SYNTHETIC CONSTRUCTION 


There are two equivalent methods for determining the "fair" or arbitrage- 
free prices of the desired zero-coupon bonds. The first method concen- 
trates on a technique for constructing the zero-coupon bond synthetically, 
using the money market account and the 4-period zero. The second 
method uses an elegant theory to derive a present value operator - the 
technique is called risk-neutral valuation. 

Both methods are important, and both need to be mastered. This sec- 
tion concentrates on the first method, the next section the second. 
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To illustrate the procedure for creating synthetic securities, we con- 
sider a 4-period example as given in Figure 8.2. Given on this tree dia- 
gram are the evolutions for the money market account and the 4-period 
zero-coupon bond. Also indicated at each node in the tree is the spot rate 
of interest. The spot rates can be determined from the evolution of the 
money market account (or conversely). The time 0 prices are the available 
market quotes. 


8.2.1 An Arbitrage-Free Evolution 


The first step in the procedure is to investigate whether the exogenous evo- 
lution as given in Figure 8.2 is arbitrage-free. The reason is simple. We 
are taking the evolution in Figure 8.2 as given, and then from it, we will 
derive arbitrage-free prices for the 2- and 3-period zero-coupon bonds. 
The procedure will be flawed and nonsensical if the basis for the technique 
itself contains imbedded arbitrage opportunities. For then, how can we 
determine arbitrage-free prices from them? 
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985301 ——® 1 
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1.02 1.017606 
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.059125 
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1.042854 
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974502 ——® | 
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FIGURE 8.2 An Example of a 4-Period Zero- Coupon Bond Price Process. The 
Value of the Money Market Account and the Spot Rates Are Included on the 
Tree. Actual Probabilities Along Each Branch of the Tree. 
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The check to determine if the given evolution is arbitrage-free proceeds 
node by node. First, consider standing at time 0. There are two securities 
available for trade at this date, the money market account and the 4-period 
zero-coupon bond. The money market account is riskless over the next 
time period earning 1.02. The 4-period zero-coupon bond is risky. The 
return on the 4-period zero-coupon bond in the up state is (u(0,4) =.9474 
97/.923845 = 1.025602) and in the down state it is (d(0,4) =.937148/.923845 
= 1.014400). In the up state it earns more than the money market account, 
and in the down state it earns less. 

Hence, neither security dominates the other (in terms of returns). There 
would be no way to form a portfolio of these two securities with zero ini- 
tial investment that didn’t have potential losses at time 1. Furthermore, 
any portfolio with an initial positive cash flow would have a negative cash 
flow at time 1 in at least one state.* Thus, the fact that neither security 
dominates the other implies there are no arbitrage opportunities between 
time 0 and time 1. The converse of this statement is also true. That is, 
if there are no arbitrage opportunities between these two securities over 
[0, 1], then neither security should dominate the other in terms of returns.’ 

This condition applies to the first time step. But, if at each and every 
node in the tree, this condition applies, then the entire tree — the entire 
evolution - is arbitrage-free. Indeed, then no matter which path in the tree 
occurred, and at each node, there would be no trading strategy that could 
create arbitrage profits from that node onward. 

Figure 8.3 provides the returns on the money market account and the 
4-period zero-coupon bond at each node in the tree. We have argued that 
the tree is arbitrage-free if and only if 


u(t,4:s,)> r(t,s,)> d(t,4:5;) for all t and s,. 


Inspection of Figure 8.3 shows that this is true for the evolution provided. 


8.2.2 Complete Markets 

Given the tree is arbitrage-free, we next study the pricing of the 2- and 
3-period zero-coupon bonds. This pricing procedure uses the concept of a 
complete market, introduced in Chapter 7. 


* The reader is encouraged to prove these assertions before reading Chapter 9. These statements 
exclude arbitrage opportunities of type I and type II. 
* The proof of this statement is by contradiction; see Chapter 9. 
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u(2,4;uu) = 1.018056 


u(1,4;u) = 1.021455 r(2;uu) = 1.016031 


d(2,4:ud) = 1.014006 


u(0,4) = 1.025602 r(1;u) = 1.017606 


u(2,4;ud) = 1.022828 


d(1,4;u) = 1.013754 r(2;ud) = 1.020393 


d(2,4;ud) = 1.017958 
1(0) = 1.02 


3/4 u(2,4:du) = 1.021529 


u(1,4:d) = 1.026961 r(2;du) = 1.019193 


d(2,4:du) = 1.016857 


4(0.4) = 1.014400 < r(1:d) = 1.022406 


u(2,4:dd) = 1.027250 


d(1,4:d) = 1.017851 r(2:dd) = 1.024436 


d(2.4:dd) = 1.021622 


time 0 1 2 3 


FIGURE 8.3 The Rate of Return Processes for the 4-Period Zero-Coupon Bond 
and the Money Market Account in Figure 8.2. Actual Probabilities Are Along 
Each Branch of the Tree. 


The trading strategy set considered is (n(tss,)), (n4(tss,)) for t=0, 1, 2, 
and 3. This consists of the number of units of the money market account 
(n,(t;s)) and the 4-period zero-coupon bond (n,(t;s,)) at time t in state s, 

From Figure 8.3 we see that in all states and times, u(t,4) > r(t) > d(t,4). 
Besides implying that the tree is arbitrage-free, this will also be seen to 
be a sufficient condition for market completeness. The reason for the suf- 
ficiency of this condition is clarified by actually constructing synthetic 
contingent claims for this example. 

First, let us construct a synthetic 2-period zero-coupon bond. The pay- 
off to this contingent claim is 1 dollar at time 2 across all states (uu, ud, 
du, dd). To construct this contingent claim, we work backward through the 
tree, starting at time 1. We form a state-dependent portfolio first at time 1, 
state u, and then at time 1, state d, to duplicate the 2-period zero-coupon 
bond’s payoff at time 2. Then we move back to time 0 and create a portfolio 
that duplicates the previous portfolio values needed at time 1, state u, and 
at time 1, state d. This procedure will result in a dynamic, self-financing 
trading strategy that duplicates the payoff to a 2-period zero-coupon bond. 
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Consider first the node at time 1, state u. The desire is to determine 
n(l;u) and n,(1;u), the number of units of the money market account and 
the 4-period zero-coupon bond, such that the portfolio's resulting time 2 
value equals 1 dollar in both states, i.e., 

No (1; 4) B(2; u) +n, (1; uw) P(2, 4; uu) = n (1; u)1.037958 + n, (1; u).967826 = 1 
(8.1a) 


and 


No (1; u) B2; u) + ny (1; u)P(2, 4; ud) = ny (1; u)1.037958 + n, (1; u).960529 = 1 
(8.1b) 
The solution to this system of equations is obtained by subtracting expres- 


sion (8.1b) from (8.1a) and first solving for n,(1;u). Then, we substitute the 
value for n,(1;u) into (8.1a) and solve for n,(1;u). The solution is: 


n (lu) = 1/1.037958 = .963430 (8.2a) 
n,(l;u) = 0. (8.2b) 


The duplicating portfolio at time 1 under state u is to hold .963430 units 
of the money market account and zero units of the 4-period zero-coupon 
bond. This makes sense, because the payoff at time 1 must be certain, and 
the 4-period zero-coupon bond’s payout is risky. So, none of the risky 
zero-coupon bond should be included. 

The time 1 cost at state u of constructing this portfolio is 


No (1; u) B(1) + n4 (G5; u)P(L 45 u) = no (1; u)1.02 + n4 (1; u).947947 = .982699 (8.3) 


To prevent arbitrage, therefore, this cost of construction must be the arbi- 
trage-free value of the traded 2-period zero-coupon bond, i.e., 


P(1,2;u) =.982699. (8.4) 


A similar construction at time 1 under state d necessitates the time 2 pay- 
off to the portfolio to be 


m (1; d)B(2;d) +n, (1;d)P(2,4;du) = m (1;d)1.042854 +n, (1;d).962414 21 
(8.5a) 
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and 


n (1; d)B(2; d) + n, (13d) P(2, 4; dd) = ny (1; u)1.042854 + n, (1d).953877 = 1. 


(8.5b) 

The solution to this system is: 
ny (1; d) = 1/1.042854 = „958907 (8.6a) 
n,(1;d) = 0. (8.6b) 


The synthetic 2-period zero-coupon bond at time 1 under state d consists 
of .958907 units of the money market account and 0 units of the 4-period 
zero-coupon bond. Its time 1, state d, arbitrage-free value must be 


P(,2:d) = np (154) BQ) +n, (5d)PQL 454) 
= mp (1;d)1.02 + n4(1;d).937148 (8:7) 
= 978085. 


Now, moving backward in the tree to time 0, the values in expressions 
(8.4) and (8.7) become the new payoffs we need to duplicate at time 1. Let 
n9(0) and n,(0) be the number of units of the money market account and 
of the 4-period zero-coupon bond, respectively, needed at time 0 such that 


ng (0)B(1)+ n, (O) P(1, 4; u) = no(0)1.02 + n4(0).947497 = .982699 = P(1,2;u) 
(8.8a) 


and 


no(0)B() + n, (0) P(1, 4; d) = no(0)1.02 + 1,(0).937148 = .978085 = P(1,2;d). 
(8.8b) 


A solution to this system exists because 


u(0, 4) = .947497 /.923845 = 1.025602 > d(0,4) 


= 937148 /.923845 = 1.014399. 


This is the sufficiency condition mentioned earlier. The solution is: 
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Ny (0) = .549286 (8.9a) 
na (0) = .445835. (8.9b) 


The synthetic 2-period zero-coupon bond consists of .549286 units of the 
money market account and .445835 units of the 4-period zero-coupon 
bond. Its time 0 arbitrage-free value is the cost of constructing this port- 
folio, i.e., 


P(0,2) =n) (0)B(0) + n, (0)P(0, 4) = n (0)1 + n, (0).923845 = .961169. (8.10) 
These values and portfolio positions are summarized in Figure 8.4. 


It is important to note that the value for the 2-period zero-coupon 
bond does not depend on the actual probabilities for the evolution of 


982699 
(.963430, 0) 


1/4 (1/2) 
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1/4 (1/2) 
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FIGURE 8.4 Arbitrage-Free Values (P(t,2;s)) and Synthetic Portfolio Positions 
(no(tss,), n,(ts)) for the 2-Period Zero-Coupon Bond. The Actual Probabilities 
Are Along Each Branch of the Tree with the Pseudo Probabilities in Parentheses. 
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the 4-period zero-coupon bond and the money market account. At first 
“blush” this appears to be wrong. But, further thought reveals the validity 
of this insight. Indeed, the method prices by exact replication, in both the 
up and down states. Regardless of the state which occurs (or its probabil- 
ity of occurrence), the 2-period zero-coupon bond’s values are duplicated. 
Hence, the cost of construction, the arbitrage-free price, is determined 
independent of the actual probabilities of the future states! 

Figure 8.5 presents the arbitrage-free values P(t,3;s,) and the synthetic 
portfolio positions n,(t;s,) in the money market account and n,(t;s,) in the 
4-period zero-coupon bond that are needed to construct the 3-period 
zero-coupon bond. These values and positions are obtained similarly to 
those in Figure 8.4. The verification of these numbers is left to the reader 
as an exercise. 

This completes the presentation of method 1, valuation by the cost of 
synthetic construction. This method always works, and it is the more 
intuitive of the two approaches. The next section discusses method 2, risk- 
neutral valuation. 
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FIGURE 8.5 Arbitrage-Free Values (P(t,3;s,)) and Synthetic Portfolio Positions 
(Afs, n,(t;s)) for the 3-Period Zero-Coupon Bond. The Actual Probabilities 
Are Along Each Branch of the Tree with the Pseudo Probabilities in Parentheses. 
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8.3 METHOD 2: RISK-NEUTRAL VALUATION 

The second method called risk-neutral valuation is the more useful 
approach from a computational perspective. This is because the risk- 
neutral valuation approach relates the derivative security's value to calcu- 


lating an expectation. Expectations (integrals) are usually easy to compute 
(if necessary one can use Monte Carlo simulation). 

The risk-neutral valuation approach proceeds by determining a pres- 
ent value operator that can be used to value the 2- and 3-period zero- 
coupon bonds. This present value operator is related to the “present 
value form of the expectations hypothesis” discussed in Chapter 6. The 
same example as in Chapter 6 is used below. As noted in Chapter 6, 
the present value form of the expectations hypothesis does not hold for 
this example. Something else is going on. This section now explains “the 
something else.” 


8.3.1 Risk-Neutral Probabilities 


The first step in this method, as with method 1, is to guarantee that the 
evolution of the money market account and 4-period zero-coupon bond 
price process is arbitrage-free. We saw before that a necessary and sufh- 
cient condition for this is that at every node in the tree, the 4-period bond 
does not dominate nor is it dominated by the money market. 

We wrote this as: 


u(t, 4;s,)> r(t,s,)> d(t,4;5,) forallt and s,. (8.11) 


We next investigate an equivalent form of this condition that has an alter- 
native economic interpretation. Simple mathematics allows us to state that 
expression (8.11) is equivalent to the following condition, there exists a 
unique number x(t,s,) strictly between 0 and 1 such that 


r(t;s,) = n(t5s,)u(t,4;s,) -(1—m(t5s,))d(t,4;s,) foralltands,. (8.12) 


Expression (8.12) shows that an arbitrage-free evolution is equivalent to 
the existence of a collection of strictly positive real numbers x(t,s,) € (0,1) 
that make a weighted average of the 4-period zero-coupon bond's return 
in the up state and down state equal to the spot rate of interest. 

Expression (8.12), when rearranged, yields a formula for obtaining the 
n(t,s,)’s. This formula is 
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n(t,s,) = [r(t; s.) - d (t, 4; s)]/[u(t, 4; s,)—d(t, 4; s,)]. (8.13) 


In computing the z(¢,s,)’s using expression (8.13), if the computed x(t,s)'s 
are strictly between 0 and 1 for all times t and states s, then the tree is 
arbitrage-free. Otherwise, it is not. 

Referring back to Figure 8.3, we can now check to see if the tree is arbi- 
trage-free using this new condition (8.13). We can compute the x(t,s,)’s at 
every node. They are: 


1.02— 1.014400 


T(0) = =0. 
1.025602 — 1.014400 
1.017606 — 1.013754 

n(l;u) = =0. 
1.021455 —1.013754 
1.022406 — 1.017851 

n(ld)- =0. 
1.026961— 1.017851 
1.016031— 1.014006 

T(2;uu) = =0. 
1.018056 —1.014006 
1.020393 —1.017958 
T(2;ud) = =0. 
1.022828 — 1.017958 
1.019193 — 1.016857 
T(2; du) = =0. 
1.021529 — 1.016857 
1.024436 — 1.021622 
T(2; dd) = = 


1.027250—1.021622 ` 


The x(t, s,)’s are all equal to 0.5. Because this number is strictly between 0 
and 1, the evolution in Figure 8.2 is arbitrage-free. The observation that all 
the r(t,s,'s are equal to 0.5 is not a general result, but just a special case. 
It would not be satisfied for an arbitrary tree. It was purposely chosen for 
this example to simplify the subsequent computations. 

Notice that each x(t,s,) can be interpreted as a pseudo probability of the 
up state occurring over the time interval [£, +1]. Indeed, just as with the 
actual probability q,(s,), these m(t,s,s are all strictly between 0 and 1, and 
sum to 1, i.e., 1(5,s) + (1 —xelt,s,)) = 1. We call these x(t,s)'s pseudo probabili- 
ties because they are "false" probabilities. They are not the actual prob- 
abilities generating the evolution of the money market account and the 
4-period zero-coupon bond prices. Nonetheless, these pseudo probabilities 
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have an important usage. To see this usage, we need to transform expres- 
sion (8.12) once again. 

Multiplying the left and right side of expression (8.12) by P(t,4;s,) and 
noting that u(t,4;s,)P(t,4;s,) = P(t+14;s,u) and d(t,4;s,)P(t,4;s,) = 
P(t +1,4;s,d) we obtain: 


[n(t;s,)P(t +1, 45s,u) + — n (t5 s; ))P(t +1, 455.4) | 


P(t,4;s,) = r(tss;) 
»ot 


for all t and s,. 


(8.14) 


Expression (8.14) gives a present value formula. This present value formula 
says that to compute the time f value of the 4-period zero-coupon bond 
(the present value), simply take its expected value at time t+1 using the 
pseudo probabilities, and discount to time t (the present) using the spot 
rate of interest. 

Letting E,() denote taking an expected value using the pseudo prob- 
abilities z(t,s), we can rewrite expression (8.14) as: 


P(t,4;s,) = E, (P(t -1,4;s, 4) / r(5s,). (8.15) 


In this form we see that expression (8.15) is a transformation of 
the present value form of the expectations hypothesis discussed in 
Chapter 6. The difference is that the expectations hypothesis holds 
in terms of the pseudo probabilities and not the actual probabilities! 
This is the subtlety that is often confused by the uniformed student 
of this material. 

This is an important difference. The transformation to the pseudo prob- 
abilities includes the adjustment for the risk of the cash flows. Thus, the 
risk adjustment takes place in the numerator of expression (8.15). In more 
traditional present value calculations (say using the capital asset pricing 
model) the risk adjustment normally is included by increasing the dis- 
count factor in the denominator. 

In terms of Figure 8.2, it is easy to check that the present value formula 
expression (8.15) is satisfied: 
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P(2,4;uu) = E, (P(3, 4;s3)) | r2suu) 


_ (1/2).985301+ (1/2).981381 
1.016031 


P(2,4;ud) = E,(P(3,4; s,)) / r2; ud) 


= .967826 


_ (1/2).982456 + (1/2).977778 
1.020393 


P(2,4;du) = E,(P(3, 4; s3)) / r2; du) 


= „960529 


_ (1/2).983134 + (1/2).978637 
1.019193 


P(2,4;dd) = E,(P(3, 4;53)) / r(2;dd) 


=.962414 


_ (1/2).979870+(1/2).974502 
1.024436 


P(1,4;u) = É (P, 4;s2))/ r(3u) 


=.953877 


_ (1/2).967826 + (1/2).960529 
1.017606 


PO, 45d) = E(PQ,4:s,))/ r(5d) 


= 947497 


_ (1/2).962414 + (1/2).953877 
1.022406 


P(0,4) = E,(P(,4; ,))/ r(0) 


= .937148 


_ (1/2).947497 + (1/2).937148 
1.02 


= 923845 


Thus, having guaranteed that the evolution of the money market account 
and the 4-period zero-coupon bond prices is arbitrage-free, we now move 
to valuing the 2- and 3-period zero-coupon bonds. 


8.3.2 Risk-Neutral Valuation 


It is a surprising result (proven in the next chapter) that the present 
value formula in expression (8.15) using the pseudo probabilities can be 
applied to any random cash flow whose payoffs depend on the evolution 
of the money market account and the 4-period zero-coupon bond as in 
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Figure 8.2. In fact, this implies that this present value formula can be used 
to price any interest rate derivative. 

In general, the present value formula can be written as follows. Let 
ls, represent a random cash flow received at time t+1 in state s,,,. Then, 
the time t value of this time f+1 cash flow is: 


Present value, = E, (x(S).4)) / r(t5 s, ). (8.16) 


The present value is computed by taking the expected cash flow, using the 
pseudo probabilities, and discounting at the spot rate of interest. 

This present value formula is called risk-neutral valuation because it is 
the value that the random cash flow *x" would have in an economy pop- 
ulated by risk-neutral investors, having the pseudo probabilities as their 
beliefs (see Chapter 6). Of course, the actual economy is not populated by 
risk-neutral investors nor are their beliefs given by the pseudo probabili- 
ties. Nonetheless, if there are no arbitrage opportunities and the market is 
complete, then expression (8.16) is valid. 

To illustrate this risk-neutral valuation procedure, we consider the 2- 
and 3-period zero-coupon bonds as examples of random cash flows. To 
use expression (8.16), we start at time 3 and work backward through the 
tree to time 0, calculating expected values and discounting according to 
expression (8.16). 

For the 2-period bond, the calculations are as follows: 


P(,2;u) = E (P(2,2552)) /r(su) =[(1/2)1+ 1/ 21]/1.017606 = .982699, 
P(,2;4) = E (P(2,25;))/r(4) = [(1/2)1+ 1/ 2)1]/1.022406 = .978085, and 


P(0,2)= E (P (1,2;s1))/r(0) = [(1/2).982699+ (1/2).978085]/1.02 =.961169. 


These values generate the nodes of the tree in Figure 8.4 with less effort 
than the technique utilized in method 1. 


8.3.3 Exploiting an Arbitrage Opportunity 


From the above calculations, the price of the 2-period zero-coupon bond 
at time zero is P(0,2) =.961169. Suppose that the actual price quoted in the 
market is .970000. An arbitrage opportunity exists. To create this arbi- 
trage opportunity, we need to determine the portfolio that generates the 
synthetic 2-period zero-coupon bond. This can be obtained using the pro- 
cedure from method 1. 
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Alternatively, it can be obtained using only expression (8.16) and 
Figure 8.2. This alternative approach calculates the delta. The delta is 
defined as the change in the value of a derivative security divided by the 
change in value of the underlying asset. The delta for the 2-period zero- 
coupon bond at time 1, state u, denoted by n,(1;u), is: 


AP(2,2;5,) _ P(2,2;uu)—P(2,2;ud) _ 1-1 zii 
AP(2,4;s;)) P(Q,4uu)—-P(2,4;ud)  .967826 —.960529 ` 


na (lu) = 


This represents the change in the 2-period zero-coupon bond’s price rela- 
tive to that of the 4-period zero-coupon bond. This gives the position in 
the 4-period zero-coupon bond, i.e., n,(1;u). 

To get the number of units in the money market account, we use: 


T P(L2;u)-n,(u)P(4;u) _ .982699 —0(.947497) _ opine: 
B(1) 1.02 


This last relation is obtained from the cost of construction relation in 
method 1, expression (8.4). The numerator represents the cost of construc- 
tion (P(1,2;u)) less the dollars invested in the 4-period zero-coupon bond 
(n,(13u)P(1,43u)), that is, the dollars in the money market account. The 
denominator represents the value of a unit of the money market account. 
Hence, nj(1;u) is the number of units in the money market account needed 
to obtain the synthetic 2-period zero-coupon bond. 


Continuing, 
n. (d) = PCBS) _ P(2,25du)— PO, z;dd) _ 1-1 - 
2072 AP(0,4;s52)  PQ,4du)-PQ,4dd) „962414 —.953877 
and 
ny (13d) =[ P(,2:4) - n Q52)PQ, 45d) |/B(1) 
= [.978085 —0(.937148)]/1.02 = .958907. 
Finally, 
nto) = PCZ _ PU Dud P(L2id) _ .982699~.978085 _ „45835 


AP(1,4; 51) — P(L4;u)-P(L4;d) .947497—.937148 
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and 


ny(0) =| P(0,2)—n,(0)P(0, 4) | /B(0) 


= [.961169 —.445835(.923845)]/1 = .549286. 


To create the arbitrage opportunity, sell the 2-period zero-coupon bond 
at time 0. This brings in +97000 dollars in cash. Invest n,(0)=.549286 
dollars of this in a money market account and buy n,(0)=.445835 
units of P(0,4)=.923845, at a total cost of .961169 dollars. This leaves 
.97000 —.961169 =.008831 dollars in excess cash available at time 0. 

At time 1, if state u occurs, we rebalance our money market account and 
4-period zero-coupon bond holdings to nj(1;u) and n,(1;u). No excess cash 
is generated. This follows from the self-financing condition. At time 1, if 
state d occurs, we rebalance our money market account and 4-period zero- 
coupon bond holdings to n,(1:d) and n,(1;d). No excess cash is generated. 
At time 2, our long position in the money market account and 4-period 
zero-coupon bond exactly offsets our short position in the 2-period zero- 
coupon bond. This completes the illustration for the 2-period zero-coupon 
bond. 

There is an important observation to make with respect to the arbi- 
trage opportunity outlined above. For the arbitrage opportunity to be 
executed, in general, one must continue the strategy until the last date 
relevant for the contingent claim. For this example, it is time 2, the matu- 
rity date of the 2-period zero-coupon bond. The arbitrage opportunity 
was initiated at time 0. The strategy involved rebalancing at time 1, then 
liquidation at time 2. Ifinstead the trading strategy was liquidated earlier, 
at time 1, the trading strategy could lose money. Indeed, it is possible for 
the traded 2-period zero-coupon bond to become even more mispriced at 
time 1. Since we are short of the traded 2-period zero-coupon bond, we 
lose money if this occurs. All mispricings must disappear at time 2 when 
the bond pays the sure dollar. This is the reason we need to continue our 
strategy until all the derivative’s cash flows are paid. This completes the 
discussion of method 2. 

The use of method 2 to obtain the numbers in Figure 8.5 is left to the 
reader as an exercise. The next chapter formalizes the techniques illus- 
trated in this chapter. 


CHAPTER 9 


Bond Trading 
Strategies — The Theory 


Te CHAPTER PRESENTS THE theory underlying the example pre- 
sented in Chapter 8. The purpose of this chapter, as well as the last, 
is to investigate the existence of arbitrage opportunities within the yield 
curve. Taken as given are the current market prices and the stochastic 
processes for a few zero-coupon bonds and the spot rate of interest. The 
theory determines a “fair” or arbitrage-free price for the remaining zero- 
coupon bonds. This is the modern analog of arbitraging the yield curve. 

We first do the analysis for the one-factor economy, then for the two- 
factor economy, and then for the N>3-factor economy. The analysis dif- 
fers between the one- and two-factor cases, but for two or more factors the 
analysis is very similar. 


9.1 THE ONE-FACTOR ECONOMY 


Consider the one-factor economy as described in Chapter 5. We assume 
that there are no arbitrage opportunities with respect to the smallest class 
of trading strategies ®,. In this class of trading strategies, we choose a 
particular t,-maturity zero-coupon bond, and all trades take place with 
respect to it and the money market account. 

Taken as given (exogenous) are the stochastic process for the t,-maturity 
zero-coupon bond, P(0, t,) and (u(tr,;s,), d(t,t,35,)), and the stochastic pro- 
cess for the spot rate, r(0), and (u(t,t+ 1;s,), d(t,t+1;s,)). The purpose is to 
price all the remaining zero-coupon bonds in the market. Because the 
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processes for the t,-maturity zero-coupon bond and the money market 
account are exogenously supplied, we need to discuss whether these speci- 
fications are consistent with some economic equilibrium. This is also pur- 
sued below. 


9.1.1 Complete Markets 


First, we want to show that the market is complete with respect to the 
trading strategies d, To do this, consider any arbitrary simple contin- 
gent claim with maturity date t, — 1, denoted by x(t; — 1; sa). In the 
example of the previous chapter recall that the 2- and 3-period zero- 
coupon bonds were considered as such simple contingent claims. We 
need to construct a synthetic contingent claim that replicates the cash 
flows to x at time 7, — 1 under all states s,,_,. The easiest way to do this is 
to first pretend we are at time 7, —2, and form the synthetic contingent 
claim there to replicate x's cash flows over the last trading period [t, —2, 
7, — 1l]. 

In this case, we need to choose the number of units of the money mar- 
ket account Halt: —23s;,-2) and the number of t,-maturity zero-coupon 
bonds purchased n, (t; — 2; S4 -2) at time v, — 2 such that 


Ho (Ti — 2554 -2)B(T, 2:54 -3 )r (T1 — 2; 57, -2) 


Trait; — 2; 5-2 )P(Ti — 2, T1; Sua JM Ti 2,035432) = X(T —1S 4214) 


(9.1a) 
and 


No (Ti — 2; Sr, -2)B(T, 2:54 -3)r(T, — 2; 542) 
+ hau (Ti — 25 Sq -2 )P(T1 — 2,713 Sua d(T, 2,015542) = X(T — 554. 5d) 


(9.1b) 


Expression (9.1a) states that if the t,-maturity zero-coupon bond's price 
goes up, the portfolio’s time t, — 1 value matches x. Expression (9.1b) states 
that if the t,-maturity zero-coupon bond’s price goes down, the portfolio's 
time 1, — 1 value also matches x. This is a linear system of two equations 
in two unknowns. The solution can be computed by elementary methods, 
and it exists because u(T, —2, 1,5545) > d(T, — 2, 0,554 5). The solution is 
given by 
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x(t — sa 2d)u(Ti —2,1:554-2) 


-x(t logo allt -2,1554.5) (9 2 ) 
„Za 


—2; 2 5]— 
No (i Sa 2) u(t -2,1,542) 


Pir, 2557, -3)r (tı — 2554-2) 
-d (t: —2,1,554-2) 


and 
[x (ti -155,,-2u)-— x(t —1 ze dl 


P(t =2, E PICO -2,1,542)- d(T -2,5554.5)] 
(9.2b) 


Mx, (t — 2; Su -2 ) = 


As expression (9.2) makes clear, this time 7, —2 portfolio choice only uti- 
lizes information available at time 7, —2 (because all the terms in expres- 
sion (9.2) are known at time v, —2). 


Derivation of Expression (6.12) 


First solve expression (9.1a) for gett — 2; s7,-2): 


zit — Lë 8) 
B(t 2555, 3)r (7; — 25572) 


no (t —2;54.3)7 
(*) 

P(t, 2,155452) 
B(T —235,,-3)r(T —2;54.3) 


wd? (n =Z; sn) u(t 2, Ti; Sua): 


Substitute this expression for ny(t, — 2; S„-2) into (9.1b) to obtain: 
X(T, E54 31) Me (Ti — 2; Sr -2 )P(T1 —2, T1; ëe 3 JMT1 2,115542) 


+ tte, Lë 2387, 2 )P(T1 — 2, T1; ge A ACT —2, T1; Sy 2) = X(T 184 d). 


Next, solve for n, (t; —2; Sq -2 ), giving expression (9.2b). 
Substitution of (9.2b) into (*) gives (9.2a). This completes the 
proof. O 


The cost of constructing this portfolio at time t, —2 is given by expres- 
sion (9.3) and is defined to be x(t, — 2; s, 5), i.e., 
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HT —2; ge, Ale Mo (Ty — 2; Sq 2 )B(T1 2:544) 
(9.3) 
PH (Ti = Dia) PCG) 72,3592). 
Next, we move back to time v, — 3 and form a portfolio to replicate expres- 
sion (9.3) at time 1, —2. That is, we need to choose holdings in the money 
market account, no (Tı —3; S4 -3), and holdings in the t,-maturity zero-cou- 
pon bond, n, (Tı — 335.3), such that 


Hatt — 3; $4, 5)B(* 35s, 4)r( 3357, -3) 


+ ha (Ti — 3; Sa -3 )P(T1 — 3, 7,557, 3)u(0$ 3,015543) = X(T, 72:54 34) 


(9.4a) 


Halt — 3; $4, .5)B(* — 3357, -4)r (T1 3357, -3) 
+My Lë 3:54 -3 JP (0 3, 0:54 (Ty 3,055434) = X(T 2:54.34) 


(9.4b) 


Expression (9.4a) duplicates (9.3) in the up outcome and expression 
(9.4b) duplicates (9.3) in the down outcome. Again, this is a system of 
two linear equations in two unknowns. A comparison with expression 
(9.1) reveals that it is the identical system except that all the time and 
state subscripts are reduced by one. Consequently, the solution is given 
by expression (9.2) with the corresponding reduction in the time and 
state subscripts, i.e., 


x(t —2;543d)u(ti —3,1,54.5) 


-x(t — 2; su-su)d(u —3,1,554.3) 
u(t —3,1,554.3) 
B(t 355 -4)r (1 357,3) 
-d(T —3,1,554.3) 


No (t = SG) = (9.5a) 


and 


[x(t —2; $4-34)- x(t: —2; Saad) | 
P(t —3, tissus) | u(t -3,5:543)- d(T: -3,5554.3)] l 
(9.5b) 


Ny (t — 3; Sei) = 
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The cost of constructing this portfolio at time t,—3, defined to be 
x(T, — 3; Sq -3) is given by: 


X(T 35545) = M (Ti — 3; S4 -3)B(T1 — 3; Sr, Al 
(9.6) 
+ Ha (ti — 3; Sq -3)P(T1 —3,11154.3). 


A pattern is emerging. The next step is to construct a portfolio at time 
1, — 4 to duplicate expression (9.6) at time 7, —3. This portfolio is formu- 
lated as before. This process continues backward in time until we reach 
time 0. At time 0, we choose holdings in the money market account n,(0) 
and holdings in the t,-maturity zero-coupon bond n, (0) to duplicate 
x(1;s,) at time 1. The solution is given by 


[x(1 d)u(0, 6) — x(1; u)d(0, 7:)] 


mios r(0)[u(0,t,) - d(0, 7.) | oe 
and 
_ Lo: u) —x(1;d)| 
te, (0) = P(0,7,)[u(0,7,)-d(0,7,)]' SS 
with an initial cost defined to be x(0), i.e., 
x(0) = no(0)1+ n. (0) P(0, T1). (9.8) 


The trading strategy (n)(t;s,), na (t;s)) for all s and 0 € t <q, - 2 constructed 
above is easily seen to be self-financing. At the start of each period, enough 
value is generated by the entering portfolio position so that the rebalanced 
holdings can be obtained without any excess cash flows (either plus or 
minus). This follows at time 7, —2, for example, from comparing expres- 
sions (9.3) and (9.4). Expression (9.3) is the value needed at time 7, — 2, and 
expression (9.4) is the value of the portfolio entering time 7, —2. It also 
follows at time v, —3 by similar logic; and so forth. 

Thus, this portfolio represents the synthetic contingent claim 
x(t, — 1;s,,-1). Because x(t, — 135,1) is an arbitrary contingent claim, we 
have just finished our demonstration that the market is complete with 
respect to the trading strategy set ®,. Obviously, therefore, it is complete 
with respect to the larger sets of trading strategies D, for K> 1 as well. 
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The time 0 arbitrage-free price for the contingent claim x(t, — 1;s,,-1) is 
defined to be that value given in expression (9.8). We will return to this 
observation later on in the section. 


9.1.2 Risk-Neutral Probabilities 


Arbitrage opportunities with respect to the trading strategies in ®, are 
assumed to be nonexistent in this economy. This section explores the 
implication of this assumption for the stochastic processes exogenously 
imposed on the zero-coupon bond price P(t,t,;s,) and the spot rate process 
r(t;s). These processes’ parameters are not completely arbitrary, as seen 
below. These restrictions are the ones necessary and sufficient to make 
these processes consistent with some economic equilibrium.* 

Given that the relevant trading strategies in ®, only involve the money 
market account and the t,-maturity zero-coupon bond, no arbitrage 
implies that neither security dominates the other, i.e., 


u(t, T3s;)>r(t.s,)>d(t,%3s,) forallt « t; - 1and s. (9.9) 


Indeed, suppose expression (9.9 were not true. That is, suppose 
r(t,5,) 2 u(t,T,35,) for some s, and t « t, — 1. An arbitrage opportunity of 
type II with respect to ®, can easily be constructed because the money 
market account always pays off more than the t,-maturity bond at time 
t+1 given state s, at time f. The construction is as follows: hold no posi- 
tion until time t. If state s, does not occur, do nothing. If state s, occurs, 
buy 1/B(t;s,) units of the money market account and finance it by selling 
1/P(t;:s,) units of the t,-maturity bond. Liquidate the position at time 
t+1. This portfolio satisfies the definition of an arbitrage opportunity 
because it has an initial value of zero. It is self-financing, and it has non- 
negative payoffs across all states and strictly positive payoffs in one state. 
Indeed, r(t,s;) 2 u(t,T,;5,)>d(t,1,55,). This contradiction implies that 
u(t,T,35,) > r(t,s,) foralls,and t « v; — 1. The argument that r(ts,) > d(tjvys;) 
for all s, and t « «, — 1 is similar and is left to the reader as an exercise. 

Expression (9.9) implies that there exists a unique, strictly positive 
number less than one, z(f;s,), such that 


* This follows when we give this economy the interpretation of being risk-neutral, with equilibrium 
prices being determined by discounted expected values; see Harrison and Kreps [1] for a formal 
discussion of these issues. 
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r(t;s,) = n(t5s,)u(t, T1; s,) + (1— T(t; 5; ))d(t, 7:5 s. ). (9.10) 


To interpret the significance of this expression, we need to perform some 
algebra. First, divide both sides of expression (9.10) by r(t;s;) to get 


is [n(t;s))u(t, Tist) + (1—n(ts))d(t, 7135:)] 
7 rss) | 


Next, multiply both sides of expression (9.11) by P(67,;s,)/B(s,_) and use 
the facts that 


(9.11) 


B(t+1s,) = Bits s, 4)r(t;s;), 
P(t +1, 35,4) = u(t, Ti; s )P(t, 3 5+) 
and 
P(t+1,%;5,d) = d(t,7,55,)P(t,T,55,). 


The resulting expression is 


P(t,13; Pt+1%; P(t+1%; 


= (9.12) 
B(t; sr) B(t-- bs) B(t+1;5,) 


This is true for all s, and t « v, - 1. 
To understand expression (9.12), first note that the number z(ts,) can 
be interpreted as a probability of the up outcomes occurring at time f. 
Indeed, it is a strictly positive number less than one. Correspondingly, 
1 —x(t;s,) can be interpreted as a probability of the down outcomes occur- 
ring at time f. Because the true probabilities are q(t;s) and 1—q(ts,), we 
call the x(t;s,) pseudo probabilities. 
With this interpretation, expression (9.12) can be written as 
P(t, ts) = È, (eil (9.13) 
B(t; si) B(t+1;s,) 


where E, (-) is the time t expected value under the pseudo probabilities 
n(tss,). 

Expression (9.13) states that the t,-maturity zero-coupon bond price 
at time f, discounted by the money market account’s value, is equal to its 
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discounted expected value at time t+ 1. Expression (9.13) also states that 
the ratio of the t,-maturity zero-coupon’s bond price to the money market 
account's value (P(t,t,)/B()) is a martingale under the pseudo probabili- 
ties. (A martingale (for a discrete time-discrete state space process) is a 
stochastic process whose current value equals its expected future value, as 
in expression (9.13).) This provides us with the second name often used for 
the pseudo probabilities, martingale probabilities. 

It is instructive to rewrite expression (9.13) in an alternative form. 
Multiplying both sides of this expression by B(t;s,_,) and recognizing that 
B(tss,,)/B(t + bs) = Vr(ts) gives 


E, (P(t +1, 7135;41)) 


P(t, T1351) = Kis) 
E 


(9.142) 
Expression (9.14a) shows that the price of the t,-maturity zero-coupon 
bond at time t is its expected value at time t+ 1 (under the pseudo prob- 
abilities) discounted at the spot rate of interest. This form of expression 
(9.13) is the version most easily programmed on a computer or used in 
hand calculations. 

Expression (9.14a) is the value that the t,-maturity zero-coupon bond 
would have in a risk-neutral economy where the actual beliefs ofall investors 
are the pseudo probabilities. This is verified by referring back to Chapter 6 
where the present value form of the expectations hypothesis was defined. 
There, expression (9.14a) appears as the present value form of the expecta- 
tions hypothesis, but with the actual probabilities used in the expectations 
operator. Expression (9.14a) uses the pseudo probabilities. Consequently, 
the pseudo probabilities are also called risk-neutral probabilities. 

Using the law of iterated expectations, we can rewrite expression (9.14a) 
only in terms of spot interest rates: 


1 


P(t,1,5,) = E, (9.14b) 


ioo 


J=t 


Expression (9.14b) makes clear the statement that the t,-maturity zero- 
coupon bond's price is its time v, expected value (1 dollar) discounted by 
the spot interest rates over the intermediate periods. 
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Derivation of Expression (9.14b) 


From expression (9.14a) at time 7, — 1, we have 


~ 1 
P(t —1,4138q-41) = Ey ats) (*) 


r(T —1357,-1) 


Continuing backward from (9.14a) at time v, —2 and using (*), we 
have 


~ ~ 1 1 
P T —2,t : m = E i= E, . 
( 1 je d 7 ( (era 


Using the fact that E, (E, ,()) = E, -2(), we get 


~ 1 
GEELEN } 


r(t sya \r(t — 2554-2) 


which is (9.14b) at t, — 2. Continuing backward until time t gives 
the desired result. This completes the proof. [ 


For future reference, from expression (9.10) we can explicitly write down 
an expression for the pseudo probabilities in terms ofthe t,-maturity zero- 
coupon bond's and the spot rate processes' parameters, 


(t, si) — [r(t5s.) - d(t, 5 s)]/ [u(t, 0:55) ^ d(t 35 5, )] (9.15a) 
and 
1—n(t, si) =[u(t, T135,)—r(ts,)]/[u(t, T13s,) —d(t,T155,)].  (9.15b) 


The no-arbitrage condition, expression (9.9), guarantees that each of these 
probabilities is strictly positive and less than one. 

In summary, no arbitrage with respect to the trading strategy set 
d, implies the existence of these pseudo probabilities n(f;s,) satisfying 
expression (9.13). The converse of this statement is also true. The exis- 
tence of pseudo probabilities r(t;s,) satisfying expression (9.13) implies 
that there are no arbitrage opportunities with respect to the trading 
strategy set b, (the proof of this assertion is contained in the appendix to 
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this chapter). Therefore, the existence of pseudo probabilities tts) satis- 
fying expression (9.13) is both necessary and sufficient for the absence of 
arbitrage opportunities with respect to the trading strategy set ®,. This 
is an important observation and is especially useful when constructing 
stochastic processes for the evolution of the zero-coupon bond price 
curve. 


9.1.3 Risk-Neutral Valuation 
Given a simple contingent claim x(t, —1;54.,) with maturity date 7, — 1, 


we showed earlier in this chapter that its arbitrage-free price, denoted by 
x(0), is defined to be 


x(0) = no (0)1 + n, (0)P(0, T1) (9.16) 


where (no(t;s;), na (t5 5,)) € , is the self-financing trading strategy that 
creates the synthetic contingent claim. 

Using the risk-neutral probabilities, we can rewrite this expression in 
an alternative but equivalent form. Using a backward inductive argument, 
it can be shown that expression (9.17a) holds: 


x(0) = Ey KSE BO). (9.172) 


This is the risk-neutral valuation procedure for calculating current values. 
The arbitrage-free price of the contingent claim x is seen to be its dis- 
counted expected value using the risk-neutral probabilities r(t;s,) as given 
in expression (9.15). This is the equilibrium value that would obtain in an 
economy identical to this one except that all investors are risk-neutral and 
hold the pseudo probabilities as their beliefs (and not q,(s,)). 


Derivation of Expression (9.17a) 


Expression (9.3) states that 


X(T 25542) = Hatt 72:54 2)B(11 2:543) 


te (Ti — 2385-3) P(t — 2, T1; Sq -2). 


Substitution of (9.2) into this expression yields 
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x(t -l;sn-2d)u(T, -2,1,554.2) 
—X (t -Lsq-2u)d (ti —2, ges) 
r(t sn al u(t: -2,U1357-2)-d (7 — 2,713 54-2 )] 
[x (ti -Esqau)-x(n —1 Sa-2d)] 
[u(t -=2,Ti;Sn-2)-d (Tı -2 Tiis) | i 


Rearranging terms yields 


x(t —2;54.3)7 


[r(t Gage) dir, 2,115542 )] 
[u(t -2,1,5545)- d(i — 2 Ti; Su-2 )] 


E 

—r (7, =2; dass) 1 
— hs, od : 
+ x (Ti =l; sn -2 iin | WEEN 


d(t -2,1554.5) 


zit, —2;54.3) = pn =l; Sa, 24) 


Using (9.15) and the definition of B(t;s,_,) yields 


x(t — 2; Sa ) = {x(t —1; snU) (7, — 2554-2) 


Bn —2;Su- 
+x (T Is 2d)U- (a 72:55 Ee 

1 — ET 
Using the expectation notation gives 


x(t — Lisa) 
B(t - 554.2) 


kt, dis s) > Een | Jace, Sege Al (*) 


This is expression (9.17a) at time t, —2. 
Next, using the identical algebra as above, but expression (9.16) 
instead of (9.13), we get 


~ T — Se 
x(t 75593) = En ES 8 Jat "oh 
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Substitution of (*) into this expression gives 


B(t, -—Lsy-2) 


because the B(T; — 2; s.,-3) terms cancel. Using the well-known law of 
iterated expectations that Ens (Ey, EIE Ens (-) we get 


~ VAN 


This is expression (9.17a) at time v, — 3. Continuing backward in 
this fashion until time 0 generates expression (9.17a) as written. This 
completes the proof. C] 


For computations, either by hand or on a computer, one normally 
employs the backward induction procedure underlying the proof of 
expression (9.17a). For these computations, an equivalent form 

of expression (9.17a) is needed, i.e., 


DEE [n(t;s; )x(t + 135,0) + (1— nt; s;))x(t +1; s:d)]/r(t; DN (9.17b) 


for all s, where 0< t€ t, - 2. 

The proof that this expression is equivalent to (9.17a) is contained in the 
derivation of expression (9.172). 

From expressions (9.17) and (9.15) it is easily seen that one can deter- 
mine the arbitrage-free price of any simple contingent claim using only the 
current price of the 7,-maturity zero-coupon bond, its stochastic process, 
the current spot rate, and the current spot rate's stochastic process, i.e., 
(i) P(0,t,) and (u(t,t,;s,), d(tx;s)) and (ii) r(0) and (u(t,t+ Ls), d(t,t+1:s,)). 
These processes, however, need to satisfy the no-arbitrage restriction given 
in expression (9.10) that requires the existence of strictly positive pseudo 
probabilities. We do not need to know the prices of the other zero-coupon 
bonds nor their stochastic processes. These, in fact, can be determined 
from the risk-neutral valuation expression (9.17); that analysis is the con- 
tent of the next section. 

It is also important to note that the actual probabilities q,(s) do not 
enter the valuation formula for the simple contingent claim x. This is seen 
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by examining the risk-neutral valuation expression (9.17), which can be 
calculated using only the data (i) P(0,t,) and (u(¢,t,;s,), d(tv,5))), and (ii) 
r(0) and (u(t,t+ Ls), d(t,t+1;s,)). This independence of the actual probabili- 
ties q,(s,) follows because deviations from formula (9.17) can be arbitraged 
no matter which state occurs. Consequently, the likelihood of a state’s 
occurrence is irrelevant to the procedure. This independence implies that 
two traders who differ in their beliefs about future probabilities (q,(s,)), but 
who agree with the data concerning (i) P(0,t,) and (u(tv,5)), d(t,t,3s,)) and 
(ii) r(0) and (u(t,t+ Ls), d(6t+1;s,)) will agree upon all the remaining zero- 
coupon bond prices. Any disagreements in values usually correspond to 
differences in opinions regarding initial prices or their evolutions. 

We need to pause and review the valuation of contingent claims more 
complex than those previously defined. The simple contingent claim x 
with maturity v, — 1 defined above consists of a single, random cash flow 
x(t,- Let: 1) at time 7, — 1. Consider a complex contingent claim having 
multiple random cash flows at the different dates (0, 1, ... , t*} over its life, 
each denoted by x(t;s,) for te (0, 1, ..., t*}. This claim is nothing more than 
a collection of t* separate simple contingent claims each with a different 
maturity date. 

The arbitrage-free value of this complex contingent claim is defined to 
be the sum of the arbitrage-free values of the simple contingent claims into 
which it can be decomposed; therefore, using expression (9.17) gives 


x(j;sj 
Eo B(0). 9.18 
Y: E (0) (9.18) 


Finally, consider an American-type contingent claim with cash flows 
x(t,a;s,) at time t € (0, 1, ... , T*} given decision choice a € A. Now, if we 
arbitrarily fix a decision a* € A, the cash flows to this claim for each t are 
x(t,a*;s). Using expression (9.18), its arbitrage-free price at time 0 is then 


Ga (Gass) 
E| == |B(0 9.19 
2 KIM (9.19) 


But a* might not be the best action for the person making the decision. 
This person, if holding the American contingent claim, would obviously 
want to select a* € A to maximize expression (9.19). This maximum value 
is defined to be the arbitrage-free price of the American contingent claim. 
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This is the standard approach used in the option pricing literature for 
pricing American-type contingent claims. For more discussion, we refer 
the reader to Jarrow and Chatterjea [2]. We will see this procedure in 
Chapter 12. 


9.1.4 Bond Trading Strategies 


The purpose of this chapter is to develop a procedure for valuing the entire 
zero-coupon bond price curve given (î) the price of one zero-coupon bond 
P(0, t,) and its stochastic process (u(t;t,:s)), d(t,7,3s,)), (ii) the current spot 
rate r(0) and its stochastic process (u(t,t+1;s,), d(t,t+1;s,)), and (iii) the 
assumption of no-arbitrage opportunities in the trading strategy set ®,. 
We are now in a position to do just this. 

All the distinct zero-coupon bonds maturing at times T<t-1 can 
be viewed as contingent claims (of the simple, European type) and val- 
ued using either of the risk-neutral valuation expressions (9.8) or (9.14). 
Formally, however, the procedure was only derived for contingent claims 
maturing at or prior to time 7, — 1. To value the zero-coupon bonds with 
maturities greater than t,—1, we need to specify their state-contingent 
payoffs at time t,—1. Alternatively, we could define t, = t, so that no 
bonds mature after time q.. 

In this context the arbitrage-free price ofthe T-maturity discount bonds 
with T « t, is given by 


P(t,T; St) = E, TT. : (9.20a) 
I «cs 
jet 
or, equivalently, 
E, (P(t - T; S 
BE ee = (PC = JJ (9.20b) 
r(t;s,) 


* The standard approach for solving max € Ep| ~———+ 


B(0) is by using stochastic dynamic 
a*eAj=0 sis, i) 


programming. This is the approach taken to solve this problem in Chapter 12. 
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The procedure given in expressions (9.2) and (9.5)-(9.8) enables us 
to construct a synthetic T-maturity zero-coupon bond using a self- 
financing trading strategy involving the t,-maturity bond and the 
money market account. The initial cost of this synthetic T-maturity 
zero-coupon bond gives its arbitrage-free price. This price does not 
need to equal the traded price. If the traded price of a T-maturity bond 
differs from the arbitrage-free price given in expression (9.20), an arbi- 
trage opportunity exists. Indeed, suppose the traded price exceeds 
the price in expression (9.20). Then, sell the traded T-maturity zero- 
coupon bond short, and create the T-maturity zero-coupon bond syn- 
thetically. The combined position yields an arbitrage opportunity. It 
is important to emphasize that expression (9.20) is independent of the 
actual probabilities q,(s,). 


9.2 THE TWO-FACTOR ECONOMY 


Having illustrated the procedure for pricing the zero-coupon bond price 
curve in the one-factor economy, we can proceed more swiftly in the two- 
factor case. Consider the two-factor economy described in Chapter 5. We 
assume that there are no arbitrage opportunities with respect to the trad- 
ing strategy set ®,. In this class of trading strategies, we fix two zero-cou- 
pon bonds with maturities 7, and c,, and all trades take place with respect 
to these bonds and the money market account. 

Taken as given (exogenous) are the stochastic processes for the q,- and 
1,-maturity zero-coupon bonds, i.e., (P(0,7,), (u(t,t,;s/), MTs), d(t;v,s))) 
and {P(0,t,), (u(t;v:s)), m(t,7,;s,), d(tv,s,))); and the stochastic process for 
the spot rate r(0), (u(t,t+ 1;s), m(t,t+1,s,), d(t,t+1,s,)). The purpose is to price 
all the remaining zero-coupon bonds in the market. Because the q,- and 
1,-maturity zero-coupon bonds and the money market account processes 
are exogenously supplied, we need to discuss the restrictions implied by 
there being no-arbitrage opportunities in the trading strategy set ®,. We 
proceed as we did for the one-factor economy. 


9.2.1 Complete Markets 


This economy is complete with respect to the trading strategy set ®,. To 
prove this, consider an arbitrary simple contingent claim with maturity 
date 7, — 1, x(t; — L;s,.,). To duplicate xs cash flows over [t - 2, v, — 1], 
we need to choose gett — 23 54,-2)s M1, (Ti 72:54 5), ri, (T, 725545) at time 
1, —2 such that the portfolio's payoff at time v, — 1 duplicates the contin- 
gent claim's payoffs. For simplicity of notation, we will denote 
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AAT, eg, 2) = Ny Kor 2) and 35(1,—2:15,.5) =m, (Ti 2154.5). 


The payoff matching conditions are: 


Hatt — 2554 -2)B(T, — 2; Sq -3)r (Ti — 25 57, -2) 
+n (Ti — 2; Sy -2 )P(T1 — 2, T1; $12 )U(T, —2,T1557,-2) 
+m (Ti 72:8, 3) P(t; — 2, 05:54 Ul Ta — 2, 12:843) = x($4 ^14 384) 
(9.21a) 
Hatt 2557, -2)B(T, — 2; Sus )r (T1 — 25 57, -2) 
+n (Ti —23 Sa 5)P(t; 72,0554 5)m(t; — 2, T1; 54.2) 
+m (Ti — 2 Sy -2)P(T1 — 2, T2; 54 -2 I(T — 2, T2; Su 5) = X(T, ^ l; s, 5m) 
(9.21b) 
and 
Hatt 2557, -2)B(T, — 2; Sus )r (Ti — 2; 57, -2) 
+m (Ti —235,,-2) P(t, — 2, Ti; $4,-2 d(T, — 2, Ti; S4,-2) 
+ my (Ti — 25 Su 2)P(T, —2, T2; Su 2 d(T —2,T2557,-2) = X(T — l; Sad) 
(9.21c) 


This is a linear system of three equations in three unknowns. Because of 
the fact that the matrix 


l ut)  wtlI*s) 
1 m(t,T;s,) m(t,T*%s,) 
1 d(GáT;s)  d(t,T*;s,) 


is nonsingular for T + T*, t+ 1 < min(T,T*) and s, this system has a unique 
solution given by 
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(x(t, —135_,-.m)— x(t "se -2d)) 
n» (Ty — 2; su )= = 
( ) 


x (u(r, —2, Ti; Sq 2) -m(t — 2, TiS 


(9.22a) 
-(x(n- Ls. ju)- x(t — Su _m)) 


bd 
x(m(r, —2, Ti;Su-2 )- 4(u — gie all 


n (7, —2554.5) = | {E — Se ul x(t — L;Se-2m) j 1 


1; 2,1357, 2) -MÒT -2,T1550,-2 P(1;—2, 055-3) 
n, (Ti -2;:s45)P (Ti 27555542) 
P(t -2,15542) 


E: -2,1,545)- m(t El 
u 


(7, -2,5;54.5)- m(t -2,5:54.2) 


(9.22b) 


and 


m(t -2, " )- [x( 11— L Sq- ju)- m(t- 2; Sq- 2) P(t -2,5554-5)u(i -2,5554-2) 
= B(u- 2357, - ¿)r(t1 — 2552-2) 
m(t —255,,-2) P(t —2 „To; Sq, - 2)u(t Ate Al 
EE 


(9.22c) 


where 


P= P(t, —2,12;5a-2)] (u(t - —2, Ti; Sq- 2)- m(t 172,555.45) 
x(m(t1 —2, T25Sq- 2)- d(t -2,12:54-2)) 
(u(t —2, T5554 -2 )-m(v SEN 


x m( —2, T1555 )-d(u -2,555,..)) ]. 


154 m Modeling Fixed Income Securities and Interest Rate Options 


Derivation of Expression (9.22) 


To simplify the notation, define 


nj =Nj(Ti —2i Sua) for j = 0,12 
B= B(1; -2;57,-3) 

P, = P(1; 72, Eege, Al for ¡=1,2 
r=r(T, 2:545) 

Uj mut 72,114.32) for ¡=1,2 
m;2m(t-2,15545) for j=1,2 
d, = d(t; —2,7335y-2) for ¡=1,2 
x, = X(T — Ls au) 

Xm = X(t — l; sq om) 


Xa = X(Tı — l; Sq -2d) 
System (9.21) rewritten using this simplified notation is 


ne Brt+n Pu, +n, Bus =x, 
noBr T nBm, + NPM =Xm 
no Br +n Pid, - nj Pd, = x4 


We derive the equations in reverse order. First, to obtain (9.22c), take 
the first equation, divide by Br, and rearrange terms to isolate n, on 
the left side. 

Next, subtract the second equation from the first, and the third 
equation from the second, to get the new system: 


mP, (u — m )+ mP, (u, -m;) = x, — Xm 
mP (u -d )+ mP (u -d,)= x, — xa. 


These are two equations in two unknowns. To obtain expression 
(9.22b), take the first equation, divide by u,—m,, and rearrange 
terms. This gives 


Xw km (u, —m;) 
Di mj) (uj m). 
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Substitution of this expression into the second equation above gives 


Su Ee (m, — di) p UE i di) mP,(m, — d) = Xm — xa. 
(u —m) (u —m) 


Algebra yields 


mP, ((u, — m, )(m — d,) — (u — m;)(m — d;)) 


= (Xm — x4)(u — M1) — (x, — x«)(m — d). 


Dividing by P,((u, —m,)(m,—d,) — (u, —m;)(m, — d,)) gives the result 
(9.222). This is nonzero since 


is nonsingular, so its determinant is nonzero. This completes the 


proof [] 


The cost of constructing this portfolio at time v, — 2, denoted by x(t, - 2; 
$2); is 
X(T 2554.3) Hatt 72:54 2)B(11 254.3) 
+n (Ti — 2; Sa 2)P(T, -2,1,554.2) (9.23) 
+m (Ti -2;54.5)P(t, -2,T2557,-0). 
Repeating the above procedure inductively backward gives for an arbi- 


trary time f 
(x(t+1,s,m)—x(t+15,4))(u(t,t13s,)—m/(t,t135,)) 


sc -(x(t4 he )-d(t,t13s,)) (9.242) 


where 
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(u(t,t13s;)—m(t,t1s5;))(m(t,t23s;)—d(t,t25;)) 


D= P(t, Ta;s1) 
—(u(t,t2;s,)—m(t,t23s;))(m(t,t135,)—d(t,t135,)) 


ng) =| Me eat ter) 1 


u(t,ti3s:)—m(t,ti3s,) |P(tts) 
(9.24b) 
m (tss )P(t;v2:s) | u(t, T235;)—m(t, T2581) 
P(t, Tise) u(t, t135,)—m(t, Tiss: ) 
and 
) 1 x(t +1,s,u)—m (tss,) P(t, tis, Juft, Tiss, )x(t + sm) 
no(t;s,) => 
x B(t3s,-1)r(t3s,) -n(5s)P(t. ouis Ju (t, vais) 
(9.24c) 


The cost of constructing this portfolio at time t is the arbitrage-free price, 
denoted by x(t;s,), and it is given by 


x(t5s,) = no (ts s,) B(t; 4-1) +m (t; st ) P(t, T1584) +n2(635,)P(t,T255,). (9.25) 


This construction illustrates that the market is complete by showing that it 
is possible to generate an arbitrary simple contingent claim at time t using 
only the q,- and t,-maturity zero-coupon bonds and the money market 
account. 


9.2.2 Risk-Neutral Probabilities 


Arbitrage opportunities with respect to the trading strategy set ®, are 
assumed to be nonexistent in this economy. This section analyzes the 
implication of this assumption for the stochastic processes exogenously 
imposed on the zero-coupon bond prices P(tt,;s,) and P(t;v,;s) and the 
spot rate process r(f;s,). This analysis is somewhat different from and more 
complicated than the analysis for the one-factor economy. 

Given that the relevant trading strategies in ®, only involve the money 
market account, the 7,-maturity zero-coupon bond, and the t,-maturity 
zero-coupon bond, no arbitrage implies that no security dominates any of 
the others, i.e., 
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u(t,tis)»r(5s)»4d(t,ous) foralls andt<t,—-1 (9.262) 
u(t, vos)» r(5s)» d(t 10s) foralls,andt<t,-1  (9.26b) 
It is not the case that 
vlt, 5s) 2 u(t,t,38,),m(t, tas) 2 mt ss) (9.26c) 
and 
d(tz5s)2d(tt;s) foriz jyi,je (1,2) forall s; andt« i-l 


with one inequality strict for some s, and t « v, — 1. 

Condition (9.262) states that the t,-maturity bond neither dominates 
nor is dominated by the money market account. Condition (9.26b) states 
that the t,-maturity bond neither dominates nor is dominated by the 
money market account. Finally, condition (9.26c) states that neither the 
1,-maturity or the t,-maturity zero-coupon bond dominates the other. 

The proofs of these conditions are straightforward. If one is violated, 
an arbitrage opportunity in the trading strategy set O, is available. For 
example, suppose condition (9.26c) is violated; i.e., suppose the return 
on the t,-maturity zero-coupon bond dominates the t,-maturity zero- 
coupon bond at some time and state. The arbitrage opportunity in the 
trading strategy set ®, is created as follows: Do nothing until the first 
time the return over the next period on the t,-maturity bond dominates 
that on the t,-maturity bond (i.e., the first time expression (9.26c) is vio- 
lated). Then buy one 7,-maturity bond and finance this position by short- 
ing P(t,t,)/P(tt,) units of the c,-maturity bond. This initial position has 
zero value. Liquidate this portfolio at the end of the next time period. The 
value of the t,-maturity bond is always enough to cover the short position 
in the t,-maturity bond, generating an arbitrage opportunity. The proofs 
of conditions (9.26a-b) are similar. 

These expressions, along with the fact that the matrix 


1 u(t, T; s,) u(t, T*;s,) 
l m(t,T;s,) mr, T*; s,) > 
1 d(t,T;s;)  d(G5T*s) 
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is nonsingular for T + T*, t+ 1 « min(T,T*) and s, imply that there exists a 
unique pair of pseudo probabilities [r “(t; s,), t" (t; s,)] whose sum is strictly 
between 0 and 1 such that the following hold: 


r(t; st) = 1" (t; si u(t, s) + T” (t; si )m(t, Tr 5+) 
(9.27a) 
+(1— n" (ts) x" (t55;) )d(t, ms) 


and 


r(t5s,) = T" (t;s, u(t, 15:5) + T” (t; si )m(t, Tr; 5) 
(9.27b) 
+(1— (ts — ET (t;s,))d(t, 1515; ). 


for all s, and t « v, - 1. 

To interpret expression (9.27), we perform some algebra. Dividing 
expression (9.27) by r(t;s) and multiplying it by P(¢,t,;s,)/B(tss,_,) for (9.27a) 
and by P(t;v,;s))/B(t;s, ,) for (9.27b) gives 


P > li; u P(t 1, id m P +1, i5 
(t, X S) T ( t Sal. (ts) (t - 1 1;; sum) 
B(t3 5-1) B(t+1s,) B(t+15,) 
E (9.28) 
P(t -L1;;s, ) ; 
-tü-n'(ts)-n"(&5s))———— —— fori=1,2 
( (t;s) - n" (E35; )) BRE) 
Using the expectations operator, we can rewrite this as 
QE = | PttLhu 
PASTS) q | PS | Se te? (9.29) 
B(t; s;-1) B(t ls) 


where E,(-) is the time t expectation using the pseudo probabilities z"(t;s;) 
and z"(t;s,). 

This shows that the discounted t,-maturity zero-coupon bond price is a 
martingale under the pseudo probabilities. For the t,-maturity bond this 
specializes to 


1 u(t, isi) u(t, T23 s+) 
* This is true since |] m(t, Tijs)  m(tt1s) being nonsingular implies that 


1 d(t, 135) d(t,T255+) 


u(twis)-d(twis)  m(tus)-d(t us) 


is nonsingular. To see this, just calculate the 
u(tv315)—d(t,to5s) mt, T2581) — d(t, T2581) 


determinant of each matrix. 
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1 


P(t, T135;) = E, (9.30) 


ti-l 
r(j;s;) 


jt 


The proof of expression (9.30) is identical to that which generates expres- 
sion (9.14) from expression (9.13) and is therefore left to the reader. 

For future reference, we write explicit expressions for the pseudo 
probabilities. 


rack cac | 


(r(tis.) - d (65s ))(m(t; rase) - d ENN 

z'(6s)- (9.312) 

(u(t,t23s,)—d(t,t23,))(m(t,t13s,)—d(t,t135;)) 
—(u(t,t13s,)—d(t,t135,))(m(t,t235,)-d(t, ges )) 
(u(t, 25s) - d(t. vos Nr tss,)—d(t, 1135, )) 

n" (a Je 2 atit qus ai, (9.31b) 
(u(t,t23s,)—d(t,t255,))(m(t,t3s,)—d(t,t135;)) 
—(u(t,t135,)—d(t,t135;))(m(t,t235,)-d(t,t255,)) 

and 


1-7" (5s,)- n" (tss;) 
lt zen (alt alt pos )-mlt tas) 
i (u(t,t23s,)—r(tss;))(u(t,t1ss;)— Wa (9.310) 
P u(t,t255,)—d(t,t23s,))(m(t,t15s,)—d(t,t135,)) | 


(u(t,t135,)—d(t,t135-))(m(t,t255,)—d(t, tere )) 
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Derivation of Expression (9.31) 


We use the abbreviated notation from the proof of expression (9.22) 
along with 


T (t3s,) = n" 
"sie" 
The system of linear equations (9.27) can be written as: 
r Tu +1 m + (Un —n")d, 
r= Te" Uy TTm, T(ü-x" —mn")d,. 
Rewritten: 
r-d; = n" (uj —di) +n" (m, — di) 
r-d, = T" (u —d,)+ T” (m, —d,). 


Solving the first equation for x” gives 


n” = (r-d) y Di - di) 
(m, — d;) (u-d) 


(*) 


Substitution of x" into the second equation aboveand solving for m 
gives expression (9.31a), i.e., 


u (r—d,)(m —d,)—(r—d,)(m, — dz) 
~ (u, d;)(m —d,) - (in —d,)(tm — dp) 


Substitution of x“ into (*) and some algebra yield (9.31b), i.e., 


m (u —d,Mr—d,) - (uu — di)(r - d2) 
~ (u; —d,)m, —d,) - (u — di) (m, —d;) 


Finally, substitution of 1" and x” into 1 — m — n” yields (9.310), i.e., 


u m (u —r)(u; —m,) (u —r)(u, =m) 


l-r = 
(uz — d; Jim — du) —(u, — di) (m; — dz) 


This completes the proof. [ 
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In summary, no arbitrage with respect to the trading strategy set b, 
implies the existence of pseudo probabilities 1"(t;s), n"(t;s) satisfying 
expression (9.29). The converse of this statement is also true. Similar to the 
one-factor case, the existence of pseudo probabilities z"(t;5)), 1"(t;s;) satis- 
fying expression (9.29) implies that there are no arbitrage opportunities 
with respect to the trading strategy set ®,. (The proof is identical to that 
presented in the appendix to this chapter for the one-factor case and is 
therefore omitted.) This is an important observation, useful for construct- 
ing arbitrage-free evolutions of the zero-coupon bond price curve. 


9.2.3 Risk-Neutral Valuation 
Given a simple contingent claim x(t, — 1;5;,.,) with maturity date 7, — 1, its 
arbitrage-free price, denoted by x(0), is 


x(0) = no (0)1 + n (0) P(0, v; ) 4- 1; (0)P(0, T2) (9.32) 


where (ny(t3s), n(t;s), n;(5s)) € ®, is the self-financing trading strategy 
that creates the synthetic contingent claim. Such a self-financing trading 
strategy was constructed in expression (9.24). 

Using the risk-neutral probabilities as given in expression (9.21), it can 
now be shown that expression (9.33) holds: 


— 3 x(T, — li; 541) 
x(0)= Eo um RES oo. (9.33) 


This is an alternate but equivalent expression for the value of the con- 
tingent claim x. The time 0 value of the contingent claim is seen to be its 
discounted expected value using the pseudo probabilities. This is the risk- 
neutral valuation formula for calculating arbitrage-free values. 


Derivation of Expression (9.33) 


This derivation uses matrix algebra and is easily generalized to N23 
factors. Expression (9.21) can be written (using the notation from the 
derivation of expression (9.22)) as 
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Similarly, expression (9.27) can be written as 
1 u u» 


E T” z^] m m =[r r r] 
1 d d 


d, d; 
Then 
Li n" vi = [r r r| EE 
So 
Xy noB 
Li n” vi Xm |= [r r r| UU] nP, |=[n,B+nP, +n,P, |r 
Xa n;P, 


That is, Got x" x" + 1 x^)/r- n9B +n, P, +n,P,. 

This gives expression (9.33) for time v, - 2. Using the backward- 
inductive procedure and the law of iterated expectations as in the 
derivation of expression (9.17) gives the result. This completes the 
proof [] 


Note that the arbitrage-free price of the contingent claim x can be deter- 
mined using only knowledge of {r(0), u(t,t+ s), m(ttx-L;s), d(t,t+l;s)} 
[P(0, 7,), UTs), MOTs), d(t;vs))), and {P(0,t,), UTs), MOTs) 
d(t,,;s,))}. No information regarding the stochastic processes of the other 
zero-coupon bonds is needed. The extension of expression (9.33) to mul- 
tiple cash flows and American-type features is identical to that extension 
in the one-factor economy, and is therefore omitted. 
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9.2.4 Bond Trading Strategies 


The purpose of this section is to price the entire zero-coupon bond price 
curve given (i) the prices of two zero-coupon bonds P(0,t,) and P(0,t,) 
and their stochastic processes {(u(¢7,3s,), m(t,t,35,), d(t7,)3s,), Ditz 
mto s), d(t;v:s))), (ii) the current spot rate r(0) and its stochastic process 
(u(t,t+ 155), m(t,t+l;s), d(t,t+1;s)), and (iii) the assumption of no-arbitrage 
opportunities in the trading strategy set ®,. 

The distinct maturity discount bonds T €«,- 1 can all be viewed as 
contingent claims (of the simple, European type) and valued using the 
risk-neutral valuation expressions (9.32) or (9.33). In this context, the 
value of a T-maturity zero-coupon bond is 


1 


T-1 


Ios | 


jt 


P(t,T;s;) = E, (9.34) 


If the price of the traded T-maturity bond differs from its arbitrage-free 
price in expression (9.34), an arbitrage opportunity exists. 


9.3 MULTIPLE FACTOR ECONOMIES 


The extension of the economy in the previous section to N23 factors 
is straightforward. As long as N € t, - 1, the markets are complete with 
respect to the trading strategy set By. For each additional factor added, 
however, one additional zero-coupon bond is needed to form the appropri- 
ate trading strategy. The risk-neutral valuation expressions (9.29), (9.30), 
(9.33), and (9.34) generalize to the N 2 3-factor economy with little effort. 


APPENDIX 
This appendix provides the proof that the existence of pseudo probabili- 
ties m(t;s,) satisfying expression (9.13) implies that there are no arbitrage 
opportunities with respect to the trading strategy set ®,. 

First, note that B(t;s, ,) > 0 for all t, s, , because 


1 
r(t;s,) = ————— > 0 
P(t,t-Ls,) 


for all t, s, 
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Suppose there exists its) between 0 and 1 satisfying expression (9.13). 
Suppose also there exists an arbitrage opportunity of type II denoted by 
(no(tss,), n, (655)) in ®, with liquidation date t* < 1,.* 

We search for a contradiction. 

From the fact that an arbitrage opportunity of type II has nonnegative 
payoffs in all states, strictly positive payoffs in some states, and from the 
fact that B(t;s, ,) > 0 for all t, s, we obtain 


Pie: ba 3) E a [m (1755) B(v5 Al 
siia (Utes) Potitus, )]/8 (155. ) >0. 
But by the martingale condition, expression (9.13), this expression equals 
no (T* —1sSe1) B(T* —Ly 502) +g (T* LS ) P (11011552, -1)>0. 
Using the self-financing condition (7.8) of Chapter 7 gives 
no (T* 2:55) B(T* ën 2) na (T* 2:55) P (x - 1585544)» 0. 


Repeating this procedure again by applying B(T: —2;54 3) Es -2()/ 


B(t, - E542) to the above inequality yields 


No [t aj —3; $13 )B(t *—2; Sq*-3 )+ Ny, (t = E HE )P(T —2%, GE >0. 


Continuing backward to time 0 yields 
no(0)B(0)+ n, (0) P(0, 11) > 0. 
This contradicts the fact that an arbitrage opportunity of type II has zero 


net investment. Therefore, there exist no arbitrage opportunities with 
respect to ®,. This completes the proof. 


* Since an arbitrage opportunity of type I can be transferred into an arbitrage opportunity of type 
IL we need only consider arbitrage opportunities of type II in this proof. 
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CHAPTER 10 


Contingent Claims 
Valuation — Theory 


10.1 MOTIVATION 


The previous two chapters showed how to determine and take advantage 
of arbitrage opportunities within the yield curve. That procedure takes as 
given knowledge of the spot rate (and its evolution) and the prices (and 
evolution) of only one bond in a one-factor economy, or two bonds in a 
two-factor economy, and so forth. This information is then used to com- 
pute arbitrage-free prices for the remaining zero-coupon bonds. If the 
market prices differ from these arbitrage-free values for any of the remain- 
ing zero-coupon bonds, then arbitrage opportunities exist. The analysis 
of Chapters 8 and 9 provides the insights necessary to construct trading 
strategies for arbitraging these opportunities. 

The purpose of this chapter is different. Its purpose is to price interest 
rate options given the market prices of the entire zero-coupon bond price 
curve and its stochastic evolution. We do not ascertain whether these 
zero-coupon bond prices are correct relative to each other, as in arbitrag- 


ing the yield curve. These initial zero-coupon bond prices are assumed to 
be fair. Rather, the desire is to price options relative to this zero-coupon 
bond price curve. We therefore need to impose conditions on the zero- 
coupon bond price curve’s evolution, given the current market prices, so 
that it is arbitrage-free. Options are priced relative to this evolution. This 
is the motivation for the original development of the HJM model, and it 
explains the primary use of these techniques in the investment community. 
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To some extent, the purpose of Chapters 8 and 9 was to provide the foun- 
dation for the material in this chapter. 

This change in perspective is dictated by the circumstances surround- 
ing the application of arbitrage pricing methods to valuing interest rate 
options. If the initial zero-coupon bond price curve is not taken as given, 
and the techniques of Chapters 8 and 9 are applied, then mispricings 
observed in interest rate options could be due to either mispriced zero- 
coupon bonds or mispriced options. If the mispricing is due to the under- 
lying zero-coupon bonds, then using options to take advantage of this 
situation is an indirect and highly levered strategy. These strategies are 
particularly sensitive to model risk. A better approach is to trade these 
zero-coupon bond mispricings directly, using the bond trading strategies 
of Chapters 8 and 9. But, if the mispricings in interest rate options are 
due to the options themselves, then the techniques of this chapter apply. 
The techniques of this chapter therefore seek mispricings of interest rate 
options relative to the market prices of the entire zero-coupon bond price 
curve (not just the prices of a few bonds). Then, one is guaranteed that the 
arbitrage opportunities discovered are due to the options themselves. 

This chapter emphasizes the theory underlying this methodology, which 
is decomposed into the one-factor case, the two-factor case, and the multi- 
ple-factor case. The details of specific applications are postponed to subse- 
quent chapters. For example, Chapter 11 studies coupon bonds. Chapter 12 
considers both European and American options on bonds. Chapter 13 stud- 
ies forward and futures contracts. Chapter 14 studies swaps, caps, floors, 
and swaptions. Finally, interest rate exotics are the topic of Chapter 15. 


10.2 THE ONE-FACTOR ECONOMY 


The key insight to be understood in this chapter is how to determine when 
a given zero-coupon bond price curve evolution is arbitrage-free. This is a 
nontrivial exercise, and it is the primary contribution of the HJM model 
to the academic literature. 

To facilitate understanding, we illustrate the key concepts through an 
example. 


Example: An Arbitrage-Free Zero-Coupon 
Bond Price Curve Evolution 


Consider the zero-coupon bond price curve evolution given in 
Figure 10.1. In practice the initial zero-coupon bond price curve is 
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FIGURE 10.1 An Example ofa One-Factor Bond Price Curve Evolution. Pseudo 
Probabilities Are Along Each Branch of the Tree. 


based on available market quotes. This initial curve is assumed to 
evolve for four time periods, as given in the tree. At time 3, there is 
only one bond remaining, and it matures at time 4. 

From this evolution we can compute the spot rate of interest. 
Recall that at each node in the tree the spot rate is the return on the 
shortest maturity bond over the next period. From the spot rates, 
we can compute the value of the money market account. The money 
market account starts at a dollar and grows by compounding at the 
spot rate. These computations are left as an exercise for the reader, 
and the resulting values are recorded in Figure 10.2. Figure 10.2 is 
identical to Figure 10.1 with the exception that it includes both the 
value of the money market account at the top of each vector of zero- 
coupon bond prices and the spot rate of interest to the right of each 
node on the tree. These additional values will prove useful in the 
subsequent computations. 
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P(0,4) 923845 
P(0,3) 942322 
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FIGURE 10.2 An Example of a One-Factor Bond Price Curve Evolution. The 
Money Market Account Values and Spot Rates Are Included on the Tree. Pseudo 
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The purpose of this example is to determine whether this evo- 
lution is arbitrage-free. With this goal in mind, note that embed- 
ded within this tree is a simpler tree that provides just the evolution 
of the 4-period zero-coupon bond and the money market account. 
From the analysis in Chapter 8 we know that this reduced tree is 
arbitrage-free if there exist a unique set of pseudo probabilities n(t,4; 


ss such that 


r(t;s,) = W(t, 45s, u(t, 4;5,)+(1—rT(t,4;5,))d(t,4;5,) for all t and s,. 
(10.1) 


In this condition we have included a four in the notation for the 
pseudo probabilities to remind us that it is based on the 4-period 
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bond/money market account pair. Also, it is important to emphasize 
the fact that these pseudo probabilities are unique. 

So, as a beginning, we know that the entire tree cannot be arbi- 
trage-free unless this reduced tree is arbitrage-free. So, we know that 
condition (10.1) must hold. Condition (10.1) is thus a necessary con- 
dition of an arbitrage-free evolution. Condition (10.1) can be checked 
by rewriting it to see if the x(t,4; s)'s computed according to 


T(t,45s,) =[r(t35,) - d(t,455,))/ [u(t,455,) d(t, 455, )] (10.2) 


are strictly between 0 and 1. We now check this computation. First, 
one must determine the returns on the bonds at each node in the 
tree (u(t, 4;s,),d(t,4;s,)). This calculation is left as an exercise for 
the reader. Then, given these returns, one uses (10.2) to compute the 
pseudo probabilities. 


1.02 — 1.014400 


1(0,4) = =0. 
1.025602 — 1.014400 
1.017 — 1.013754 
nü dues 017606 01375 =0. 
1.021455 — 1.013754 
1.022406 —1.017851 
n(l, 4;d) = =0. 
1.026961— 1.017851 
1.01 1-1.014006 
n Bail) = 01603 01400 Se 
1.018056 —1.014006 
1.020393 —1.017958 
1(2,4;ud) = = 0.5 
1.022828 — 1.017958 
1.019193 —1.016857 
T(2,4; du) = =0. 
1.021529 —1.016857 
1.024436 —1.021622 
nO. ds 0 36 021622 _ 


1.027250—1.021622 7 


As all of these pseudo probabilities are strictly between 0 and 1, we 
know that the reduced tree involving the 4-period zero-coupon bond 
and the money market account is arbitrage-free. 

Just as an aside, let us recall two facts that we will use momen- 
tarily. First, given the reduced tree is arbitrage-free, we have that 
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[1(t,4;s,)P(t+1,4;s,u) + (1— (t, 45s; )) P(t - 1,45s,d)] 


P(t, 45 s;) = DOEN 
»?t 


for all t and s,. 


(10.3) 


This is just the present value computation for the 4-period zero-cou- 
pon bond. 

Second, by the risk-neutral valuation procedure, we know that the 
price of the 2- and 3-period zero-coupon bond can be written as: 


[mít, 4; s;) P(t + 12;s,u) + (1 mt, 4; s;))P(t - 1,2; 5,d)] 
r(t;s,) 


P(t,2;s;) = 


for all t and s, 


(10.4a) 
and 


[n(t, 4:5; )P(t - 1,3; 5,4) + (1— a(t, 4; s; )) P(t +1,3; s.d)] 


P(t,3;s,) = DOEN 
30 


for all t and e, 


(10.4b) 


The reader should check to see that expression (10.4) does indeed 
hold for this tree. One important observation needs to be made 
about expression (10.4). In the computation, the pseudo probabili- 
ties as determined from the 4-period zero-coupon bond/money 
market account pair. Expression (10.4) just emphasizes the fact that 
the 4-period zero-coupon bond/money market account reduced tree 
uniquely determines the prices of the 2- and 3-period zero-coupon 
bonds. These are the prices that the other bonds must satisfy in the 
enlarged tree for it to be arbitrage-free relative to the 4-period bond 
and the money market account. 

Prior to checking the satisfaction of this condition, let us also 
investigate the two other reduced trees possible. One involves the 
3-period zero-coupon bond and the money market account pair. The 
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second involves the 2-period zero-coupon bond and the money mar- 
ket account pair. As with the 4-period zero-coupon bond and the 
money market account pair, each reduced tree must be arbitrage-free. 

Let us first consider the reduced tree involving the 3-period zero- 
coupon bond and the money market account pair. This reduced tree 
is arbitrage-free if there exist a unique set of pseudo probabilities 
1(5,3;s))'s such that 


r(t;s,) = 1(£,3;s,)u(£,3;5,) -(1— m(t,3;s,))d(t,3;s,) forallt and s,. 
(10.5) 


The check is to compute 
T(t, 3; se) =[r(t;s,)-d(t,35,)1/[u(t,3;5,)d(t,3;5,)] — (10.6) 


and see if the 1(t,3;5,)'s are strictly between 0 and 1. 
A sample calculation gives 


P(2,3;ud) _ .980015 


d(1,3;u) = = = 1.015426 
P(L3;u) .965127 
sions P(2,3;uu) = 984222 ~ 1.019785 
P(L3;u) .965127 
and 
1.01 — 1.01542 
nisus 017606 015426 ` 


1.01 9785—1.015426 ` 


The two remaining calculations show that 7(0,3)= n(1,3;d)=.5. 
These pseudo probabilities are all between 0 and 1 as well, so this 
reduced tree is arbitrage-free. 

Using the present value formula, we get that 


[1(t,3;s,)P(t - 1,3; s,u) + (1— (6,3; 5,))P (€ - 1,3; s;d)] 
r(t;s.) 


P(t,3;s,) = 


for all t and s,. 


(10.7) 
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Using risk-neutral valuation, we get that 


[1(t,3;s,) P(t +1, 45s,u) + (1—1(t,35s;))P(t +1, 4; 5,d)] 
r(t;s,) 


P(t, 4; St ) = 
for all t and s, 
(10.8a) 
and 


[ 10(t,355,)P(t +1, 2;s,u) + (1—1(t,3;s,)) P(t + 1,255.4) | 


P(t,2;s,) = vital 
ot 


for all t and s,. 


(10.8b) 


The reader should check to see that these conditions are satisfied by 
Figure 10.2. Note that in expressions (10.7) and (10.8) the ns have a 
“3” in the argument, reflecting the fact that these expressions were 
obtained from the 3-period bond/money market account reduced 
tree. 

Now, we return to the satisfaction of condition (10.4) by the prices 
of the 3-period zero-coupon bond. Expression (10.4) is identical to 
expression (10.7) with the exception that the first uses r(t,4;s,) and 
the second uses x(t,3;s,). The only way this can happen, given the 
uniqueness of the zs in each of them, is if 


T(t, 3; s,) = W(t, 45 s, ). 


So, this is another necessary condition for the (enlarged) arbitrage- 
free tree. 

A similar argument for the reduced tree involving the 2-period 
zero-coupon bond and the money market account pair shows that 
this reduced tree is arbitrage-free, and that the only way this can 
happen is if 


T(t, 2; s,) = W(t, 45 s, ). 


As these provide all the possible zero-coupon bond and money mar- 
ket account pairs, we see that a necessary condition for the tree to be 
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arbitrage-free is that all the pseudo probabilities are strictly between 
0 and 1 and that at each node in the tree, i.e., for a given t and s, 


1(£,2; s,) = T(t, 3; s,) = T(t, 4; s+). (10.9) 


It turns out that these conditions are also sufficient (the proof is in 
the next section). 

In summary, then, to show that Figure 10.1 is arbitrage-free, one 
needs to first compute the pseudo probabilities for each zero-coupon 
bond/money market account pair just as in Chapter 8, and show that 
these pseudo probabilities are strictly between 0 and 1. Second, one 
needs to show that at each node in the tree, all the pseudo prob- 
abilities are equal. Notice that the values of the pseudo probabilities 
at a particular time t and state s, can differ from those at a different 
time and state. The condition only requires equality of the pseudo 
probabilities at a particular time and state s, pair, not throughout the 
entire tree.* 

There is an economic interpretation of expression (10.9) that aids 
our understanding as to why it must be sufficient. This interpretation 
is based on recognizing two facts. The first is that expression (10.9) 
is equivalent to 


1—n(t,2;s,) 21—m(t,3;5,)) -1—m(t,4;s,) for all t and s,. 
The second is that the quantity 


u(t, T; s,) — r(t;s,) 
u(t, T;s,) zx d(t, T; St ) 


1—n(t,T;s,) = for T =2,3,4 

is a measure of the excess return per unit of risk for holding the 
T-maturity zero-coupon bond. Indeed, the numerator is the poten- 
tial extra return that one earns on the T-maturity bond above the 
spot rate over the next time period. This is the extra compensation 
for the risk involved in holding the T-period zero-coupon bond. 
The denominator is a measure of the spread in the returns on the 
T-maturity bond possible - a measure of risk. Hence, expression 


* For this particular example, they are all equal to (1/2) at every node and state. This is a special case 
that need not be true in general. 
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(10.9) states that a zero-coupon bond price curve evolution is arbi- 
trage-free if and only if all bonds earn the same excess return per unit 
of risk. 

This makes intuitive sense, because if it were not true, then some 
zero-coupon bonds would provide better risk/reward opportunities 
than others. No one would desire to hold the bond with the lowest 
risk/reward tradeoff. In fact, as shown above, this would imply the 
existence of an arbitrage opportunity. This discussion completes the 
example. [] 


We now formalize this example. Consider the one-factor economy as 
described in Chapter 5. We assume that there are no arbitrage opportu- 
nities with respect to the largest class of self-financing trading strategies 
possible di. This class of trading strategies uses all the available zero-cou- 
pon bonds and the money market account (see Chapter 7). 

Taken as given (exogenous) are the current prices and the stochas- 
tic processes for all the zero-coupon bonds, {P(0,T) for all 0< T € « and 
(ult, T:s), d(t,T;s,) for all 0€ t€ T €« and s}. Because these processes are 
exogenously specified, we need to investigate the restrictions that must be 
imposed so that they are arbitrage-free. To do this, we need to recall some 
facts proven in previous chapters. 


10.2.1 Complete Markets 


The one-factor economy is complete with respect to the trading strategy 
set ®,. This follows directly from the observation in Chapter 7 that the 
one-factor economy is complete with respect to the trading strategy set 
®,. Indeed, if only one zero-coupon bond and the money market account 
are needed to synthetically construct any contingent claim using ®,, then 
adding more bonds to the trading strategy set (as in O.) does not alter this 
conclusion. The advantage of using the larger trading strategy set «b, is 
that having all zero-coupon bonds trade simultaneously allows the pos- 
sibility of constructing more complicated portfolios involving multiple 
zero-coupon bonds. 


10.2.2 Risk-Neutral Probabilities 


Arbitrage opportunities with respect to the trading strategy set ®, are 
assumed to be nonexistent in this economy. This section analyzes the 
restrictions that this assumption imposes upon the stochastic processes 
for the evolution of the entire zero-coupon bond price curve. Recall that 


Contingent Claims Valuation — Theory m 177 


the assumption of no arbitrage opportunities with respect to the trading 
strategy set ®, is more restrictive than the assumption of no-arbitrage 
opportunities with respect to the trading strategy set ®,. Indeed, the set of 
self-financing trading strategies with respect to the larger trading strategy 
set ®, allows the use of all the zero-coupon bonds rather than just the 
one zero-coupon bond with maturity t,. Consequently, the no-arbitrage 
restrictions proven earlier with respect to the trading strategy set ®, still 
apply with respect to the trading strategy set ,. 

Recalling that analysis from Chapter 9, no arbitrage with respect to 
the trading strategy set O, (for a given t,-maturity zero-coupon bond) 
implies that there exists a unique pseudo probability x(t,t,;s,) such that 
P(t,t,;s,)/B(ts,.) is a martingale, i.e., 


P(t, Ti; P(t+1, Ti; 
(t, Tis) = Es (t+1, Tı d 
B(t; s1) B(t+1;s,) 


P(t+ 1,7;5;d) 
B(t +1;s,) 


mt, T135;)) 


(10.10a) 


The form of expression (10.10a) most useful for calculations is 


P(E, Tissi) = [n(t, ss )P(t +1, Tisi) + 0.— (5055) P(t € 1,7,5d)]/r(ts,). 
(10.10b) 


The pseudo probabilities are determined by: 
n(t,17,55,) = [r(t5s.) - dt 5s)]/ [ut 55.) —d(t,T,55,)] (10.11a) 
and 
1—7(t,5;5,) «[u(t, ms) -r(t5s)]/[u(t, 5s.) —d(t,7,35,)]. (10.11b) 


In expression (10.11) we have made explicit in the notation the dependence 
of the pseudo probabilities upon the t,-maturity zero-coupon bond. 

Because all the zero-coupon bonds are available for trade in the set 
d. expression (10.11) must simultaneously hold for every possible q,- 
maturity zero-coupon bond selected, i.e., for all 7, such that 0 € c, € «. 
This argument could not be made if we only used the smaller set of trad- 
ing strategies ®,. 
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Therefore, there exists a unique and potentially different pseudo prob- 
ability for each zero-coupon bond that makes that particular zero-coupon 
bond a martingale (after division by the money market account's value). 
This condition ensures that there are no arbitrage opportunities between 
any single zero-coupon bond and the money market account, i.e., that nei- 
ther of these securities dominates the other. This says nothing, however, 
about the absence of arbitrage opportunities across zero-coupon bonds of 
different maturities. These are the restrictions we now seek. 

We know that since the market is complete with respect to the trad- 
ing strategy set ®,, it is also complete with respect to the larger trading 
strategy set ®,. Thus, given the t-maturity bond and the money market 
account, we can create a synthetic T-maturity zero-coupon bond of any 
maturity. No arbitrage with respect to ®, should imply that the traded 
T-maturity bond equals its arbitrage-free price* as defined in Chapter 7. 

To see this argument, let (ny(t;s,), n,(ts,): üztzn-U be the self 
financing trading strategy in the money market account and t-maturity 
zero-coupon bond that duplicates the t,- maturity zero-coupon bond. The 
portfolio holdings are given (see Chapter 7) by 


x(t + sd)u(t, T; s,) — x(t +1; syu)d(t,v;s,) 


t;s) = 10.12 
IP o ai GE 
DE E x(t+1;s,u)—x(t +1; sd) (10.12b) 
P(t,T;s;)[u(t, 3 s:)—d(t, TS, )] 
where 
x(4135;) = Di, T1354, ) 21 for all s, (10.12c) 
and 


x(t;s,) = no (t;si)B(t; s1) +r (t;si)P(t, t;s) for O<t<t,—-1. (10.13) 


Given that there are no arbitrage opportunities with respect to ®,, it must 
be the case that the market price of the t,- maturity zero-coupon bond 
equals the cost of the synthetic construction, i.e., 


* Recall that in Chapter 7 trading strategies with respect to ®, only involved the t,-maturity bond 
and the money market account. No other zero-coupon bond could be traded. Hence, we defined 
the arbitrage-free price to be expression (7.20). This section, however, uses the assumption of no 
arbitrage opportunities with respect to O, to prove that expression (7.20) holds. 
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P(t, tg ls no(t55,)B(t5 s) + n. (5s) P(t, T; s, ). (10.14) 


To prove expression (10.14), we use proof by contradiction. Proof by con- 
tradiction works by supposing the contrary to what you want to prove, and 
then showing that this supposition leads to a contradiction. Therefore, to 
prove expression (10.14), let us suppose the contrary: that is, suppose 


P(t,T,35,) > no[t;s,)B(t;s, 1) +n, (t3s,)P(t,t3s,) for somet and s,. 


An arbitrage opportunity with respect to , can now be constructed. The 
arbitrage opportunity is as follows. At time 0, start monitoring prices to 
determine when the violation of expression (10.14) occurs. When it occurs, 
sell the t,-maturity bond, buy n,(t;s,) units ofthe t-maturity bond, and buy 
no(t;s,) units of the money market account. This generates a strictly posi- 
tive cash inflow of [P(f;c,;s)) — no(tss,)B(ts,_,) ^ n, (ts) P(t;v;s))] dollars. Invest 
this additional inflow in a 7,-maturity bond and hold the bond until its 
maturity. With this cash inflow [P(t;t,;s,) — no(t5s) B(ts, AJ — n. (ts )P(t7;s)]/ 
P(t 5) > 0 units of the t,-maturity bond can be purchased. In addition, 
hold the portfolio that generated this time t cash inflow, expression (10.12), 
rebalancing n,(t;s,) and n,(t;s,) as required until time t,, when it is also 
liquidated. Recall that this rebalancing is self-financing. By construction, 
this strategy has zero cash flows at time t and a strictly positive cash flow 
of [P(£,t,35,) — No(s, B(tss,_,) ^ n. (5s) P(t;c;s)]/P(tit,s) > 0 dollars at time T,. 

Hence, an arbitrage opportunity has been constructed. But this contra- 
dicts the assumption of no arbitrage opportunities! Therefore, 


P(t,1,;s,) € no(t; s,) B(t;s, 4.) +n (t5 s, )P(t, t; s,) must be true. 


The reverse inequality is proven in an equivalent fashion’ and is left to the 
reader as an exercise. 

From Chapter 9, the risk-neutral valuation method, we know that we 
can rewrite expression (10.14) as 


P(t,1,;5.) 
B(T;s,) 


E ES sl EE + (1—mít, 1; Syris) 


B(t+15,) B(t* bs) 
(10.152) 


* This same argument could not have been made if we had used only the smaller set of trading strat- 
egies ,. The set ®, does not allow holdings in more than one zero-coupon bond. 
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or equivalently, 


P(t,%135;) = [n(t, v; s, )P(t - 1 75su) + (1— mt, T; s, )) P(t - 1,1155,d)]/r(t;5,) 
(10.15b) 


where musl are the unique pseudo probabilities associated with the 
t-maturity bond. Expression (10.15) must hold for all 0 € t « t, « « and s, 
But expression (10.10) is also valid. The uniqueness of the pseudo prob- 
abilities n(f;1,5)) in that expression implies that 


T(f,7;s,) = T(t, T1;s;) forall tts such that O€t€ t; -1€ 1-1. (10.16) 


In words, the pseudo probabilities must be independent of the particular 
1,-maturity bond selected. Consequently, under the assumption of no- 
arbitrage opportunities with respect to ®,, we can go back to our earlier 
notation x(t;s,) for the pseudo probabilities. 

Expression (10.16) can be given an economic interpretation. From 
expression (10.11b), we see that 1 — z(t;t;s,) is a measure of the excess return 
per unit of risk provided on the t-maturity zero-coupon bond. First, the 
numerator (u(t,7;s,) — r(t;s,)) is the excess return provided by the t-maturity 
bond above the spot rate in the good state of nature. This is the compensa- 
tion for bearing the risk of the t-maturity zero-coupon bond. Second, the 
denominator (u(t,t;s,) — d(t;v;s)) is a measure of risk since it measures the 
spread in returns possible from holding the t-maturity bond. The ratio, 
therefore, is a measure of excess return, per unit of risk, for the t-maturity 
bond. Another, more analytic justification for this economic interpreta- 
tion can be found in the appendix to this chapter. 

The economic interpretation of condition (10.16) is that, to prevent arbi- 
trage, all zero-coupon bonds must have the same excess return per unit of 
risk. Otherwise, those zero-coupon bonds with higher excess returns, per 
unit of risk, are good buys. Those zero-coupon bonds with lower excess 
returns, per unit of risk, are good sells. Combined, these differences imply 
that there can be no equilibrium and that these strategies should generate 
arbitrage profits. 


* Simple algebra shows that E,(P(t+ L5s,)/P(t,5s)) = qi(s)u(t;5s) (1 — q(s))d(t,rss) and 
Var,(P(t + Ls, M P(t;r5s)) = q (s yO — q (s) lult Ts) — d(t,rss)]?. Thus, the spread in returns pos- 
sible from holding the t-maturity bond is proportional to the bond return’s standard derivation. 
This is another justification for this spread as a risk measure. 
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Note that from expression (10.11), expression (10.16) implies that there 
are cross-restrictions on the parameters in the bond processes (u(t, T;s,), 
d(t,T;s,)) across different maturities T. The stochastic processes chosen for 
the evolution of the zero-coupon bond price curve cannot be arbitrary, 
given an initial zero-coupon bond price curve. Rather, the processes must 
be restricted so that expression (10.16) holds. Otherwise, they would not 
be arbitrage-free. It is this additional restriction that differentiates the 
bond-trading strategy techniques of Chapters 8 and 9 from the option 
pricing techniques of Chapter 10. This restriction is the contribution of 
the HJM model. 

In summary, no arbitrage with respect to the trading strategy set ®, 
for the one-factor economy implies the existence of unique pseudo prob- 
abilities m(t,s,) that are independent of any particular zero-coupon bond 
and are such that P(t,T;s)/B(t,s, ,) is a martingale for all T-maturity zero- 
coupon bonds. 

The converse of this statement is also true. The existence of pseudo 
probabilities x(t;s) that are independent of any particular zero-coupon 
bond selected and are such that P(t,Tis)/B(t;s, ,) is a martingale for all 
T-maturity bonds implies that there are no arbitrage opportunities with 
respect to the trading strategy set ®,. The proof of this assertion is identi- 
cal to that contained in the appendix to Chapter 9 and is therefore omitted. 


10.2.3 Risk-Neutral Valuation 


The pseudo probabilities given in expression (10.16) are used as in Chapter 9 
to price all interest rate-dependent contingent claims. The difference 
between this calculation and that given in Chapter 9 is that the pseudo 
probabilities in Chapter 9 depended upon the 7,-maturity bond's speci- 
fication and could differ from those given by the t-maturity bond. Now, 
however, these probabilities must be identical (as given in expression 
(10.16)). Given this specification, contingent claims are priced and hedged 
in an identical fashion as in Chapter 9. This procedure is illustrated in 
subsequent chapters. 


10.3 THE TWO-FACTOR ECONOMY 


The case of the two-factor economy is almost identical to that of the 
one-factor economy, so the description of the methodology will be brief. 
Consider the two-factor economy as described in Chapter 5. We assume 
that there are no arbitrage opportunities with respect to the trading strat- 
egy set ®,. Taken as given (exogenous) is the stochastic process for all the 
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zero-coupon bonds, {P(0,T) for all 0 € T € and (u(t, Tis), m(t Tis), d(t,Tis,)) 
for all 0<t<T< and al The purpose is to price interest rate-dependent 
contingent claims. 


10.3.1 Complete Markets 


Given that the two-factor economy is complete with respect to the trading 
strategy set D, (see Chapter 9), the two-factor economy is complete with 
respect to the larger trading strategy set ®,. Indeed, the trading strategy 
set D, allows the self-financing trading strategies to utilize more zero-cou- 
pon bonds, so if the market is complete with respect to the smaller trading 
strategy set ®,, it is complete with respect to the larger trading strategy set 
d. as well. 


10.3.2 Risk-Neutral Probabilities 


The assumption that there are no arbitrage opportunities with respect 
to the larger trading strategy set O, implies that there are no arbitrage 
opportunities with respect to the smaller trading strategy set ®, for all 
possible pairs of t,-maturity and t,-maturity zero-coupon bonds selected. 

From Chapter 9, this implies that there exist unique pseudo probabili- 
ties 1“(t7,,7,;5,), U"(£,7},7,35,) such that 


P(t*-Lt;su m P(t+1,7;; 
(tas) E bin) KL tar A DUE 
P(t,t;;s;) B(t+1;s,) B(t+1;5,) 


B(5s) | Bü: 
ái AH 8" (Etot) "(58 tas) E tiim) 
B(t+1;s,) 


(10.17) 


for i= 1, 2 where the dependence on the t,- and t,-maturity zero-coupon 
bonds selected is indicated in the notation for the pseudo probabilities. 
Expression (10.17) guarantees that none of the money market account, the 
T,-maturity zero-coupon bond, nor the t,-maturity zero-coupon bond 
dominates either of the others. But no arbitrage with respect to the larger 
trading strategy set D, is stronger. 

Because the market is complete with respect to the smaller trading 
strategy set ®,, given the T—1- and t-maturity zero-coupon bonds and 
the money market account, there exists another (different) self-financing 
trading strategy that duplicates both the t,-maturity zero-coupon bond 
and the t,-maturity zero-coupon bond. No arbitrage opportunities with 
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respect to the larger trading strategy set ®, imply that the initial cost of 
these synthetic zero-coupon bonds equals their market prices. The proof is 
identical to the one used to prove expression (10.15). This, in turn, implies 
by risk-neutral valuation that 


P(t* LT; m P(t+1,7;; 
x" (t,T—1,7;5,) ( DM (t,T—1,7;35,) ( Sem) 
P(t,7;;s,) B(t+1;s,) B(t+1;5,) 


B(t; S1) ~ P(t -1,1j 
a +(1—n"(t,T-1, 13 5,) -—10” (t,1—1,7; 5;)) ( SCH 
B(t+1;5,) 


(10.18) 


for i=1, 2. The distinction between this system and expression (10.17) is 
the replacement of the pseudo probabilities 1"(t,T,,T,;5) and w"(t,t,,7,;s,) by 
(ta — 1,t;s,) and x(t, t — Lei 

By the uniqueness of the pseudo probabilities 1(t,7,,T,;5/) and 1(¢,7,,7,3s,) 
in expression (10.17), we get 


n" (t,t—1, 15) = n" (t, T1, T2351) 
(10.19) 
T” (t,T-1,1;5,)= T” (t,T,,T255,) 


for all s and 0<t<1,-1<T,-—1<t-—1. That is, the pseudo probabilities 
must be independent of the particular pair of zero-coupon bonds with 
maturities t, and c, selected. 

In summary, no arbitrage with respect to the larger trading strategy 
set D, for the two-factor economy implies the existence of unique pseudo 
probabilities r“(t;s,), 1"(t;s)), independent of any pair of zero-coupon bonds 
selected, such that P(t,T;s))/B(t;s, ,) is a martingale for all T-maturity zero- 
coupon bonds. 

The converse of this statement is also true. The existence of pseudo proba- 
bilities x“(t;s,), x”(t;s,) independent of any pair of zero-coupon bonds selected, 
such that P(t,Ts)/Blt;s, ,) is a martingale for all T-maturity zero-coupon 
bonds, implies that there are no arbitrage opportunities with respect to the 
trading strategy set ®,. The proof of this statement mimics the proof con- 
tained in the appendix to Chapter 9 and is left as an exercise for the reader. 


10.3.3 Risk-Neutral Valuation 


The pseudo probabilities given in expression (10.19) are used as in 
Chapter 9, risk-neutral valuation, to price interest rate-dependent 
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contingent claims. The difference between this calculation and that given 
in Chapter 9 is that the pseudo probabilities in Chapter 9 depended on 
the t,- and t,-maturity bonds selected, whereas these do not. The valua- 
tion procedure is otherwise identical, and it is illustrated in subsequent 
chapters. 


10.4 MULTIPLE FACTOR ECONOMIES 


The extension of the last section to N>3 factors is straightforward. 
Because of the results in Chapter 9, the markets are complete with respect 
to the trading strategy set d. Furthermore, the same analysis as that given 
above guarantees that no arbitrage with respect to the trading strategy set 
d. implies the existence of unique pseudo probabilities, independent of 
any N-collection of different-maturity zero-coupon bonds selected, such 
that P(t,Ts)/B(t;s, ,) is a martingale for all T. Risk-neutral valuation pro- 
ceeds in the usual fashion. 


APPENDIX 
This appendix shows that (t,T:s,) is a measure of the risk premium for a 
T-maturity, zero-coupon bond. 

The standard measure for the risk premium on the T-maturity zero- 
coupon bond is given by 


E,(P(t +1,T;s:)/ P(t,T;s,)) —r(t;s,) 


1;5)- 
Tis) A Var, (P(t - 1, T; s,)/ P(t,T;s,)) 


Simple algebra shows that 
E,(P(t - ,,T5s,)/ P(t,T;s,)) = qi (s, att, T5 s.) - (1— qt (s,))d(t, T; s.) 


and 


Var, (P(t - 1,T;s,)/ P(t,T;s,)) = E([P(t - ,T;s,)/ P, Tea) 
-[E(P(t - 1, T;s,) / Pr, Tal 


= q(s)0—qiGO)u(65T:s) - dlt, Tzs). 
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qi u(t, T;s,)+(1—q:(s))d(t, T; s.) —r(t3s,) 
qi (s) m (5) [u(6 T5 5.) - d(6 Teil 


Ja Go 4 d(t,T:s,) CEA | 1 | 


ot, T;s)- 


"Mica GS) Vut, Tis)- d(GTss) A tat ais" 


NES Tit, T;s,) 
y 1 qu(s;) disc JA —qu(s;)) 


This last expression shows that at. Tel is linearly related to the risk pre- 
mium, given that q,(s,) is fixed. 

Note that the equality ofx(t,T;s,) across all T holds if and only (fréit Tal 
is equal across all T. This completes the derivation. 
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CHAPTER 11 


Coupon Bonds 


d a CHAPTER STUDIES COUPON bonds from the perspective of the 
arbitrage-free pricing methodology. This is in contrast to the classi- 
cal approach to fixed income analysis or coupon bond pricing that was 
presented in Chapter 3. The differences between the two approaches are 
numerous. First, the arbitrage-free pricing methodology can be used to 
risk manage a portfolio of bonds given an arbitrary evolution for the term 
structure of interest rates. The classical approach cannot. The classical 
approach can only hedge parallel shifts in the term structure of interest 
rates. Second, the arbitrage-free pricing approach can be used to price 
interest rate derivatives in a manner consistent with that used to price cou- 
pon bonds. The classical approach cannot. Third, the arbitrage-free pric- 
ing approach can be extended to handle foreign currency risk and credit 
risk. The classical approach cannot. 

This chapter contains three insights. First, without specifying an evolu- 
tion for the term structure of interest rates, we show that a coupon bond 
is equivalent to a portfolio of zero-coupon bonds. This insight provides 
a robust method for pricing. Second, specifying a particular evolution 
for the term structure of interest rates allows for a more refined hedging 
analysis. Here, it is shown that in a one-factor model a coupon bond can 
be hedged with one zero-coupon bond, in a two-factor model a coupon 
bond can be hedged with two zero-coupon bonds, and so forth. Examples 
are provided to illustrate this second insight. Third, the one-factor model 
hedge is compared to the classical duration hedge, further illustrating the 
errors inherent in the classical technique. 
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11.1 THE COUPON BOND AS A PORTFOLIO 
OF ZERO-COUPON BONDS 


A coupon-bearing bond is a loan for a fixed amount of dollars (e.g., 
$10,000), called the principal or face value. The loan extends for a fixed 
time period, called the life or maturity of the bond (usually 5, 10, 20, or 30 
years). Over its life, the issuer is required to make periodic interest pay- 
ments (usually semi-annually) on the loan’s principal. These interest pay- 
ments are called coupons. Hence, the term a coupon bond. 

A callable coupon bond is a coupon bond that can be repurchased by 
the issuer, at predetermined times and prices, prior to its maturity. This 
repurchase provision is labeled a “call” provision. For example, a typical 
callable coupon bond includes a provision where the issuer can repurchase 
the bond at face value (the predetermined price), anytime during the last 5 
years of its life (the predetermined times). 

This section studies the arbitrage-free pricing of noncallable coupon 
bonds. Callable coupon bonds are studied in the next chapter. The valu- 
ation method of this section is independent of the particular evolution 
of the term structure of interest rates selected; in particular, it does not 
depend on the number or specification of the factors in the economy, one, 
two, or three factors. 

Formally, we define a coupon bond with principle L, coupons C, and 
maturity T to be a financial security that is entitled to receive coupon pay- 
ments of C dollars at times 1, ..., T with a principal repayment of L at 
time T. The times 1, 2, ... , T represent the payment dates on the loan. The 
coupon rate on the bond is c= 1+ C/L. This cash flow pattern is illustrated 
in Table 11.1. 

The coupon bond’s cash flows can be obtained from a portfolio of zero- 
coupon bonds. The duplicating portfolio consists of C zero-coupon bonds 
maturing at times 1,..., T—1 and C+L zero-coupon bonds maturity at 
time T. 


TABLE 11.1 The Cash Flows to a Typical Coupon Bond with 
Price B(0), Principal L, Coupon C, and Maturity T 


0 1 2 T 

| | | | » Time 

BO) C C C Coupons 
L Principal 


coupon rate c = 1+C/L 
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Let the market price of the coupon bond be denoted by B(t). This rep- 
resents a trader's quote. 
The cost of constructing this portfolio of zero-coupon bonds is: 


T 
3 CPi) LP 
i=t+1 
In constructing this portfolio, it is assumed that the construction occurs 
after the coupon payment has been paid at time t (i.e., it represents the ex- 
coupon value at time f). 
Thus, the arbitrage-free price of the coupon bond is: 


T 
B(t)= V Chi) LUT). (11.1) 
i=t+1 

Indeed, if the market price of the coupon differed from expression (11.1), 
then an arbitrage opportunity with respect to the trading strategy set can 
be constructed. For example, if B(t) exceeded the right side of expression 
(11.1), one could sell the coupon bond short at time t and buy C zero- 
coupon bonds maturing at time i for each i=t+1,..., T-1 and (C+L) 
zero-coupon bonds maturing at time T. Holding this portfolio until time 
T generates an arbitrage opportunity. 

Let's check the conditions. At time f, this portfolio has a positive cash 
inflow that equals the difference between the left and right side of expres- 
sion (11.1). At each future date, when the short position requires a cash 
outflow, the portfolio of zero-coupon bonds provides the cash inflow to 
exactly satisfy it. Hence, there is no cash flow after time t on this portfolio. 
The conditions for an arbitrage opportunity are all satisfied. 

Note that the arbitrage-free price for the coupon bond can be computed 
without any knowledge of the evolution of the term structure of interest 
rates. It depends solely on the initial zero-coupon bond price curve. We 
now illustrate this computation with an example. 


Example: Coupon Bond Calculation 


To illustrate this calculation, we use the initial zero-coupon bond 
price curve as given in Table 11.2. Four zero-coupon bonds are 
traded, the longest maturity bond being the 4-period zero-coupon 
bond. 
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TABLE 11.2 An Example of an Initial 
Zero-Coupon Bond Price Curve 


P(0,4) = 923845 
P(0,3) = .942322 
P(0,2) = .961169 
P(0,1) = .980392 


TABLE 11.3 An Example of the Cash Flows to a Coupon Bond 


time | | | | | 


0 1 2 3 4 


coupon $5 
principal $100 


Consider a coupon bond whose cash flows are as given in 
Table 11.3. This coupon bond pays 5 dollars at times 2 and 4, with 
a principal repayment of 100 dollars at time 4. We interpret the 
coupon payments as being paid semi-annually, hence, the spacing 
between payments. 

Using expression (11.1), the value of this coupon bond at time 0, 
ex-coupon, is: 


B(0) = 5P(0,2) + 5P(0,4) +100P(0, 4) 
= 5[0.961169]+105[ 0.923845] = 101.8096. 


If the market price for the coupon bond differed, an arbitrage 
opportunity would exist. For example, if the market price of this 
coupon bond were 102.000, then an arbitrage opportunity is repre- 
sented by: (i) shorting and holding until maturity the coupon bond, 
(ii) buying and holding until maturity five units of the 2-period zero- 
coupon bond, and (iii) buying and holding until maturity 105 units 
of the 4-period zero-coupon bond. The initial position brings in 
102-101.8096 > 0 dollars. Subsequently, the cash flows to the short 
coupon bond are satisfied by the cash flows from the zero-coupon 
bond portfolio, leaving no further obligation. This completes the 
example. [] 


The above arbitrage-free pricing technique does not depend on a par- 
ticular evolution for the term structure of interest rates. This makes the 
approach quite useful for pricing. This procedure is less worthwhile, 
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however, for hedging. In this approach, a synthetic coupon bond is con- 
structed via a buy and hold strategy involving a portfolio of zero-coupon 
bonds. Zero-coupon bonds are needed for each date on which a cash pay- 
ment to the coupon bond is made. For example, given a 20-year bond with 
semi-annual coupon payments, 40 zero-coupon bonds are required. This 
requirement has two practical problems. One, the particular zero-coupon 
bonds that match the coupon payment dates most likely do not trade, 
making the replication impossible. Two, if they all trade, the initial trans- 
action costs will be quite large. There is an alternative approach, however. 
Given an explicit representation of the evolution for the term structure 
of interest rates fewer zero-coupon bonds can be used to construct a syn- 
thetic coupon bond. We illustrate this approach in the next section. 


11.2 THE COUPON BOND AS A DYNAMIC 
TRADING STRATEGY 


This section shows how to use the HJM model to synthetically construct 
a coupon bond using fewer zero-coupon bonds than the number of pay- 
ment dates. This approach is dependent, however, on a particular evolu- 
tion for the term structure of interest rates. Fortunately, this evolution can 
be selected by the user to match the best prediction for the term structure’s 
future evolution. 

The theory underlying this technique was presented in Chapter 10. It 
can be best illustrated with an example. 


Example: Synthetic Coupon Bond 
Construction in a One-Factor Model 


Consider the evolution for the zero-coupon bond price curve as given 
in Figure 11.1. This is the same evolution as given in Chapter 10, 
Figure 10.2. The first step in applying this technology is to check to 
see if the given evolution is arbitrage-free. Fortunately, this determi- 
nation was already performed in Chapter 10. There it was shown that 
this evolution is arbitrage-free because the pseudo probabilities cal- 
culated for each maturity zero-coupon bond/money market account 
pair at each node in the tree are strictly between 0 and 1, and equal 
to each other Oe, 1/2). These pseudo probabilities appear along the 
branches of the tree. 

To illustrate the synthetic construction of a coupon bond using only 
one zero-coupon bond, we consider the coupon bond in Table 11.3. 
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FIGURE 11.1 An Example of a One-Factor Bond Price Curve Evolution. Pseudo 
Probabilities Are Along Each Branch of the Tree. 


We use method 2, risk-neutral valuation, which was illustrated 
in Chapter 8 and documented in Chapter 9. The calculations are as 
follows. 

Step 1: Risk-Neutral Valuation 

Step 1 requires that we determine the arbitrage-free price of the 
coupon bond at each node in the tree. The risk-neutral valuation pro- 
cedure is employed. This approach proceeds by backward induction. 

At time 4, we know the cash flows to the coupon bond. They are 


105 dollars, across all states. 
Moving back to time 3, at state uuu, we compute the price of the 


coupon bond as: 
_ (1/2)B(4;uuuu) + (1/2)B(4; uuud) 
r(3;uuu) 


_ (1/2)105+(1/2)105 
1.0149182 


B(3; uuu) 


= 103.4566. 
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This is the discounted expected payoft on the bond. The calculations 
for the coupon bond's price at time 3 for the remaining states are 
similar. The details are left to the reader. The resulting values are 


given in Figure 11.2. 
Next, at time 2, we repeat the previous procedure. For example, at 


time 2 state uu, the computation is: 


_ (1/2)B3;uuu) + (1/2) B(3; uud) 


B(2;uu) 
r(2;uu) 
(1/2)103.4566+ (1/2)103.0450 
= = 101.6218. 
1.016031 
103.4566 | — — 100 
(98.1006,0) Coupon = 5 
101.6218 
Coupon = 5 
(.000067,105) 
103.0450  — MJ» 100 
(97.7103,0) Coupon = 5 
104.4006 103.1579 —P 100 
(4.81516,105.002) (97.3992,0) Coupon =5 
1/2 100.8556 
Coupon = 5 
(-.001925,105.002) 
1 102.6667 —p 100 
(96.9354,0) Coupon = 5 
101.8096 1.02 
: 103.2291 ——> 100 


(2.7567,107.218) (97.1231,0) Coupon = 5 


101.0535 
Coupon = 5 
(-.023571,105.026) 


1/2 
102.7568 — M» 100 
(96.6787,0) Coupon = 5 


102.8864 ——> 100 
(96.3052,0) Coupon = 5 


1/2 


103.2910 1.022406 
(4.79273,105.002) 


100.1571 


Coupon = 5 
-.010209,105.0112 
f ) 102.3227 — 100 
(95.7775,0) Coupon = 5 
2 3 4 


time 0 1 


FIGURE 11.2 The Evolution of the Coupon Bond's Price for the Example 
in Table 11.3. The Coupon Payment at Each Date Is Indicated by the Nodes. 
The Synthetic Coupon-Bond Portfolio (nj(ts), 1,(5s)) in the Money Market 
Account and 4-Period Zero- Coupon Bond Are Given under Each Node. Pseudo 
Probabilities Along the Branches of the Tree. 
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Again, as the remaining time 2 calculations are similar, they are left 
to the reader as an exercise. 

Stepping back to time 1, state u, we repeat the previous procedure, 
but this time with a twist. When computing the discounted expected 
value, we need to include both the future value and future cash flow 
in the numerator. The calculation is: 


(1/2)[B(2;uu) + C]+(1/2)[B(2;ud) + C] 
r(1;u) 

_ (1/2)[101.6218 + 5]+ (1/2)[100.8556 + 5] 

i 1.017606 


The remaining time 1 calculation is similar, and recorded on the tree. 
Finally, at time 0, the procedure yields: 


B(1;u) = 


= 104.4006. 


(1/2)B(1;u) + (1/2)8( d) 


B(0) = 
(0) (0) 
_ (1/2)104.4006 + (1/2)103.2910 — 101.8096. 
1.02 
There are a number of important observations to make about this 
procedure. 


First, the time 0 price of the coupon bond is identical to that 
obtained in the previous section based on the portfolio of zero- 
coupon bonds. This is not by chance, but by construction. Recall 
that the HJM approach takes the initial zero-coupon bond price 
curve as given, and then determines an arbitrage-free evolution 
consistent with it. Interest rate derivatives (the coupon bond) are 
then priced off this curve. As the interest rate derivative's price is 
arbitrage-free and it can be computed using only the initial zero- 
curve, the risk-neutral valuation procedure will generate the same 
arbitrage-free value! 

Second, it is instructive to note that at time 2, the coupon bond's 
price given is ex-coupon. At time 1 in state u, the coupon bond's price 
is 104.4006. If the state moves down, the coupon bond's ex-coupon 
price is 100.8556. There is a drop in the market price! This does not 
mean, however, that the bond holder has lost money on the position. 
The coupon bond's net value at time 1, including the coupon, still 
exceeds the time 1 price, which it should (100.8556 + 5 = 105.8556). 
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Step 2: Delta Hedging 

The next step is to construct the synthetic coupon bond using a 
dynamic trading strategy in the 4-period zero-coupon bond (n,(ts,)) 
and the money market account (n,(t;s,)). We use the delta approach 
that was described in Chapter 8. This approach proceeds by back- 
ward induction, and it uses the prices of the coupon bond generated 
in step 1 above. 

First, at time 3 there is only one zero-coupon bond trading, the 
4-period zero. It is used to construct the money market account. 
Thus we can invest in either the 4-period zero or the money market 
account (since both are identical). We choose, arbitrarily, the money 
market account: 

Time 3, state uuu: 


n4(3;uuu) = 0 


B(3; uuu) —n4(3;uuu)P(3,4;uuu) _ 103.4566 


Ca B(3;uu) 71054597 75.1006 
Time 3, state uud: 

n,(3suud) - 0 

uds B(3;uud) — na(3;uud)P(3,4;uud) _ 103.0450 297.7103 


B(3;uu) ~ 1.054697 


As the remaining states at time 3 calculations are similar, they are 
left to the reader and only recorded on the tree. 

Moving back to time 2, we apply the delta construction again. 
Recall that the delta construction computes the change in the price 
and cash flow of the “hedged” instrument divided by the change in 
price and cash flow of the “hedging” instrument. The computation is: 

Time 2, state uu 


B(3;uuu)—B(3;uud) ^ 103.4566—103.0450 ` 05 
P(3,4;uuu) — P(3,4; uud) .985301 —.981381 
B(2; uu) —n4(2;uu)P(2,4;uu) _ 101.6218 —(105)0.967826 
B(2;u) 1.037958 


na (2;uu) = 


no(2;uu) = 


= .000067 
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Time 2, state ud: 


B(3;udu) — B(3;udd) . 103.1579 —102.6667 
P(3,4;udu) — P(3, 4; udd) „982456 —.977778 
B(2; ud) —n,(2;ud)P(2, 4; ud) 

B(2;u) 


ns (2;ud) = 


= 105.002 


Ny (23 ud) = 


a 100.8556 — (105.002)0.960529 = 001925 
1.037958 
The remaining time 2 calculations are left for the reader. 
Moving back to time 1, we get 
Time 1, state u: 


[B(2;uu) + C]- [8(2;ud) - C] 
P(2,4;uu) — P(2,4;ud) 
[101.6218 4- 5] — [100.8556 +5] 


- = 105.002 
„967826 —.960529 


BI; u) —n,4 (1; u)P(L 4; u) 
B(1) 


. 104.4006 — (105.002)0.947497 
7 1.02 
Note that we need to replicate the coupon bond’s price plus coupon 
at time 2 across the up and down states. The numerator in n,(1;u) 
reflects this joint cash flow. 
Time 1, state d: 


na (Lu) = 


no (1; u) = 


= 4.81516 


[B(2;du) + C] - [8(2; dd) + C] 
P(2,4;du) — P(2, 4; dd) 


_ [101.0535-€5]-[100.157145] _ 05 092 
962414 —.953877 


B(1;d) —n4(1;d)P(1, 4; d) 

PO) 
__103.291—(105.002)0.937148 
i 1.02 


n,(l;d)= 


m(l;u)= 


= 4.79273. 


Finally, at time 0: 
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nie B(;u)—B(1;d) _ 104.4006 —103.291 

S P(1,4;u)—P(1,4;d) .947497 —.937148 

B(0) — n4(0)P(0,4) _ 101.8096 —(107.218)0.923845 
B(0) 1 


— 107.218 


— 2.75670. 


no(0) = 
The cost of constructing this synthetic coupon bond at time 0 is 
no (0) - n4 (0)P(0, 4) = 2.7567 +107.218(.923845) = 101.8096. 


This is the arbitrage-free price for the coupon bond at time 0. It 
matches the previous calculations of its value, as it should! 

This synthetic construction is more complicated than the buy 
and hold strategy discussed previously. This synthetic construction 
is dynamic, and it involves rebalancing the portfolio across time. 
The rebalancing, however, is self-financing at time 1. For example, at 
time 0 we hold n;(0) 22.7567 units of the money market account and 
n,(0) = 107.218 shares ofthe 4-period zero. If at time 1 we move to the 
up state, we enter time 1, state u with 


no (0) B(1; u) +n, (0) P(15 u) = 2.7567(1.02)+ 107.218(0.947497) 
— 104.4006 dollars. 


We rebalance to n,(13u) 2 4.81516 units of the money market account 
and n,(1;u) = 105.002 shares of the 4-period zero-coupon bond at a 
cost of 


no (1;u) BO; u) + m (G5; u)P(1, 4: u) = 4.81516(1.02) +105.002(0.947497) 


— 104.4006 dollars. 


This is exactly the value of our portfolio before rebalancing. Thus, 
the trading strategy is self-financing at time 1. The rebalancing is not 
self-financing at time 2. At time 2, the synthetic coupon bond must 
generate a cash flow of 5 dollars to match the traded coupon bond. 
The strategy represented in Table 11.3 does this. Indeed, the cash 
flow entering time 2 in state uu is: 


no (1; u)B(3;u)+ m (1; u)P(2, 4; uu) = 4.81516(1.037958) + 105.002(0.967826) 


= 106.6218 dollars. 
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The cost of constructing the portfolio leaving time 2 in state uu is: 
No (2; uu) B(2; u) + n (2; uu) P(2, 4; uu) = .000067(1.037958) + 105(0.967826) 
= 101.6218. 


The difference is an implicit cash outflow of 5 dollars. 

Lastly, the time 3 trading strategy rebalancing is self-financing 
as there are no cash flows to the coupon bond at this time. The 
verification of this statement is left to the reader. This completes the 
example. [ ] 


11.3 COMPARISON OF HJM HEDGING 
VERSUS DURATION HEDGING 


This section compares HJM hedging versus the classical duration hedg- 
ing of Chapter 3. Via a simple example, we illustrate the error inherent 
in duration hedging for a term structure evolution that does not have a 
parallel shift. As seen in Chapter 1, Figure 1.2, historical term structure 
evolutions almost never experience parallel shifts, so this is a common 
problem with duration hedging. 

To illustrate these facts, consider the term structure evolution given in 
Figure 11.1. 


Example: Error in Modified Duration 
Hedging Zero-Coupon Bonds 


«_» 


Consider holding a unit position in coupon bond “a” and desiring to 
hedge this position with a coupon bond “b.” Let the two bonds (a, b) 
considered be zero-coupon bonds of various maturities, i.e., 


B,(0) = P(0,2) 2.961169 
and 
8,(0) = P(0, 4) =.923845. 


The details of the example are illustrated in Figure 11.3. We 
explain the content of this diagram below. 


The HJM Hedge 


From Chapter 8, we know that a hedged portfolio involving these two zero- 


« » 


coupon bonds can be obtained only by creating the “a” bond synthetically 


Coupon Bonds m 201 


Investment Actual Payoff 
HJM „56027 
Duration „489811 
HJM „549287 
(1, -.445825) 1(0) = 1.02 Duration hedge (if correct) 
Duration „480585 1.02(.480585)=.490197 
(1, -.52020) 
HJM .56027 
Duration .490581 
time 0 1 


FIGURE 11.3 A Comparison of HJM Hedging versus Duration Hedging. The 
Bond Trading Strategy (n,(0), n,(0)) Is Given. 


using the “b” bond. The delta gives the appropriate position in the “b” 


bond. The entire portfolio is then long 1 unit of bond “a” and short n, units 
of bond “b,” i.e., 


na =l 


and 


use BU FA. qoe 
P(L4;u) - P(4;d) 
The initial investment in this hedged portfolio is: 


n, P(0,2)+ mp DO, 4) = 1(.961169) —.445835(.923845) = .549287. 


If the portfolio is riskless, then to avoid arbitrage at time 1, its value should 
be the initial investment times the spot rate of interest over [0,1], i.e., 


.549287(1.02) 2.56027. 
The value of the HJM hedged portfolio at time 1 can be computed as 
follows: 


Time 1, state u 


n, P(L2;u) + n P(1,4;u) = 1(.982699) —.445835(.947497) = .56027. 
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Time 1, state d 
n,P(1,2;d)+n,P(1, 4; d) = 1(.978085) —.445835(.937148) = .56027. 


The values are exactly as needed to generate a riskless portfolio. So the 
HJM hedge works! 


The Duration Hedge 


We now calculate the hedge based on modified duration. For this example 
it is easy to show that that duration of bonds “a” and “b” is: 


D,(0) 22 
and 
D, (0) =4, 


This follows because a zero-coupon bond's duration is always equal to its 
time to maturity. 

Given that the forward rate curve is flat at 1.02, we have that the yield 
on both bonds “a” and “b” is identical and equal to Y*(0) = Y*(0) = 1.02. The 
bonds modified durations are: 


Dua(0) =2/1.02 


Dy.p(0) = 4/1.02. 


The modified-duration hedge is determined from expression (3.13) in 
Chapter 3. It is given by 


n,-1 


_ —Dua(0)8,(0)  2(.961169)/1.02 ` 


- - = —.52020 
Dy» (0)B, (0) 4(.923845) / 1.02 


The initial investment in this portfolio is: 


n, P(0,2)+ n, P(0,4) = 1(.961169) —.52020(.923845) = .480585. 
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Again, if the portfolio is riskless, then to avoid arbitrage at time L its 
value should be the initial investment times the spot rate of interest over 
[0,1], i.e., 


(.480585)1.02 = .490197. 


The value of the duration hedged portfolio at time 1 is: 
Time 1, state u 


n,P (1, 2;u) +n,P(, 4;u) = 1(.982699) —.52020(.947497) = .489811. 
Time 1, state d 
n,P(1,2;d)+n,P(, 4;d) = 1(.978085) —.52020(.937148) = .490581. 


This portfolio is not riskless! It earns more in the down state and less in the 
up state than the spot rate of interest. 

This example illustrates that the duration hedge does not work. 

This is not a pathological example, as the evolution in Figure 11.1 was 
calibrated (at the time of writing of the first edition) to market rate move- 
ments, where the time step corresponds to half a year. This completes the 
example. [] 
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CHAPTER 12 


Options on Bonds 


TE CHAPTER STUDIES THE arbitrage-free pricing of various types of 
options on bonds. It is the second application of the theory developed 
in Chapter 10. Two types of models are considered: distribution indepen- 
dent and distribution dependent. Distribution-independent methods are 
those that do not depend on a particular evolution for the term structure 
of interest rates, while distribution dependent structures do. Distribution- 
independent models generate very general results, often not specific 
enough to determine exact pricing and hedging descriptions. Usually, 
only pricing inequalities and bounds on synthetic constructions can be 
obtained. These results are often useful for building intuition, but for risk 
management applications, more specific results are required. Hence, the 
need for distribution dependent models. Distribution dependent models, 
as seen in Chapter 10, provide exact pricing and hedging prescriptions. 

The first section of this chapter investigates the distribution-free rela- 
tionships between the different types of options: calls, puts, European and 
American. The key result obtained is a put-call parity theorem, relating 
European calls and puts. 

Distribution dependent models conclude the chapter. European options 
on zero-coupon bonds are studied next, followed by American options on 
coupon bonds, and finally callable coupon bonds. Without specifying an 
evolution for the term structure of interest rates, it is shown that a call- 
able coupon bond is equivalent to an ordinary coupon bond plus a written 
American call option on the bond. Specifying a particular term structure 
model allows for a complete hedging analysis. 
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12.1 DISTRIBUTION-FREE OPTION THEORY 


This section studies option pricing theory without invoking any assump- 
tions relating to the probability distribution for the underlying asset(s). For 
the pricing of options on bonds, this means without invoking any assump- 
tions on the evolution for the term structure of interest rates. For this reason, 
the insights obtained are general, not specific, and pertaining to the rela- 
tions between the various types of options: calls and puts, both European 
and American. The most important relation derived is put-call parity. 

The arguments employed use just the notion of arbitrage-free prices. 
We show that certain relations between the various options hold; other- 
wise an arbitrage opportunity exists. Consequently, to avoid arbitrage, we 


get our pricing relationships. 

For this analysis, we need some notation. As in Chapter 2, for pedagogi- 
cal reasons, we concentrate on options written on zero-coupon bonds. The 
analysis, however, is more general, and the results apply to all the other 
options studied in this book. 

Let the underlying zero-coupon bond have maturity date T,. Its time t 
price is denoted by P(t,T,). 

Consider a European call option with strike price K and maturity 
date T, € T, written on this zero-coupon bond. Its time t price is denoted 
by C(t,T,,K:T,). The otherwise-identical American call option's price is 
denoted by A(t, T, K:T,). 

A European put option with strike K and maturity date T, < T, written 
on this same zero-coupon bond's time f price is denoted by P(t,T,,K:T)). 
The otherwise-identical American put's price is denoted by A(t, T;, K:T,). 


12.1.1 Call Options 


We first study some simple relations satisfied by call options. 

To derive these relations, we show how to synthetically construct one 
type of option or portfolio using another type of option, sometimes throw- 
ing away value. Then, the price of the traded option or portfolio must be 
no greater than the synthetic option. It is no greater because value is often 
discarded in the synthetic construction. An example will help to clarify 
this approach. 

First, we consider two identical European call options differing only in 
their strike prices, K, <K,. The call option with the smaller strike price 
(Kj) is at least as valuable as the call option with the larger strike price (K,). 
The reason is that the holder of the call option with the smaller strike (K,) 
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can always discard value and create the larger strike call (K,) by paying 
more upon exercise. Hence, it must be the case that 


C(t, T,, K2:T,) € C(t, T,, K,:T,) if Kj € K3. (12.1) 


If this condition were violated, then C(t, T;, K5:1;) > C(t, Ti, K;:T5) holds. 
To create an arbitrage opportunity, at time f, buy the call with strike (Kj) 
and sell the call with strike (K,). This has a strictly positive cash flow. At 
all future dates, by discarding value if necessary to create the (K,) call with 
the (K,) call, there is no future liability. Therefore, all future cash flows are 
zero (or positive if value is not discarded). This is an arbitrage opportunity. 
Thus, the only arbitrage-free price relation possible is expression (12.1). 

As all of the subsequent arguments are identical, we will not provide 
the detailed description of the arbitrage opportunity to the extent that it 
is provided above. The details are straightforward and left to the reader as 
an exercise. 

By an identical argument, we have that this relation also holds for 
American calls, 


A(t, T, KT) € A(t, T,, Ki: T5) if K, <K). (12.2) 
The next arbitrage-free pricing relation is that 
P(t,T,) - KP(t,T,) < C(t,T,,K:B). (12.3) 


The underlying bond’s price P(t,T,) less the present value of the strike 
KP(t,T,) must be less valuable than the call. This follows because the port- 
folio on the left side (holding the underlying bond and selling K zero-cou- 
pon bonds of maturity T,) can be constructed from the call by (perhaps) 
discarding value. The procedure is to exercise the call at time T,, even if 
the call is out-of-the-money (discarding value). Under this exercise strat- 
egy, the call creates this portfolio. Indeed, it is like owning the underlying 
and paying (for sure) K dollars at time T; to get it. Hence, expression (12.2) 
holds, or an arbitrage opportunity can be constructed. 

Recall that an American call is identical to a European call except 
that it can be exercised any time from the date the contract is writ- 
ten through the maturity date of the option. As such, the holder of the 
American call can transform it into a European call by not exercising it 
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early. Consequently, to avoid arbitrage, the European call must be worth 
less than the American call: 


C(t,T,, K:T,) € A(t, T, K:T,). (12.4) 


Our last relation concerns when the European call’s price is equal to the 
American call’s price. 

If the commodity underlying the American call has no cash flows over the 
life of the option (as is the case for the T,-maturity zero-coupon bond) and 
P(t,T,)<1 for t «T, then the American call and an otherwise-identical 
European call have equal value, i.e., 


C(t,T,, K:T,) = A(t, T5, K:T,). (12.5) 


This follows by showing that it is never optimal to exercise the American 
call early under the hypotheses of this theorem. Therefore, the European 
call is equivalent to the American call (it synthetically constructs it). The 
argument is quite simple. If exercised early at time t, the American call 
holder gets a cash flow equal to P(t,T,)—K. But, from expressions (12.3) 
and (12.4) we see that 


P(t,T;) - KP(t,T,) <C(t,T,,K:T,) < A(t, T;, K:T)). 
But, 
P(t,T,)—K < P(t,T,)—KP(t,T,) because P(t,T,) <1. 
So, 
P(t,T;) - K « A(t,T,, K:T;). 


This last inequality shows that the American call is always worth more 
alive; hence, it is never exercised early. 

This is a powerful result. As such, it can often be misinterpreted. 
Suppose that the option is currently in-the-money, i.e., P(t,T;) - K » 0. If 
exercised, one earns this difference. Suppose you also believe that interest 
rates will rise, so that at maturity, the T,-maturity bond will trade for less 
than the strike K. If you wait until maturity, you believe that the American 
call option will have zero value. 
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Isn't this a case where the option should be exercised early? The answer 
is no. The result of expression (12.5) says that you should not exercise the 
option. Why? It is worth more if you sell it! The market price A(6T,K:T,) 
exceeds the value if exercised P(t, T;) - K. In summary, the result does not 
say that you should hold the option; the result only says that you should 
not exercise it. 


12.1.2 Put Options 


We now study some arbitrage-free relations satisfied by put options. As the 
arguments are similar, we just provide the relations. 

First, we consider two identical European put options differing only in 
their strike prices, K, < K,. The put option with the higher strike price (K,) 
is at least as valuable as the put option with the smaller strike price (Kj). 
The reason is that the holder of the put option with higher strike (K,) can 
always discard value and create the smaller strike call (Kj) by receiving less 
upon exercise. Hence, it must be the case that 


P(t, Tj, KD) < P(G Tj, K5:T5) if Kj € K5. (12.6) 


By an identical argument, we have that this relation also holds for 
American puts, 


AGT K::D5) S At, T, Ko: 5) if Ky € Kp. (12.7) 
The next arbitrage-free pricing relation is that 
P(t,T,,K:T,)< K. (12.8) 


The right side of expression (12.8) represents holding K dollars in the 
money market account. K dollars is the most that the put will ever be 
worth. Clearly, by discarding value (if necessary), one can syntheti- 
cally construct the payoff to the European put. Hence, expression (12.8) 
must hold. 

Because the holder of the American put can, by their own actions, 
transform it into a European put by not exercising it early, the European 
put must be worth less than the American put: 


P(t,T,,K:T,) € At, T, K:T)). (12.9) 
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Unfortunately, there is no analogous result to expression (12.5) for put 
options. The reason is that if the underlying commodity's price gets low 
enough, it is optimal to exercise the American put early. This is in contrast 
to the situation for American calls where even if the underlying's price 
gets high, optimal exercise may not occur. Unfortunately, the proof of this 
statement is beyond the scope of this text and is left to independent read- 
ing (see Jarrow and Chatterjea [2]). 


12.1.3 Put-Call Parity 


This section generates an arbitrage-free pricing relation between otherwise- 
identical European calls and puts on zero-coupon bonds. As with the previous 
results, this relation applies more generally than just to options on zero-cou- 
pon bonds. A complete reference to this material is Jarrow and Chatterjea [2]. 
Put-call parity follows from one important observation. The observa- 
tion is that a European call option with strike K and maturity T, on a 
T,-maturity zero-coupon bond can be constructed synthetically with a 
buy and hold trading strategy using an otherwise-identical European put 
option, the underlying T,-maturity zero-coupon bond, and a T,-maturity 
zero-coupon bond. In particular, the synthetic call consists of: 


(i) buying one unit of the otherwise-identical European put option, 
(ii) selling K units of the T,-maturity zero-coupon bond, and 
(iii) buying one unit of the T,-maturity zero-coupon bond. 
As mentioned earlier, this is a buy and hold trading strategy. It is pur- 


chased at time t and held until the maturity date, T,. The cash flows on this 
portfolio are detailed in Table 12.1. 


TABLE 12.1 Cash Flow Comparison of a Call Option with 


a Synthetic Call Option 
Time T, Payoffs 

P(T T) >K P(T,,T,) <K 
Call P(T, T) -K 0 
Synthetic call 
Put 0 K- DOT, T,) 
-K bonds with T,-maturity -K -K 
1 bond with T,-maturity BT Ls) P(T,,T,) 


Sum P(T,,T,)-K 0 
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The top row gives the payoffs to the traded call. If P(T,,T,)>K, the 
call option is in-the-money, and it earns the difference P(T,,T,)—K. If 
P(T,,T,) € K, the call is out-of-the-money, and it earns zero. 

The next set of rows provides the payoff to the synthetic call. The first 
row gives the payoffs to the traded put position. If P(T;, T?) > K, the put 
option is out-the-money, and it earns zero. If P(T,,T,) € K, the put is in- 
the-money, and it earns the difference K — P(T,,T,). The next row is the 
payoff to selling K bonds, -K dollars. The last row is the value of the posi- 
tion in the T,-maturity bond. The sum of these three positions exactly 
duplicates the traded call's time T, payoffs. Thus, to avoid arbitrage, the 
price of the traded European call must equal the cost of constructing the 
synthetic call. This gives us the put-call parity theorem. 

Given a European call and put both with strikes K and maturities T, on 
the same underlying commodity, and if the underlying commodity has no 
cash flows over the options lives (as is the case with the T,-maturity bond), 
then 


C(t, Tj, K:55) = e(t, Tj K : 5) - P(t, Th) - KP(t, Ti). (12.10) 


This is an important result. It implies that to price and hedge European 
puts, we need to only understand how to price and hedge European calls, 
and then apply put-call parity. Unfortunately, this result does not extend 
to American calls and puts. The best results available are upper and lower 
bounds for the American call's value in terms of the American put's value 
and a portfolio of zero-coupon bonds. These results are outside the scope 
of this text (see Jarrow and Chatterjea [2]). 


12.2 EUROPEAN OPTIONS ON ZERO-COUPON BONDS 


This section applies the theory developed in Chapter 10 to price a European 
call option on a zero-coupon bond. In contrast to the previous section, this 
theory utilizes assumptions regarding the probability distribution for the 
commodities underlying the options - the term structure of zero-coupon 
bond prices as detailed in Chapter 5. 

Let the European call option’s exercise date be at time t* for 0 < t* < v, 
and let its exercise price be K> 0. We assume that the call is written on the 
zero-coupon bond that matures at time T > z*. 

We simplify the notation for the value of the call option at time £ to be 
C(t). By definition, the boundary condition for the call option at the exer- 
cise date T* is: 
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C(t") = max(P(T',T)-K,0). (12.11) 


If the T-maturity zero-coupon bond’s price P(t’ ,T) exceeds the exercise 
price K, the option is exercised. It is said to be in-the-money, and its value 
is the difference P(t , T) - K >0. Otherwise, it ends up out-of-the-money, 
unexercised, with zero value. 

By the risk-neutral valuation procedure, its arbitrage-free value at time 
t is: 


C(t)= B(max(P(z’,T)-K,0) JBG) BO). (12.12) 


A synthetic call option can be constructed using the procedure described 
in Chapter 10. 

We now illustrate this risk-neutral valuation procedure and the con- 
struction of the synthetic call option with an example. 


Example: European Call Option Valuation 
and Synthetic Construction 


We start with the evolution for the zero-coupon bond price curve 
as given in Figure 12.1. This evolution is arbitrage-free, because it is 
the same evolution given in Chapter 10, Figure 10.1. In that chapter 
it was shown that the pseudo probabilities satisfy the necessary and 
sufficient condition for an arbitrage-free evolution at each node in 
the tree. 

Consider a European call option on the 4-period zero-coupon 
bond, with an exercise price K=.961000 and an exercise date T*=2. 
The value of the call option at its maturity date is C(2;s,) = max[P(2, 
4;s,) —.961000, 0]. 

Substituting in the values from Figure 12.1 yields the following 
values: 


at (2;uu): max [.967826 — 0.961000, 0] = 0.006826 
at (2;ud): max [.960529 — 0.961000, 0] = 0 
at (2;du): max [.962414 — 0.961000, 0] = 0.001414 


at (2;dd): max [.953877 — 0.961000, 0] = 0 
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1.059125 
.982456 
1017606 4/5 | ^ ] — fi] 
1.02 
„947497 1.037958 1.020393 
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(0,3)| |.942322 EEN 7983134 —— [1] 
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pool E 1 1.02 [seres 1.019193 
1/2 .937148 1 — [1] 
.957211 1/2 N 1062869 
dad 1.022406 LP 
4/2 1068337 
1/2 1.042854 p — DI 
.953877 1 
b aii 1.024436 
1.068337 
1/2 [974502] — t 
1 
time 0 1 2 3 4 


FIGURE 12.1 


An Example of a One-Factor Bond Price Curve Evolution. The 


Money Market Account Values and Spot Rates Are Included on the Tree. Pseudo 


Probabilities Are Along Each Branch of the Tree. 


These numbers are placed on the last node in Figure 12.2. To deduce 
the arbitrage-free value at time 1, we use the risk-neutral valuation 


procedure. 
At time 1, state u: 


C(;u) = E(C(2; s.) / r(05u) 


. (1/2)0.006826 + (1/ 2)0 


— 0.003354 


1.017606 
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max[.967826—.961000, 0] = .006826 


.003354 r(1;u) = 1.017606 
(-.865700, .935485) 
1/2 max[.960529—.961000, 0] = Ot 


.001983 
(-.235718, .257295) 


r(0) = 1.02 


max[.962414—.961000, 0] = .001414 


000692 
(-.151505, .165637) 


r(1:d) = 1.022406 


max[.953877—.961000, 0] = 0 


time 0 1 2 


FIGURE 12.2 A European Call Option’s Value (C(t;s)) on the 4-Period Bond 
(P(t;4)) with Exercise Price K=.961000 and Exercise Date 2; and the Synthetic 
Call Portfolio (no(6s,), n4(t;s)). Pseudo Probabilities Are Along Each Branch of 
the Tree. 


At time 1, state d: 


C(5d) = E\(C(2;s,))/r(13d) 


. (1/2)0.001414 + (1/2)0 
1.022406 


= 0.000692 


Finally, at time 0: 


C(0) = E,(C(;s.))/ r(0) 


_ (1/2)0.003354 + (1/ 2)0.000693 
1.02 


= 0.001983. 


These numbers appear at the nodes on Figure 12.2. 

If the call’s time 0 value differs from its arbitrage-free value 
.001983, an arbitrage opportunity exists. The arbitrage opportu- 
nity involves creating the synthetic call. If the market price for the 
call exceeds .001983, short the traded call and hold the synthetic. 
Conversely, if the market price for the call is less than .001983, buy 
the traded call and short the synthetic. 
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To calculate the synthetic-call portfolio holdings in the money 
market account (n,(t;s,)) and the 4-period zero-coupon bond (n,(ts,)), 
we use the delta approach of method 2 in Chapter 8. These calcula- 
tions are as follows: 

At time 1, state u: 


"m C(2;uu)—C(2;ud) _ 0.006826—-0 

> P(2,4:uu)—P(2,4;ud) 0.967826 — 0.960529 

= 0.935485 
C(1;u) —- n, (5u)P(L Gul 
no(l;u) = 
Op 
_ 0.003354—(.935485)0.947497 _ ¿09 
1.02 
At time 1, state d: 

(ide C(2;du)—C(2;dd) _ 0.001414-0 

+ P(2,4:du)— P(2,4;dd) 0.9621414— 0.953877 

= 0.165637 
1;d)—n,(1;d)P(, 4; 
mota) = C md) PCL 4d) 
PO) 
_ 0.000692—(.165637)0.937148 _ ¿1505 
1.02 
At time 0: 
yo C(;u)-C(ld) _ 0.003354—0.00692 
` P(1,4;u)—P(1,4;d) 0.947497 — 0.937148 
= 0.257295 
adi C(0) —n,(0)P(0,4) _ 0.001983-—(.257295)0.923845 
i B(0) 1 
= —235718 


These portfolio holdings are given on Figure 12.2 under each node 
in the tree. 
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We see that a synthetic call consists of a short position in the 
money market account and a long position in the 4-period bond. 
These positions change across time and across states. 

For this one-factor economy, it is also possible to create the syn- 
thetic call using the 3-period bond, because any zero-coupon bond 
and the money market account complete the market (prior to the 
zero-coupon bond's maturity). 

The calculations follow similarly and are briefly recorded. Let the 
synthetic call positions using the money market account and the 
3-period zero-coupon bond be denoted by (n,(ts,),n;(ts,)). They are 
calculated as follows: 

At time 1, state u: 


C(2;uu) — C(2; ud) 
P(2,3;uu) - P(2,3;ud) 


0.006826 — 0 


n3(1;u) = 


= = 1.622534 
0.984222 — 0.980015 
C(l;u) -n (l; u)P(L3;u) 
m(l;u) = 
BUD) 
pe 0.003354 — (1.622534)0.965127 = 1.531958 
1.02 
At time 1, state d: 
"s C(2;du)—C(2;dd) _ 0.001414-0 
SE P(2,3;du)— P(2,3;dd) | 0.981169 —0.976147 
= 0.281561 
mid) = C m 5d) PCL 3d) 
B(1) 
_ 0.000692 — (.281561)0.957211 — 263550. 
1.02 
At time 0: 
C(1;u) - C(l; d) 0.003354 — 0.00692 
n3(0) = = 


P(L3;u)—P(1,3;d) 0.965127 —0.957211 
— 0.336281 
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C(0) —n3(0)P(0,3) _ 0.001983 —(.336281)0.942322 
B(0) 1 


= —.314902 


no(0) = 


These holdings differ from those calculated for the 4-period zero- 
coupon bond. In general, a larger number of the 3-period bonds are 
needed to generate the synthetic call. 

The calculation of the option’s delta in terms of the 3-period zero- 
coupon bond could have been done differently. Note that 


P(t +1,4;s,u) — P(t +1,4;s,d) 
n3(tss;) = n4(ts se) 
P(t +1,3;s:u)— P(t- 1,3; sed) 
In words, the option's delta in terms of the 3-period bond equals 
the option's delta in terms of the 4-period bond n,(0) multiplied 
by the delta of the 4-period bond in terms of the 3-period bond 
For example, 


ns(0) = «(^ (1.451) PQ, 2 


P(1,3;u)— P(1,3;d) 


0.947497 — 0.937148 
0.965127 — 0.957211 


= 0257285 E 0.336281. 


The procedure for recalculating the option's delta in terms of a 
different underlying asset discussed in the previous example gen- 
eralizes. It can be used, for example, to hedge the call option using 
another traded option or a futures contract. The choice of the under- 
lying asset for use in the hedge is often determined by liquidity 
considerations, which are not formally addressed in the frictionless 
market model above. This completes the example. [7] 


12.3 AMERICAN OPTIONS ON COUPON BONDS 

This section illustrates the valuation procedure for American options by 
valuing an American call option on a coupon bond. Pricing an American 
call option on a zero-coupon bond is not instructive because both 
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American and European call options on a zero-coupon bond have identi- 
cal values. This follows from expression (12.5) above because an American 
call option on an underlying asset with no cash flows will never be exer- 
cised early. 

Here I will illustrate the American option valuation approach with an 
example. 


Example: American Call Option Valuation 


Consider the coupon bond analyzed in Chapter 11. For convenience, 
its cash flows are provided in Table 12.2. This coupon bond pays a 
coupon of 5 dollars at times 2 and 4 and a principal repayment of 100 
dollars at time 4. The coupon bond's price is denoted by 8(t). 

We assume that the zero-coupon bond price curve evolves as in 
Figure 12.1. This is an arbitrage-free evolution. 

Using the risk-neutral valuation procedure, the coupon bond 
price’s evolution is computed (in Chapter 11) and given in Figure 12.3. 

Consider an American call option on this coupon bond with 
a strike price of 101 and expiration date 2. The American feature 
implies that the option can be exercised at any date prior to expira- 
tion. Because of the discrete nature of this model, we need to make an 
assumption concerning the timing of early exercise and the receipt 
of the bond’s coupon. We assume that if the option is exercised at 
time f, the option holder receives the next coupon payment at time 
t+1, not the time t payment. Any other convention concerning the 
timing of early exercise and the receipt of the coupon payment could 
be easily handled using an adjusted version of the following method- 
ology. This assumption is a good approximation to actual practice. 

We value the American option using risk-neutral valuation, by 
backward induction. The only complication is that at each node in 
the tree, besides valuing the future cash flows, we need to determine 
whether early exercise is optimal. This turns out to be a simple cal- 
culation. The argument is best illustrated by doing it! 


TABLE 12.2 An Example of a Coupon Bond 


0 1 2 3 4 
E MM Time 
Price B(0) $5 $5 


Coupon 
Principal $100 
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103.4566 —p 100 
(98.1006,0) Coupon = 5 


101.6218 
Coupon = 5 
(.000067,105) 


103.0050 —— 100 
(97.7103,0) Coupon = 5 


103.1579 —— 100 
(97.3992,0) Coupon = 5 


104.4006 
(4.81516,105.002) 


1.017606 


100.8556 
Coupon = 5 
(-.001925,105.002) 
102.6667 | — — 100 
(96.9354,0) Coupon = 5 


101.8096 


(2.7567,107.218) 


103.2291 —— 100 
(97.1231,0) Coupon = 5 


1/2 


102.7568 ——» 100 
(96.6787,0) Coupon = 5 


102.8864 — 100 
(96.3052,0) Coupon = 5 


103.2910 
(4.79273,105.002) 


100.1571 
Coupon = 5 
(-.010209,105.0112) i 


102.3227 ——— 100 
(95.7775,0) Coupon = 5 


0 1 2 3 4 


FIGURE 12.3 The Evolution of the Coupon Bond’s Price for the Example in 
Table 12.2. The Coupon Payment at Each Date Is Indicated by the Nodes. The 
Synthetic Coupon-Bond Portfolio (n)(t;s,), n4(t;s)) in the Money Market Account 
and 4-Period Zero-Coupon Bond Are Given under Each Node. 


By the backward induction, at the maturity date 2, the American 
call’s value is: 


A(2; uu) = max(8(2;uu) —101,0) = max(101.6218 —101,0) = 0.6218 
A(2; ud) = max(B(2;ud) -101,0) = max(100.8557 —101,0) 2 0 
A(2; du) = max(B(2;du) —101,0) = max(101.0535 —101,0) = 0.0535 
A(2;dd) = max(B(2;dd) — 101,0) = max(100.1571—101,0) 2 0 


These numbers are tabulated in Figure 12.4. 
At time 1, state u: 
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max[101.6218-101, 0] = .6218 


max(.305506,104.4006-101) = 3.4006* r(1;u) = 1.017606 


max[100.8557-101, 0] =0 
1/3 


max(2.79,101.8096-101) =2.79{ r(0) = 1.02 
(-99.0196,1) 


1/2 max[101.0535-101, 0] = .0535 


max(.026151,103.2910-101) = 2.2910* r(1;d) = 1.022406 


max[100.1571-101, 0] 2 0 
time 0 1 2 


FIGURE 12.4 An Example of an American Call Option’s Values with Constant 
Strike Price K=101 and Maturity Date 2 on the Coupon Bond of Table 12.2. 
The Synthetic American Call Option’s Portfolio in the Money Market Account 
(ny(t;s)) and the Coupon Bond (n,(t;s,)) is Given under Each Node Where 
Relevant. The Symbol “*” Means That It Is Optimal to Exercise at the Time and 
State Identified. 


(1/2)A(2; uu) + (1/2)AQ; ud) 
r(1;u) 


A(1;u) = max EE 


IA 


,104.4006 —101 
1.017606 


= max(0.305506, 3.4006) = 3.4006 


In valuing the American call at time 1 in state u we compare two 
values. The first, 


(1/2)A(2;uu)+(1/2)AQ;ud) 
r(1;u) 


is the value of the call if it remains unexercised. This can be under- 
stood by recognizing that this quantity is a present value. It repre- 
sents the present value of the future cash flows (and value) of the 
option, i.e., the value if not exercised. The second term, 


B(1;u)—-101 
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is the value of the call if exercised. It is the value of the coupon bond 
less the strike price. The optimal decision is that which provides the 
largest value (hence the max”). 

This valuation implies that early exercise is optimal at time 1, 
state u giving a value of 3.4006. The synthetic call at time 1, state 
u, therefore, really does not exist, for it consists of zero units of 
the money market account and one coupon bond. Note that if the 
American call is not exercised, the holder loses (significant) value 
at time 2. It goes from 3.4006 to either .6218 if u occurs or 0 if d 
occurs. 

At time 1, state d: 


(1/2)A(2;du)+(1/2)A(2;dd) 
r(l;u) 


Alisa) = max 20-101) 


(AA 


,103.2910 -101) 
1.022406 


= max(0.026151,2.2910) =2.2910 


Again, early exercise is optimal at this node. The synthetic call at 
time 1, state d consists of zero units of the money market account 
and one unit of the coupon bond purchased at K=101 dollars. Ifthe 
American call is not exercised, it loses (significant) value at time 2. It 
goes from 2.2910 to either .0535 if u occurs or 0 if d occurs. 

Finally, at time 0: 


O CPAD ADAGA am 10] 
r(0) 
_ max { 224006401222910 101.8096-101) 


= max(2.79,0.8096) = 2.79 


Here it is optimal not to exercise the call, giving the call a value of 
2.79. 

To create the synthetic American call at time 0, we hold n(0) 
units of the money market account and n.(0) units of the coupon 
bond determined as follows: 
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| A(bu)-A(hd)  3.4006-2.2910 _ 
G(lju)- d(l;d) 104.4006 103.2910 
A(0)-n.(0)8(0) 2.79—1(101.8096) - 


no(0) = = 99.0196 
o(0) B(0) : 


n,(0) 


One needs to purchase the coupon bond (n,(0) = 1) and short -99.0196 
units of the money market account. The reason one buys one unit of 
the coupon bond is that the option is exercised for sure at time 1. 
Consequently, holding the option at time 0 is equivalent to holding 
the coupon bond, but paying for it at time 1! 

Two observations about these calculations need to be made. First, 
the numerator in n,(0) contains the values for the option at time t+ 1 
under the optimal decision selections, which in this case is exercising 
in both the up and the down states. Second, the denominator in n,(0) 
is the difference in the value of the coupon bond at time 1. There is no 
coupon payment at time 1. This completes the example. [7] 


Given the previous example, we now provide the more formal and 
abstract analysis. 

Coupon bonds were analyzed in Chapter 11. An arbitrary coupon bond 
can be represented as a sequence of known cash flows C, C,,..., Cy at times 
0<1<2<...< T <7, with an arbitrage-free value given by the risk-neu- 
tral valuation expression 


T 
a) = Y CPi. (12.13) 
i=t+1 
By convention, the time t price of the coupon bond does not include the 
coupon payment made at time t, C, It represents the price ex-coupon. 

For use in future applications, we study a more complex American call 
option than that given in the example. Here we analyze an American call 
option whose strike price can change across time. This is a slight gener- 
alization of the traditional definition of an American call. In this regard, 
we let the strike price be K; dollars if the option is exercised on date i with 
t<i <r*. The option’s expiration date is t* < T. For this option, the exercise 
price K; changes across time according to this predetermined schedule. 

The American feature implies that the call option can be exercised at 
any date prior to expiration. Because of the discrete nature of this model, 
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we need to make an assumption concerning the timing of early exercise 
and the receipt of the bond’s coupon. We assume that if the option is exer- 
cised at time f, the option holder receives the next coupon payment at time 
t * 1, Cap not the time t payment, C, Any other convention concerning 
the timing of early exercise and the receipt of the coupon payment could 
be easily handled using an adjusted version of the following methodology. 
This assumption is a reasonable approximation to practice. 

The value of the American call at time t, under state s, is denoted by 
A(t). To value this option, we use backward induction. We start at the expi- 
ration date of the option, time t*, and work backward in time, valuing the 
option at each intermediate date until we reach time t. 

Let's begin. At the expiration date 7* the American call's value, if not 
exercised before that date, is 


A(T')= max(8(t) - KOL (12.14) 

At time 7*- 1, the value of the American option if not exercised is 
E. (AG )/r(v - 1). 
This represents the present value of the future payments on this option. 
This time t*—1 value does not include the coupon payment at time t*, 
since B(T”) is the ex-coupon price of the bond. If it is exercised, its value is 
ët -2)-K,. ,. 

This exercised value includes within the bond's price the present value of 
the coupon payment received at time t*, C... It does not include the cou- 
pon payment at time t*— 1 because to get that payment, the option had to 


be exercised at time 1*-2. 
The time T*- 1 value of the option is the largest of these, i.e., 


A(t" —1) = max| E, (AG )/r( -1), B -0-K. ,] (2.15) 
Continuing, moving backward to time t*— 2, the value of the option is 


A(t" —2) = max| E, „(Ar -1))/r(v" -2), 80" -2)-K, ,]. (12.16) 
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By induction, 
A(t) = max(E£,(A(t+1))/r(t), BO) - K; ). (12.17) 


The synthetic American call option is obtained by duplicating the optimal 
exercise value as implicitly indicated in expression (12.17). 

The above procedure for valuing the American call option is called 
stochastic dynamic programming. It is the standard procedure used for 
solving the American option valuation problem discussed in Chapter 9. 
Stochastic dynamic programming simultaneously determines both the 
optimal exercise policy and the maximum value of the option as indicated 
in the above derivation. A good introductory reference to the mathemat- 
ics underlying this technique can be found in Bertsekas and Shreve [1]. 

In the definition of the American call option given above, we allowed 
for an exercise price that changes across time, {K; for t € i € 1*). This for- 
mulation includes two special cases worth mentioning. 

The first is the typical American call option, in which the exercise price 
is a fixed constant K for all times, i.e., K;- K for all i. We studied this case 
in the preceding example. 

The second case is a delayed-exercise American call option, in which 
exercise cannot occur prior to some future date T,,» t. Exercise can occur 
only between time T,, and the expiration date of the option, at time t*. The 
exercise price between these dates can change and is given by the schedule 
IK; for T, € i € 7j. This delayed-exercise American call option is a special 
case of the previous formulation. Indeed, to see this, let the exercise sched- 
ule for the entire life of the option {K; fort € i € 7%) be given by 


. K;2M for t<i< Ta 
Delayed exercise schedule = e for T, <i<t (12.18) 
where M is selected to be a very large number, say 10° >> C+. 

Under this schedule we get the delayed-exercise American call. 
Technically, although the American call option under expression (12.18) 
allows exercise prior to time Tẹ it will never be optimal to do so. This 
is seen by examining expression (12.17). The maximum on the right side 


* [n the notation of Chapter 9, the stochastic dynamic programming technique jointly determines 


the maximum a’ € A and the value under this a of X E, ES ) 
Fi H 


B(0). 
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of expression (12.17) is always E, (A(t+1))/r(t) prior to time T, because 
prior to time T,, B(t)— K is a large negative number and E, (A(t -1)/ r(t) 
is always nonnegative. 

In summary, under the delayed exercise schedule (12.17), the American 
call option of expressions (12.14) - (12.17) is the delayed-exercise American 
call option. This delayed-exercise American call option is important in 
applications because it relates to the valuation of callable coupon bonds. 
This is discussed in the next section. 


12.4 CALL PROVISIONS ON COUPON BONDS 


This section studies the pricing and hedging of callable coupon bonds. 
Without specifying a particular evolution for the term structure of inter- 
est rates, it is first shown that a callable coupon bond is equivalent to 
an ordinary coupon bond plus a written delayed-exercise American call 
option on the ordinary coupon bond. Specifying a particular evolution, 
however, enables one to apply the techniques of Chapter 10. 

We define a callable coupon bond to be any financial security with the 

following structure. It is similar to an ordinary coupon bond, but with an 
early retirement or payback provision that the issuer can invoke. This ear- 
lier payback provision is said to be a "call" provision. The callable coupon 
bond pays known cash flows of C,, C,, ... C; dollars at times 0 € 1X2 € 
...€ T <T , where T is the maturity date of the bond. However, each cash 
flow is paid only if the bond is not retired (called) earlier than the payment 
date. The bond can be retired (called) under the following conditions. 
First, it cannot be called prior to time T,,. The bond is said to be call pro- 
tected for T,, years. Second, between times T,, and the maturity, time T, it 
can be retired only at a cost of K, dollars for 0 < t € T- 1. The cost schedule 
is allowed to change with time. After the bond is retired, no future cash 
flows are paid. This completes the description. 
Thus, at the discretion of the entity issuing the bond, the callable bond 
can be retired at any time t for T,, < t< T— 1 ata cost of K, dollars. Retiring 
the bond at time t saves the entity the future cash flows of Cpp Cu .... Cr 
dollars, and this may be optimal if interest rates fall (relative to the time 
the bond was issued). 

To value the callable coupon bond, we need to know the optimal call 
policy of the entity issuing the bond. To determine this, we assume that 
the objective of the entity issuing the bond is to minimize its liability; 
i.e., it desires to minimize the value of the callable coupon bond. Given 
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this objective, we can use the stochastic dynamic programming approach 
introduced in the previous section to value and hedge this bond. 

Prior to this demonstration, however, we need to define two other 
financial securities. First, consider an ordinary (noncallable) coupon bond 
with the identical cash flows C,, C», .... Cp and maturity date T as the call- 
able coupon bond. From Chapter 11, we know that the price of this coupon 
bond at time t is given by 


T 
B(t) = 2 C,P(Li) (12.193) 
Or 
B(t) = E,(B(t+1)+C,4:)/r(t) where &(T) — 0. (12.19b) 


Note that B(T) = 0 because this represents the value of the bond, ex-cou- 
pon, at time T after all coupons and principal are repaid. 

Second, consider a delayed-exercise American call option with expira- 
tion time T- 1 on the ordinary coupon bond in expression (12.19). Let 
the exercise period start after time T, and let the exercise price schedule 
be {K, for T, «t€ T- 1j. This delayed-exercise American call option was 
valued in the previous section, and its value is given by 


A(t) = max(E,(A(t+1))/r(t), &(t) Kl (12.20) 
where 
A(T —1) = max(8(T —1) — Ky_,,0). 


In both expressions (12.19) and (12.20), the expectations are taken with 
respect to the pseudo probabilities from either a one-, two-, or N> 3-factor 
economy. 

Let us denote the value of the callable coupon bond at time t as D. 
This bond's price is ex-coupon. 

It is intuitive that the callable coupon bond DO is equivalent to an ordi- 
nary coupon bond &(t) less an American call option A(t) written on the 
ordinary coupon bond, i.e., 


D(t) = &(t) — A(t). (12.21) 
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The American call option is sold (or written) because the issuer of the call- 
able bond, not the holder, has the option to buy the bond back. The option 
to buy is a call. It is American since it can be exercised at any time after the 
protection period. 

Given this decomposition of the callable bond, synthetically construct- 
ing the callable bond is straightforward. To construct a synthetic callable 
coupon bond, one needs to buy an ordinary (noncallable) coupon bond 
with the same characteristics and to short a delayed-exercise American 
call option on this ordinary coupon bond. If these do not trade, one can 
construct the synthetic callable coupon bond by synthetically construct- 
ing both the ordinary coupon bond (as described in Chapter 11) and the 
delayed-exercise American call option on this ordinary coupon bond (as 
described in the previous section). These constructions require a specific 
model for the evolution of the term structure of interest rates. Because 
examples of these constructions have been provided earlier in the text, 
no additional examples are provided here. This completes the discussion 
of callable coupon bonds except for the formal derivation of expression 
(12.21). This formal derivation follows. 

Proof. The proof of expression (12.21) proceeds by backward induction. 
Starting at time T, the value of the callable coupon bond, if not called ear- 
lier, equals its value after the last cash payment, i.e., 


D(T) - 0. (12.222) 
Using expression (12.19b), we can rewrite this as 
D(T)= B(T). (12.22b) 


At time T- 1, according to the risk-neutral valuation procedure, the value 
of the callable coupon bond is 


D(T-D= min(Er(D(T) FO r(E — D, Ks ) (12.233) 


This follows because the entity issuing the bond will retire it if K} is less than 
the value of the future cash flows if not retired (Ez. ,(D(T) - Cz) / r(T —1)). 
The coupon payment at time T- 1 is already owed, and it is paid regardless 
of the retirement decision at time T- 1. Thus, it does not appear in this 
expression. 
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We perform some algebra on (12.233). Substitution of (12.22a) gives 
D(T -1) = min(Er(@(T)+Cr)/r(T-1),Kra).  (12.23b) 
Next, using expression (12.19) yields 
D(T—-1)=min[8(T —1), Kra. 
But this can be written as 
D(T -1) = B(T - 1) - max(&(T —1) - Kz.,,0). 
Finally, using expression (12.20) gives 
D(T-1-294(T-1)- A(T -1). (12.23b) 
Expression (12.23b) shows that at time T-1, the callable coupon bond 
(D(T-1) is equivalent to an ordinary coupon bond (B(T —1)) less a 
delayed-exercise American call option on the ordinary coupon bond 
(A(T - 1)). Continuing backward to time T - 2, 
D(T -2) = min(Er 4 (D(T -1)+ Cr) / r(T -2),Kr-2). (12.24a) 


We want to transform this expression to one similar to (12.23b). First, sub- 
stitute (12.23b) into expression (12.24a) to obtain 


Dr-2- min Ëra(BT-D+Cra) _ Éra(AT-D+Cra) SÉ 


r(T —2) r(T —2) 
Using expression (12.19) yields 


D(T-2)- in cr 2) Fr-2(A(P—1)+ Cra) „Kra } 


r(T —2) 
Algebra gives 


D(T-2)- &(T -2) -ma( acr jeke ATU e=) 


r(T-2) 
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Finally, using expression (12.20) gives 
D(T —2) = &(T —2)— A(T —2). (12.24b) 


Continuing backward in a similar fashion, at time t we get 


D(t) = min([ E, (D(t +1))+ Cen Lok.) (12.25a) 
where D(T) =0, or 
D(t) = &(t)- A(t). (12.25b) 


Expression (12.25b) shows that the callable coupon bond (D(t)) is equiva- 
lent to an ordinary coupon bond (B(t)) less a delayed-exercise American 
call option on the ordinary coupon bond (A(t)). This result is independent 
of any particular evolution of the term structure of interest rates. This 
completes the formal proof. 
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CHAPTER 13 


Forwards and Futures 


HIS CHAPTER APPLIES THE general derivative pricing theory of 

Chapter 10 to forward contracts, futures contracts, and options on 
futures. Under stochastic interest rates, we will show that forward and 
futures contracts are distinct securities and that forward and futures 
prices are (usually) different quantities. The material in this chapter was 
motivated by the original insights of Cox, Ingersoll, and Ross [2] and of 
Jarrow and Oldfield [6]. 

It will be shown herein that the differences between forward and 
futures contracts are solely due to the differences in the timing of the 
cash flows from the two contracts. Although the cash flows occur at dif- 
ferent times, the total cash flows received on both contracts are the same. 
Futures contracts receive cash flows every day due to marking-to-mar- 
ket, while forward contracts receive a cash flow only on the delivery date. 
Hence, understanding the differences in these two contracts is equiva- 
lent to understanding the reinvestment risk of random cash flows under 
stochastic interest rates. But, this is just a restatement of the canonical 
problem studied in Chapter 10 - determining the present value of random 
cash flows given stochastic interest rates. Hence, understanding the differ- 
ence between forward and futures contracts is equivalent (conceptually) 
to understanding how to price interest rate derivatives. 

This distinction between forward and futures contracts is not uni- 
formly understood. There are still textbooks available that confuse these 
two contacts. One contract cannot be used (in a simple fashion) to arbi- 
trage the other, contrary to occasional practice. Forward and futures con- 
tracts are different; therefore, synthetic forward and futures contracts will 


231 


232 m Modeling Fixed Income Securities and Interest Rate Options 


be constructed differently. Forward contracts can be constructed via buy 
and hold trading strategies, while futures contracts (in general) cannot. 
These distinctions and others will be clarified in this chapter. 

The futures contracts analyzed here are simplified versions of the 
exchange-traded futures contracts (see Chapter 2). We simplified these 
contracts to facilitate understanding. References are provided at the end of 
the chapter for an analysis of the more complex exchange-traded Treasury 
futures contracts. 


13.1 FORWARDS 


We consider the simplified forward contract as defined in Chapter 4. 
Recall that this forward contract is issued on a T,-maturity zero-coupon 
bond with delivery date T, where T; € T; . The time t forward price on this 
contract is denoted by F(t,T;:T,). The purpose of this section is to use the 
contingent claim valuation methodology of Chapter 10 to give an alterna- 
tive characterization of the forward price. 

Given there are no arbitrage opportunities and markets are complete, 
the subsequent analysis proceeds independently ofthe particular economy 
(with one, two, or N23 factors) studied. We use the risk-neutral valuation 
approach to value the forward contract. Unlike the previous chapters, this 
chapter proceeds by first studying the general case, rather than an exam- 
ple. This is done due to the simplicity of the analysis. An example follows 
the general analysis. 

Consider the forward contract on the T,-maturity zero-coupon bond 
with delivery date time T, and initiated at time t. Let v(t) denote the value 
of this forward contract at time t. 

To value this forward contract using the risk-neutral valuation proce- 
dure, we take the expected time T, payoff to the forward contract, using 
the pseudo probabilities, and discount it to the present. 

In this regard, the time T| payoff is 


P(T,,T,)—F(t,T,:T,). 


This represents the price of the underlying T,-maturity zero-coupon bond 
less the initial forward price on the contract. Applying the risk-neutral 
valuation formula gives 


- (PARLA aa), (13.1) 


Wes B(T) 
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Recall that by market convention, the forward price F(t,T,:T,) is deter- 
mined such that at initiation, the forward contract has zero value; i.e., no 
cash exchanges hands. Thus, the forward price is determined by setting 
expression (13.1) equal to zero; i.e., 

the forward price F(t,T,:T,) is determined such that 


- ee 


B(T) po i 


We now solve this equation. First, separating the various components we 
can rewrite this equation as: 


T P(T,, T) LE F(t, T: 2) = 
El B(T) ES &( B(T) IEN (13.2) 


But, we know from Chapter 9 that the underlying T,-maturity zero-cou- 
pon bond’s price is its expected value at time T, discounted to the present, 


_ 2 P(T,, T) 


Similarly, the T,-maturity zero-coupon bond's price is its expected payoff 
at time T, discounted to the present, 


"AE 
P(t,T,) = E, EET 


We also know that F(t, T:T,) isa constant at time t. Combined, these facts 
imply that expression (13.2) can be rewritten as: 


Rearranging terms gives the desired result: 


F(t,T:T,)= o hy (13.4) 


The time t forward price with a T, expiration date contract on the T,- 
maturity zero-coupon bond is the ratio of the two relevant zero-coupon 
bond prices. 
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This expression is easy to understand if one recognizes the ratio 1/P(t,T,) 
as the time T, future value of a dollar received at time t. Then expression 
(13.4) can be interpreted as the future value at time T, of the T,-maturity 
zero-coupon bond - hence, a forward price. 

As an aside, from this expression we can obtain a relation between for- 
ward prices and forward rates: 


P(t,T +1) 


F(t,T:T+1)= PET) 


=1/f(t,T). 


The forward price of a zero-coupon bond that matures at time T+1, one 
period after the forward contract's expiration date T, is the inverse of the 
time t forward rate for the same period [T,T + 1]. This result makes sense 
since both quantities correspond to contracting today for a future date, 
and F(t, T:T+ 1) is a price, while f(t,T) is a rate. 

The self-financing trading strategy that synthetically replicates a for- 
ward contract is easily determined. The synthetic forward contract is 
constructed with what is called a “cash and carry” strategy. The cash and 
carry strategy is to buy the spot (cash) commodity and carry (hold) it until 
the delivery date of the contract. The details of this strategy are (i) buy and 
hold until time T, the T,-maturity zero-coupon bond and (ii) sell and hold 
until time T, the number F(t,T,:T,) units of the T,-maturity zero-coupon 
bond. 

The time T, cash flows to this strategy are given in Table 13.1. The first 
row gives the payoff to the traded forward contract, P(T;,T;) - F(t,T;:1;).. 
The second set of rows gives the payoff to the synthetic forward contract. 
The first gives the payoff to holding the underlying T,-maturity zero-cou- 
pon bond. The second gives the payoff to selling F(t,T,;T,) of T,-maturity 
zero-coupon bonds. The sum duplicates the forward contract’s cash flows. 
This completes the proof. 


TABLE 13.1 Cash Flows to a Cash and Carry 


Trading Strategy 

Time T, Cash Flows 
Forward Contract P(T,,T>) - F(t,T,:T,) 
Synthetic Forward 
Buy T,-maturity bond P(T,,T) 
Sell F(t,T,:T,) -F(t, T,:T,) - 1 


T,-maturity bonds 
SUM P(T,,T,) - F(t, T:T;) 
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Note that after the initiation date, the forward contract can have non- 
zero value. Indeed, at a subsequent date t « m <T, the forward contract's 
value, denoted by v(m), is 


Ps) BEER :T,) 
B(T) 


v(m) = ei Ju: P(m,T,)— F(t, T,:T; )P(m, T,) 
(13.5) 
which can differ from zero. 
Example: Forward Price and Forward Contract Values 


We illustrate the use of the valuation expressions (13.4) and (13.5) 
with an example. 

Let the evolution of the zero-coupon bond price curve be as given 
in Figure 13.1. This is the same evolution as in Figure 10.1; hence, we 
know that the evolution is arbitrage-free. 

Consider a forward contract with expiration date 2 on the 3-period 
zero-coupon bond. 

Using the formula for the forward price given in expression (13.4), 
we compute the time 0 forward price to be: 


F(0,2:3) = P(0,3)/P(0,2) = .942322/.961169 = .980392. 

The same formula generates forward prices at times 1 and 2 to be: 
F(1,2:3;u) = P(1,3;u)/P(L, 2;u) = .965127/.982699 = .982119 
F(1,2:3;d) = P(1,3;d)/P(1,2;d) = .957211/.978085 = .978658 

F(2,2:3; uu) = P(2,3; uu) = .984222 
F(2,2:3; ud) = P(2,3; ud) = .980015 
F(2,2:3; du) = P(2,3;du) = .981169 


F(2,2:3;dd) = P(2,3;dd) = .976147. 
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FIGURE 13.1 An Example of a One-Factor Bond Price Curve Evolution. The 
Money Market Account Values and Spot Rates Are Included on the Tree. Pseudo 
Probabilities Are Along Each Branch of the Tree. 


These values are listed in Figure 13.2. 

The value of the forward contract can now be determined. There 
are two approaches. One, we could use the second formula in expres- 
sion (13.5). This just involves knowledge of the zero-coupon bond 
price evolution in Figure 13.1. Two, we could use the risk-neutral 
valuation approach, the first formula in expression (13.5). We choose 
the later. 

The value of the forward contract at time 2 is the spot price of the 
3-period zero-coupon bond at time 2 less the agreed-upon purchase 
price. 


v(2;uu) = P(2,3;uu) — F(0, 2:3) 2.984222 —.980392 = .003830 


Forwards and Futures m 237 


F (2,2: 3; uu) = .984222 
v (2; uu) = .003830 


1/2 
F (1,2: 3; u) 2.982119 r(1; u) = 1.017606 
1/2 v (1; u) 2.001696 
1/2 
F (0,2: 3) 2.980392 / F (2,2: 3; ud) = .980015 
v(0)=0 r(0) = 1.02 v (2; ud) = —.000377 


F (2,2: 3; du) = .981169 
1/2 N F (1,2: 3; d) =.978658 1/2 y (2; du) =.000777) 


v (1; d) = —.001696 mE 
r(1;d) = 1.022406 


YES F(2,2:3; dd) = 976147 


v (2; dd) = —.004245 
time 0 1 2 
FIGURE 13.2 An Example of a Forward Contract Initiated at Time 0 on a 


3-Period Zero-Coupon Bond. The Forward Contract Expires at Time 2, with 
Value (v(t;s,)) and Forward Price (F(t,2:3;s,)). 


v(2;ud) = P(2,3; ud) — F(0,2:3) = .980015 —.980392 = —.000377 
v(2;du) = P(2,3;du) — F(0,2:3) = .981169 —.980392 = .000777 
v(2;dd) = P(2,3; dd) — F(0,2:3) = .976147 —.980392 = —.004245 


The value of the forward contract at time 1 is obtained via the risk- 
neutral valuation procedure: 


vu) = £, (v(255,))/r(1 u) 
=|(} 1 ).003830-+( 14 \(- 000377) |/1.017606 = .001696 
v(1;d) = E, (v(2s2))/r(1; d) 


=[(% 4,000777 +( 34 )(- 1004245) |/1.022406 = 001696 
0: 


Finally, at time 


v(0) = E, (v(135,))/r(0) = [(14).001696+ (14)(-.001696) |/1.02 =0. 


The forward contract has zero value at initiation as it should. 
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The reader should verify that the values for the forward contract 
in Figure 13.2 satisfy the last equation in expression (13.5). Note also 
that in this example, the forward price changes over time and the 
forward contract's value changes over time with both positive and 
negative values. 

Figure 13.3 illustrates these computations for a different forward 
contract initiated at time 0 with expiration date 3 on a 4-period zero- 
coupon bond. These calculations are left to the reader as an exercise. 
This completes the example. [ 


13.2 FUTURES 


We consider the simplified futures contracts as defined in Chapter 4, 
which are issued on a T;-maturity zero-coupon bond with expiration date 
T. The futures price was denoted by F(t,T,;T,). The purpose of this sec- 
tion is to use the contingent claim valuation methodology of Chapter 10 to 
give an alternative characterization for the futures price. 

Given there are no arbitrage opportunities and complete markets, the 
subsequent analysis proceeds independently of the particular economy 
(with one, two, or N23 factors) studied. As in the previous section, we 
present the general case before discussing an example. This is due to the 
fact that the general analysis is simple enough to grasp by itself. 

Consider the futures contract on the T,-maturity zero-coupon bond 
with delivery date time T, and initiated at time t. By market convention, 
the futures price for this contract is determined such that the futures con- 
tract has zero value at initiation. Furthermore, marking-to-market guar- 
antees that the futures contract also has zero value at each intermediate 
date over the contract's life. This is in contrast to the forward contract that 
can have nonzero value at intermediate dates. 

To determine the futures price, we proceed in a backward-inductive 
fashion, using both the risk-neutral valuation procedure and the payoff 
to the futures contract. For easy comparison with the derivation of the 
forward price, let us denote the value of the futures contract at time f to 
be V(t). We know by market convention, however, that V(t) = 0 for all t . 

At time T, — 1 the value of the futures contract is its discounted time T, 
payout. It is given by expression (13.6): 


P(h, 5)- FT -Li :T,) 
BT) 


| Ja 1). (13.6) 
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The market convention is that the futures price F(T, —1,T,:T,) is deter- 
mined such that the futures contract has zero value, i.e., 
the futures price F(T, —1,T,:T,) is determined such that 


s [pbi tT em 
T;-1 


BT) pa da 


We now solve for the futures price. Recognizing that the money market 
account's value B(T,) is known at time T, — 1, it can be moved outside the 
expectations operator. Then, multiplying both the left and right side of 
this expression by B(T,) removes it from the expression. Finally, note that 
the futures price at expiration is the spot price, i.e., F(T,,T, TD) = PMT). 
Substitution gives: 


Ena (r(1,7:;)- t (T -1T,:T,)) =0. (13.7) 
Given that F(T, —1,T,:T,) is known at time T,- 1, we get: 
(T, -1T:T,)= En, (F(1,,T,:T,)). (13.8) 
The time T; — 1 futures price is the time T, — 1 expectation of its time T, 
value using the pseudo probabilities. We next show that this result is true 
for all remaining time periods. 


Next, at time T, — 2, using risk-neutral valuation again yields: 


V(n -D-e[r(n -LT:5)- Fh -2,7:1)] 
B(T -1) 


V(T, -2)= SN ea 2). 


(13.92) 


The time T, - 2 value of the futures contract equals its expected time T; — 1 
value plus cash flow discounted. But, by market convention, the futures 
contract's value is always zero. So, we can rewrite expression (13.9a) as 
(13.9b). 


$e sn LT:T2)- F(T LEMI) er, gr. az 


B(T -1) 


The F(T, -2,T,:T,) that solves this expression is the time T, —2 futures 
price. 
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Because the money market account's value B(T,- 1) is known at time 
T, - 2, following the same algebra that obtained expression (13.8) yields 


F (T, -2,1:1;) = En (F(T, LEI (13.10) 


Continuing the same argument inductively backward in time generates 
our final result: 


F(t,T,:T,) = Ë, (F(t +1 T:T,)). (13.11) 


This says that under the pseudo probabilities, futures prices are martin- 
gales. This is an important result. It facilitates the computation of futures 
prices, and it gives the pseudo probabilities their fourth name: futures 
price martingale probabilities.* 

Using the law of iterated expectations (backward substitution), this 
martingale property implies that 


F(t,T,:T,)=E, (P(,,;)). (13.12) 


The futures price is the time t expectation of the underlying T,-maturity 
zero-coupon bond's price trading at time T,. This is an important result as 
it simplifies the computation ofthe futures price to just taking an expected 
value of the spot price at the delivery date using the pseudo probabilities. 
We illustrate this computation with an example. 


Example: Futures Price Computations 


Let the evolution of the zero-coupon bond price curve again be as 
given in Figure 13.1. This is the same evolution as in Figure 10.1; 
hence, we know that the evolution is arbitrage-free. 

To illustrate the determination of the futures price across time, 
consider a futures contract on a 3-period zero-coupon bond with 
delivery date time 2. 

By definition, at time 2, the futures price is the spot price, i.e., 


F (2, 2:3; uu) = P(2,3;uu) = .984222 


* Other names for these futures price martingale probabilities are risk-neutral probabilities, mar- 
tingale probabilities, and pseudo probabilities. 
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F(2,2:3;ud) = P(2,3;ud) = .980015 
F (2, 2:3;du) = P(2,3;du) = .981169 
F (2,2:3;dd) = P(2,3;dd) = .976147. 
Using expression (13.11), we obtain 
F(1,2:3;u) = [ (1/2).984222 + (1/2).980015] = .982119 
and 


F (1,2:3;d) = | (1/2).981169 + (1/2).976147 | = .978658. 


The time 0 futures price is 
F (0, 2:3) = [(1/2).982119 + (1/2).978658] = .980388. 


The futures price is seen to change randomly over time. These val- 
ues are depicted in Figure 13.4. The futures contract has zero value 
at each time and state. The cash flow paid out each period, due to 
marking-to-market, is also indicated below each node. The cash flow 
at time f, state s, is the change in the futures price, i.e., 


F(t, 2:3; st) — F(t —1,2:3; st — 1). 


For example, at time 2, state uu, 
cash flow = F(2,2:3;uu) — F(1,2 : 3;u) = .984222 —.982119 = .002104. 


The cash flows at the up and down nodes should differ only in sign, 
because the expected value of the cash flow is zero. This can be veri- 
fied by examining Figure 13.4. 

To create a synthetic futures contract, we need to create the cash 
flows in Figure 13.4. The only difference between this procedure and 
what was previously done is that here we are duplicating cash flows 
instead of values. Otherwise, it is the same. 

The procedure for computing the synthetic futures contract is to 
use the delta approach. At time 1, state u we choose n,(1;u) units of 
the 3-period zero-coupon bond via 
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7(2,2:3;uu) = .984222 
cashflow = .002104 


1/2 
F(1,2: 3;u) = .982119 = 
1;u) = 1.017606 
cashflow = .00173 res 
(—946203,) 
1/2 
1/2 F (2,2:3; ud) = 980015 
F (0,2: 3) = .980388 cashflow = —.002104 
(—411963,.437178) r(0) = 1.02 


F(2,2: 3; du) = 981169 
1/2 cashflow = .002511 


1/2 F(1,2:3; d) = 978658 


cashflow = —.00173 r(1;d) = 1.022406 
(—.938442,1) 
F(2,2:3; dd) = .976147 


1/2 cashflow = —.002511 


time 0 1 2 


FIGURE 13.4 An Example of a Futures Contract with Expiration Date 2 on the 
3-Period Zero-Coupon Bond. Futures prices (F(t,2:3)) Are Given at Each Node. 
Pseudo Probabilities Are on Each Branch of the Tree. The Synthetic Futures 
Contract (n,(t;s,), n,(t5s)) in the Money Market Account and the 3-Period Bond 


Are Also Provided. 


cash flow(2;uu) — cash flow(2; ud) 
P(2,3;uu) — P(2,3;ud) 
. .002104 — (—.002104) _ 
.984222 —.980015 


and the position in the money market account is: 


n3(1;u) = 


No (1;u) = [0 —n; (1; u)P(,3;u) / BQ) 
= —1(.965127) /1.02 = —.946203. 


The first zero in the expression for n,(1;u) represents the value of the 
futures contract at time 1, state u. 
Continuing, at time 1, state d, 


cash flow(2; du) — cash flow(2; dd) 
P(2,3;du) - P(2,3; dd) 


__.002511—(—.002511) _ 
.981169—.976147 


n3(1;d) = 
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and 


No (1;d) = [0 — n; (l5; d) PQ, 3; d)]/ B0) 
= —1(.957211)/1.02 


= —938442. 
Finally, at time 0, 


cash flow(1;u) — cash flow(1;d) 
P(L3:u) - BL See? 
y .00173 —(—.00173) 
.965127 —.957211 
„437178 


n3(0)= 


and 


Ny (0) = 0 —n3(0)P(0, 3) 
= 0—(.437178)(.942322) 


= —411963. 


This completes the method for determining the synthetic futures 
contract. Note that the cost of forming this portfolio is: 


no (1;u)B(1) + n3 (1; u) PCL, 3; u) = —946203(1.02) + 1(.965127) = 0. 


This is the time 0 arbitrage-free value of the futures contract, as it 
should be! 

The futures prices for a 3-period futures contract on the 4-period 
zero-coupon bond are provided in Figure 13.5. The calculations are 
left to the reader as an exercise. This completes the example. [] 


13.3 THE RELATIONSHIP BETWEEN 
FORWARD AND FUTURES PRICES 


This section clarifies and formalizes the intuition given in Chapter 4 relat- 
ing forward and futures prices. We first demonstrate through an example 
that when interest rates are random, futures prices are (not equal to and) 
less than forward prices. This is due to the negative correlation between 
interest rates and futures prices on zero-coupon bonds. 
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Example: Relationship Between Forward and Futures Prices 


This example uses the forward contracts and futures contracts con- 
tained in Figures 13.2 through 13.5. 

The forward and futures prices for contracts with a delivery date 
of time 2 on a 3-period zero-coupon bond are given in Figures 13.1 
and 13.2. For comparison, these prices are listed in Table 13.2. 

We see that at the expiration date 2, forward prices, futures prices, 
and spot prices are equal. This is as it should be since this is true 
by the definition of the contracts. At time 1, forward prices equal 
futures prices. This is because 1 day before delivery, both contracts 
are identical. To find any difference, one must proceed at least 2 days 
before delivery. Finally, 2 days before delivery at time 0, the forward 
price (.980392) differs from the futures price (.980388). The forward 
price exceeds the futures price as was to be shown. 

Table 13.3 provides a comparison of forward and futures prices for 
contracts with expiration date 3 on the 4-period zero-coupon bond 
given in Figures 13.3 and 13.4. As before, both the time 2 and time 3 
forward and futures prices are equal. These correspond to the day before 
expiration and the expiration date of the contracts. However, prior to 
that date, forward and futures prices differ. At both earlier dates, futures 
prices are less than the forward prices. The differences at time 0 are 
greater than the differences at time 1. This completes the example. [7] 


We can now use the theory of the preceding sections to relate forward 
and futures prices. From expression (13.4), using the fact that 


"S PO) 
se1)-À( BL) eo. 


TABLE 13.2 A Comparison of Forward and Futures Prices for a 2-Period 
Contract on the 3-Period Zero-Coupon Bond. Spot Prices Are Also Included 


(Time, State) Forward Price Futures Price Spot Price 
0 .980392 .980388 „942322 
(1,u) .982119 .982119 .965127 
(1,4) „978658 .978658 „957211 
(2,uu) „984222 „984222 „984222 
(2,ud) 980015 .980015 .980015 
(2,du) .981169 .981169 .981169 


(2,dd) 976147 .976147 .976147 
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TABLE 13.3 A Comparison of Forward and Futures Prices for a 3-Period 
Contract on the 4-Period Zero-Coupon Bond. Spot Prices Are Also Included 


(Time, State) Forward Price Futures Price Spot Price 
0 -980392 -980383 „923845 
(1,u) .981733 .981729 .947497 
(1,d) .979041 .979036 .937148 
(2,uu) .983341 .983341 .967826 
(2,ud) -980117 -980117 -960529 
(2,du) -980886 -980886 -962414 
(2,dd) .977186 .977186 .953877 
(3,uuu) .985301 .985301 .985301 
(3,uud) .981381 .981381 .981381 
(3,udu) .982456 .982456 .982456 
(3,udd) .977778 .977778 .977778 
(3,duu) .983134 .983134 .983134 
(3,dud) .978637 .978637 .978637 
(3,ddu) -97987 .97987 .97987 
(3,ddd) .974502 .974502 .974502 
we obtain 


rta) A(Z) BE) ` 
POT) JPET) 


Consider the following property of expectations: if x and y are random 
variables, 


E(xy) = E(x)E( y)+cov(x, y) where cov(x, y) = E [ (Eo) y-K al 


Using this property yields 


Finn)» Ptr.) 1 Lä 


5(5))P(,5) 
(13.14) 
i 1 B(t) 
P(T,T;), 
E (Ti >) sief, 
Finally, using expression (13.12) gives 
l l 
F(t,T:T,)= F(T, :T; v| P(T,,T), e (13.15 
EE Anel (TT) aa ren Ge 
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The forward price equals the futures price plus an adjustment term. The 
adjustment term reflects the covariance between the T,-maturity zero- 
coupon bond's price and the spot rates over the time period [t, T,]. When 
this covariance is zero, forward and futures prices are identical. When the 
covariance is positive, forward prices exceed futures prices. The covariance 
is positive, in general, when interest rates are negatively correlated with 
zero-coupon bond prices. Expression (13.15) finally formalizes the simple 
intuition introduced in the discussion of futures contracts in Chapter 4. 
We note that this covariance term is zero, in general, only on the day 
before delivery at time T,- 1. At time T; — 1, expression (13.15) becomes 


= 1 1 
Fi =) P(T AT) eer PL), JL Sa 
17 AA 


(13.16) 


This last term is zero because 1/r(T, — 1) is not random when viewed at time 
T,- 1. Thus, on the day before the forward and futures contracts expire, 
the forward price equals the futures price. This makes sense, because on 
this day alone over the life of the contracts, the two contracts are guaran- 
teed to have identical cash flows. 


13.4 OPTIONS ON FUTURES 


This section analyzes the arbitrage-free valuation of options on futures. 
Let us consider a futures contract with delivery date T, on a T,-maturity 
zero-coupon bond with T, < T.. 

Next, consider a European call option on this futures contract. Let the 
European call option have a maturity date of t*< T, and an exercise price 
of K>0. By definition, the payoff to the option contract at maturity is 


max(F(t*,T,:T,)—K,0). 


If it finishes in the money, the call owner receives a cash payment equal to 
the futures price F(t*,T,:T,) minus the exercise price K. Otherwise, it has 
zero value. 

Using the risk-neutral valuation procedure and denoting the call’s value 
at time t as C(t), we obtain 


C(t) - E, (max(s(1*,7,:7,)-K,0) "pc lan (3.17) 
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This call can be created synthetically using any T-maturity bond with 
T» 7* and the money market account. It can also be created synthetically 
using the underlying futures contract and the money market account. 
This procedure is illustrated through the following example. 


Example: Options on Futures 


Let the evolution of the zero-coupon bond price curve again be as 
given in Figure 13.1. This is the same evolution as in Figure 10.1; 
hence, we know that the evolution is arbitrage-free. 

Consider the futures contract of Figure 13.5. This is a 3-period 
futures contract on a 4-period zero-coupon bond. Let us value a 
European call option on this futures price with maturity date 2 and 
strike price K=.981000. 

The payoffs to the option at date 2 are 


C(2; uu) = max (.983341 —.981000,0) = .002341 
C(2;ud) = max (.980117 —.981000,0) = 0 
C(2;du) = max (.980886 —.981000,0) = 0 


C(2;dd) = max (.977186 —.981000,0) = 0. 
The values at time 1 are 
C(1;u) = [(1/2).002341 + (1/2)0]/1.017606 = .001150 
C(5d) =[(1/2)0 + (1/2)0]/1.022406 = 0. 
Finally, its value at time 0 is 
C(0) =[(1/2).001150+ (1/2)0]/1.02 = .000564. 
The synthetic futures options can be generated by investing in the 


3-period zero-coupon bond (n;x(t;s,)) and the money market account 
(n,(t;s,)) as follows: 
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2: — CQ; .0023410 — 
aues CQ;uu)— CQ;ud) B 0023410 —0 = 556460 
P(2,3;uu)—P(2,3;ud) .984222-—.980015 


Np (1;u) =[CQ;u) —n3(1;u)P(1,3;u)]/BQ) 
= [.001150—.556460(.965127)]/1.02 


= —.525400 
At time 1, state u, hold .556460 units of the 3-period zero-coupon 
bond and short .525400 units of the money market account. 
At time 1, state d, hold zero units of both since the call has zero 
value. 
At time 0, 


C(bu)-C(5d) |^  .001150-0 
P(L3;u)- P(L3;d) .965127—.957211 


no (0) = C(0) — n; (0)P(0,3) 


n3(0)= =.145324 


—.000564 —.145324(.942322) = —.136378. 


That is, hold .145324 units of the 3-period zero-coupon bond and 
short .136378 units of the money market account. 

Instead, we could have hedged this option using the underly- 
ing futures contract. The synthetic position in the futures contract 
(nr (t;s;)) and the money market account (ro(t;s,)) can be obtained 
as follows: 

At time 1, state u, 


CQ;uu)- C(2;ud) 
cash flow(2;uu) — cash flow(2;ud) 


np(1;u) = 


|... .002341-0 
001612 — (—.001612) 


.726117 


and 
no (13u) = [(C(15u) ^ nz (su) -0]/B(1) 
=[.001150]/1.02 


=.001127. 
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We hold .726117 units of the futures contract and .001127 units of the 
money market account; both are positive positions. 

At time 1, state d, hold zero units of both assets as the option has 
zero value. 


At time 0, 
C(1;u) - CQ; d) 
Hell = 

cash flow(1;u) — cash flow(1; d) 

_ .001150 —0 
.001347 —(—.001347) 

= 426875 

and 


nj (0) = C(0) — nr (0)-0 


= .000564. 


We hold .426875 units of the futures contract and .000564 units of 
the money market account. 

This completes the synthetic construction using the futures con- 
tract. A general result appears in this construction. When futures 
contracts are being used as the hedging instrument, the dollar posi- 
tion in the money market account in the synthetic option is always 
equal to the value of the option being hedged. This is because the 
value of a futures contract is always zero. 

The above calculations are summarized in Figure 13.6. This com- 
pletes the example. [] 


13.5 EXCHANGE-TRADED TREASURY FUTURES CONTRACTS 


The futures contracts analyzed in this chapter are simplified versions of 
the Treasury futures contracts actually traded on organized exchanges. 
Exchange-traded Treasury futures contracts have various imbedded 
options related to the delivery procedure. These imbedded options, known 
as (i) the delivery option, (îi) the wildcard option, and (iii) the quality 
option, can significantly influence the futures price. To value and hedge 
these futures contracts with their imbedded options, one can utilize the 
theory of Chapter 10 in conjunction with an explicit description of the 
exchange-traded Treasury futures contracts. This analysis is straight- 
forward and is left to outside reading. For a description of the imbedded 
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max(.983341 — .981000,0) = .002341 


1/2 
(001150 r(1;u) = 1.017606 
1/2 ^ (525400, 556460) 
.000564 1/2 max(.980117 — .981000,0) = 0 
(136378, 145324) r(0) = 1.02 
max(.980886 — .981000,0) =0 
1/2 
1/2 0 
(0,0) r(1;d) = 1.022406 
1/2 max(.977186 — .981000,0) = 0 
time 0 1 2 


FIGURE 13.6 An Example of a European Call Option with Maturity Date 2 and 
Exercise Price K=.981000 on the Futures Price from Figure 13.5. The Synthetic 
Call Position in the Money Market Account (,(t;s,)) and the 3-Period Zero- 
Coupon Bond (n,(t;s,)) Are Given under Each Node. Pseudo Probabilities Are 
Along the Branches of the Tree. 


options, see Jarrow and Chatterjea [5]. For an analysis with respect to the 
influence of the imbedded options on the futures price, see Cohen [1], Gay 
and Manaster [3, 4], and Kane and Marcus [7]. 
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CHAPTER 14 


Swaps, Caps, Floors, 
and Swaptions 


WAPS, CAPS, FLOORS, AND swaptions are very useful interest rate securi- 
ties. Imagine yourself the treasurer of a large corporation who has bor- 
rowed funds from a bank using a floating-rate loan. A floating-rate loan 
is a long-term debt instrument whose interest payments vary (float) with 
respect to the current rates for short-term borrowing. Suppose the loan 
was taken when interest rates were low, but now rates are high. Rates are 
projected to move even higher. The current interest payments on the loan 
are high and if they go higher, the company could face a cash flow crisis, 
perhaps even bankruptcy. The company’s board of directors is concerned. 
Is there a way you can change this floating-rate loan into a fixed-rate 
loan, without retiring the debt and incurring large transaction costs (and 
a loss on your balance sheet)? That's where swaps, caps, floors, and swap- 
tions apply. The solution is to enter into a fixed for floating-rate swap or 
simultaneously purchase caps and floors with predetermined strikes. If 
you had thought about this earlier, you could have entered into a swaption 
at the time the loan was made to protect the company from such a crisis. 
Understanding this solution is the motivation for studying this chap- 
ter. To understand the solution, one needs to understand the pricing and 
hedging of swaps, caps, floors, and swaptions. This chapter applies the 
contingent claims valuation theory developed in Chapter 10 to do just 
this. Prior to this demonstration, however, it is necessary to understand 
fixed-rate and floating-rate loans. Fortunately for us, we have already 
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studied fixed- and floating-rate loans in this book. At that time, however, 
they were analyzed from a different perspective and given different names. 
Fixed-rate loans correspond to (noncallable) coupon bonds, and floating- 
rate loans correspond to shorting the money market account. 

The analysis in this chapter is presented from two related perspec- 
tives. The first perspective takes advantage of the simple structure of the 
swap contract and the previously stated analogy between fixed-rate loans/ 
coupon bonds and floating-rate loans/money market accounts to derive 
the results quickly and efficiently. The second perspective is based on a 
detailed cash flow analysis, using the risk-neutral valuation procedure of 
Chapter 10 to obtain present values. The same results are obtained from 
both perspectives. This redundancy facilitates understanding. In addition, 
the detailed cash flow analysis is the method employed for analyzing the 
exotic interest rate swaps discussed in Chapter 15. 


14.1 FIXED-RATE AND FLOATING-RATE LOANS 


This chapter studies fixed- and floating-rate loans. Fixed- and floating-rate 
loans are common methods used for borrowing funds. Floating-rate loans 
are "long-term" debt contracts whose interest payments vary (float) with 
respect to short-term interest rates. When short-term rates are low, the 
interest rate payments are low. When short-term rates are high, the inter- 
est rate payments on the loan are high. In contrast, fixed-rate loans are 
"long-term" debt contracts whose interest rate payments are fixed (con- 
stant) at the time the loan is made. If short-term rates change, the interest 
rate payment on the loan does not. Consumers and corporations use both 
types of loans. Consistent with the previous theory, we only study default- 
free loans in this chapter. Although credit risk is an important feature 
of both consumer and corporate borrowing, a discussion of this topic is 
postponed to Chapter 18. 

In our simple discrete time model, the short-term rate of interest cor- 
responds to the spot rate r(t), and each period in the model requires an 
interest payment. We define a floating-rate loan for L dollars (the princi- 
pal) with maturity date T to be a debt contract that obligates the borrower 
to pay the spot rate of interest times the principal L every period, up to and 
including the maturity date, time T. At time T, the principal of L dollars 
is also repaid. 

In our frictionless and default-free setting, this floating-rate loan is 
equivalent to shorting L units of the money market account and distributing 
the gains (paying out the spot rate of interest times L dollars) every period. 
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Paying out the interest as a cash flow maintains the value of the short posi- 
tion in the money market account at L dollars. At time T the short position 
is closed out. 

A typical floating-rate loan of 1 dollar is depicted in Table 14.1. 
Examining Table 14.1 we see that the initial borrowing (the principal) is 1 
dollar. At the end of each period, the interest payment owed on the dollar, 
r(t) — 1, is paid. The outstanding borrowing (principal) remains at 1 dollar. 
At the termination date (time T), the interest plus principal is paid, and 
it is equal to r(T — 1) dollars. To get a floating-rate loan of larger principal, 
say L dollars, one simultaneously enters into L of these unit-value floating- 
rate loans. 

As the floating-rate loan is market determined, it costs 0 dollars to enter 
into a floating-rate loan contract. This is identical to saying that it costs 0 
dollars to short the money market account in a frictionless and competi- 
tive economy. Note that after its initiation, the floating-rate loan is con- 
tinually reset on the interest payment dates to have a 1-dollar value. 

Computing the present value of the cash flows paid on a floating-rate 
loan with a dollar principal and maturity date T makes this same point. 
Let the value of the floating-rate loan at time t given by V,(t). Using the 
risk-neutral valuation procedure from Chapter 10, the present value of the 
cash flows to the floating-rate loan is: 


EA 


: ETC B(t) + E, E 


jo =1 (14.1) 


where the expectations are taken with respect to the pseudo probabilities 
in either the one-, two-, or N> 3-factor case. The derivation of expression 
(14.1) is given below. 


TABLE 14.1 Cash Flow from a Floating-Rate Loan of a 
Dollar (the Principal), with Maturity Date T 


time | | | | 


Borrow +1 


Pay interest -[r(0)-4] — -[r(1)-1] -[r(T-1)-1] 


Pay principal -1 
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Expression (14.1) shows that the value of the cash flows from the float- 
ing-rate loan at time t equals 1 dollar, which is the amount borrowed. 


Derivation of Expression (14.1) 


Looking at the cash flows, we get 


cash wiG)-D, 1 Nx GG-D, rT- 
flows Za B(j+1) BIT) 4» B(j+l) B(T) ` 


But B(T)=B(T-1)r(T- 1). So 


es NSGQ-D, 1 F-D rT-2 
flows 4 Bj*) BT-) 4 Be) BT-) 


Continuing backward in this fashion, one gets 


cash flows = REN + z = de) = : 
B(t-1) B(t-1)  B(t-1) B(t) 


Thus, 
V.(t) = E, (cash flows)B(t) = E, (1) 2 1. 


This completes the proof. [] 


We define a fixed-rate loan with interest rate c (one plus a percent) for L 
dollars (the principal) and with maturity date T to be a debt contract that 
obligates the borrower to pay (c— 1) times the principal L every period, up 
to and including the maturity date, time T. At time T, the principal of L 
dollars is also repaid. 

A fixed-rate loan of B(0) dollars at fixed rate (C/L) and maturity T in 
our frictionless and default-free setting, is equivalent to shorting the cou- 
pon bond described in Chapter 11. Shorting the coupon bond consists of 
receiving the value of the bond 8(0) at time 0 (the principal) and paying 
out a sequence of equal and fixed coupon payments, C dollars at equally 
spaced times 0 <1 <2 <...< T- 1 € «. The last payment represents an inter- 
est payment of C dollars plus the principal L. This cash flow is depicted 
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TABLE 14.2 Cash Flow to a Fixed-Rate Loan with Coupon C, Principal L, and Maturity 
Date T 


time 
0 1 2 Ses T 
Borrow 28 (0) 


Pay interest -C -C m- -C 


Pay principal -L 


in Table 14.2. The (coupon) rate on the loan is defined to be (1 + C/L) per 
period. 

Computing the present value of the cash flows paid on the fixed-rate 
loan can make the same point. Let the value of the fixed-rate loan at time t 
given state s, be denoted by VO), To make the coupon rate compatible with 
the rate convention used in this book, we define c=1+C/ L. 

Using the risk-neutral valuation procedure from Chapter 10, 


T-1 


r C NE 
V. (t) = E, y B(j+1) B(t)+ E, Css oo 


jet 


T-1 
= Yon. j+1)+LP(,T) (14.2) 


jt 


= Bt) 


The second equality in expression (14.2) follows from the fact that 
P(t,T) = E,(1/ B(T))B(t). 

The third equality in expression (14.2) follows from synthetically con- 
structing the coupon bond using a portfolio of zero-coupon bonds (see 
Chapter 11). 

Expression (14.2) shows that the value of the cash flows to a fixed-rate 
loan at time t equals B(t), which is the amount borrowed. 

The difference between floating- and fixed-rate loans can now be clari- 
fied. Floating-rateloanshavea fixed market value at each date, butrandomly 
changing interest rate payments r(t) — 1. In contrast, the fixed-rate loan has 
changing market values B(£), but fixed interest rate payments of C. Thus, 
these two types of loans exhibit opposite and symmetric risks. Floating- 
rate loans have no capital gains risk, only interest rate payment risk. 
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Conversely, fixed-rate loans have capital gains risk, but no interest rate 
payment risk. 


14.2 INTEREST RATE SWAPS 


An interest rate swap is a financial contract that obligates the holder to 
receive fixed-rate loan payments and pay floating-rate loan payments (or 
vice versa). We study interest rate swaps in this section. We first study the 
valuation of interest rate swaps, then the definition of the swap rate, and 
finally the construction of synthetic swaps. 


14.2.1 Swap Valuation 


To motivate the use of a swap, consider an investor who has a fixed-rate 
loan with interest rate c (one plus a percent), a principal of L dollars 
and a maturity date T. The cash payment at every intermediate date 
t is C- (c- I)L. The principal repaid at time T is L dollars. The inves- 
tor wants to exchange this fixed-rate loan for a floating-rate loan with 
principal L dollars, maturity date T, and floating interest payments of 
L(r(t— 1) —1) dollars per period. He does this by entering into a swap 
receiving fixed and paying floating. Figure 14.1 illustrates the cash flow 
streams from this swap transaction. The net payment from the fixed- 
rate loan plus the swap is equivalent to a floating-rate loan. Given this 
motivation for the use of swaps, we now consider a swap's valuation. 

The cash flows from a swap receiving fixed and paying floating are 
depicted in Table 14.3. The swap holder receives fixed-rate payments 
C- (c - 1)L and pays floating at (r(t — 1) — 1)L. The principals cancel and are 
never exchanged. The swap contract, therefore, has the value B(0) — L. This 
equals the present value of the fixed-rate payments (plus principal) less the 
floating-rate payments (plus principal). Note that the present values of the 
principals cancel in this difference. 

Let S(t) represent the value of the swap at time f. Then the value of the 
swap at any period t is given by S(t) = 8 (t) —L. 


FIXED RATE SWAP 
LOAN 


receive fixed 


pay fixed . a 
investor pay floating 
iul e A tes ee = MEN 


FIGURE 14.1 An Illustration of a Swap Changing a Fixed-Rate Loan into a 
Floating-Rate Loan. 
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TABLE 14.3 The Cash Flows and Values from a Swap Receiving Fixed and 


Paying Floating 
. | | | | | 
time | | | | | 
0 1 2 Kä T-1 T 
Floating tom. -Ir(1)- 
Payments [r(O)-1]L — -[r(1)-1]L 8 -[r(T-2)-1]L -[r(T-1)-1]L 
Fixed 4C 4C ʻi +C +C 
Payments 
Net Payments 0 C-[r(0)-1]L C-[r(1)-1JL  - C-[r(T-2)-1]L C-[r(T-1)-1]L 
Swap B(0)-L B(1)-L B(2)-L B(T-1)-L B(T)-L 
Value 


Computing the present value of the cash flows from the swap gen- 
erates this same value. Using the risk-neutral valuation procedure of 
Chapter 10, 


T-l 


= [C-(r(f)- UL] 
S(t) - E | Bt). 14.3 
()- E 2 3 40 (14.3) 
Defining c = 1 + C/L to be one plus the coupon rate on the fixed-rate loan, 
we can rewrite this as 


B(j*1) (14.4) 


= B(t)—L. 


The derivation of expression (14.4) is given below. 

Expression (14.4) shows that the swap's time 0 value is equal to the 
discounted expected cash flows from receiving fixed payments at rate c 
and paying floating payments at r(t). The swap value as given in expres- 
sion (14.4) is independent of any particular model for the evolution of 
the term structure of interest rates. This is because expression (14.4) 
can be determined just knowing the price of the coupon bond, and the 
coupon bond's price can be determined using the time t zero-coupon 
bond prices. 
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The derivation of expression (14.4) now follows for interested readers. 
Expression (14.4) will prove useful in the next chapter when we study 
exotic interest rate swaps. 


Derivation of Expression (14.4) 


To get the first equality, substitute C= (c — 1)L into expression (14.3) 
and simplify. 
To get the second equality, write 


T-l T-1 
= [C-(r() - UL _ = C 
: $ B(j+1) Jo- B È «eor 


jt 


TA . 
El Y CDD Igor 
ps; B(j*1) 


T-1 
zb ` as jo 
BG+D B(T) 


jt 


T-1 . 
la) Ye@=), ! PB, 
Z B(j+1) BT) 


This last inequality follows by adding and  subtracting 
E,(1/ B(T))B(t)L. Finally, using expressions (14.1) and (14.2) gives 
the result. This completes the proof. [] 


14.2.2 The Swap Rate 


The swap rate is defined to be that coupon rate C/L such that the swap has 
zero value at time 0, i.e., such that S(0) 20 or B(0) =L. In other words, this 
rate makes the time 0 coupon bond’s value at par (at L), and the swap fairly 
priced at zero dollars. 

It is important to emphasize that this determination of the swap rate 
is under the assumption of no default risk for either counterparty to the 
swap contract. Default risk and credit risk spreads are important elements 
in the actual application of these techniques to the swap market. These 
extensions require a generalization of the model presented, and they are 
available in Jarrow and Turnbull [2]. 
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Using the procedure described in Chapter 10, we can synthetically cre- 
ate the swap contract. An example will illustrate these computations. 


Example: Swap Valuation 


We use the evolution of the zero-coupon bond price curve given in 
Figure 14.2. This evolution is arbitrage-free as it is the same zero- 
coupon bond price curve evolution studied in Chapter 10. 

Consider a swap receiving fixed and paying floating with maturity 
date T=3 and principal L= 100. 

First, we need to determine the swap rate. To do this, we need 
to find the coupon payment C per period such that the value of the 
swap is zero, i.e., S(O) 20. 


1.054597 
[295501] — tu 
^A 


1/2 

Za 1.016031 
1.037958 
967826 1..054597 


Lac [289999] — DI 
1/2 did 
1.059125 
1017606 1/2 [ 982456) — [1] 
1.02 
„947497 1.037958 1.020393 
„965127 Lo 
1/2 .982699| 1/2 [590015 1.059125 [1] 
"m , 1 1/2 [ SS) 
P(0,4)] [.923845 
P(0,3) 342327 r(0) = 1.02 1/2 1.062869 
, 983134) — [1] 
P(0,2)| = |.961169 ur TE [ ] 
P(04)| |.980392 i 
P(0,0) 1 1.02 E 1.019193 
1/2 .937148 1 — DI 
.957211 1/2 N 1062869 
nU da Tm [ 978637] 
1/2 1.068337 
1/2 1.042854 [ d dal — [1 
.953877 
p 1.024436 
1.068337 
1/2 [974502] |. 
[ | [1] 
time 0 1 2 3 4 


FIGURE 14.2 An Example of a One-Factor Bond Price Curve Evolution. The 
Money Market Account Values and Spot Rates Are Included on the Tree. Pseudo 
Probabilities Are Along Each Branch of the Tree. 
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We first compute the swap's value for an arbitrary coupon pay- 
ment of C: 
S(0) = 8(0)—100 
= CP(0,1) + CP(0,2) +(C + 100)P(0, 3) — 100 
= C[.980392 + .961169 + .942322] + 100(.942322) — 100 
= C(2.8838) — 5.7678. 


Setting S(0) =0 and solving for C yields 
C = 5.7678 / 2.8838 = 2. 


The swap rate is C/L=2/100=.02. 

The cash flows and values of this swap, with swap rate .02, are 
shown in Figure 14.3. We receive fixed and pay floating. The calcula- 
tions are as follows. 

At time 3, for each possible state: 


0 
n 396930 
.390667 
2239445 f.016031 
(376381, 0) 0 
2 396930 
0 
408337 n -.039285 
(-96.112355, 102) -.038500 
1/2 239442 1.020393 
(-.037092, 0) 
0 
2 -.039285 
0 
S(0) - 0 
.080719 
Cash Flow = 0 2 
(-97.215294, 103.165648) .079199 
-240572 1.019193 
(.075945, 0) 
D 0 
.080719 
-.408337 S 
, -.443609 
(-96.121401, 102) 433028 
„240572 1.024436 
(-415234, 0) f 
2 0 
-.443609 
time 0 1 2 i 


FIGURE 14.3 An Example of a Swap Receiving Fixed and Paying Floating with 
Maturity Time 3, Principal $100, and Swap Rate .02. Given First Is the Swap's 
Value, then the Swap's Cash Flow. The Synthetic Swap Portfolio in the Money 
Market Account and 3-Period Zero-Coupon Bond (n,(tss,), 13(ts,)) Is Given 
under Each Node. 
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S(3; uuu) = L- L =100—100=0 
cash flow(3; uuu) = C — (r(2;uu)—1)L = 2 —1.60307 = .39693 
S(3;uud) = 100-100 =0 
cash flow(3;uud) = 2 — (r(2;uu) — 11100 = .39693 
S(3;udu) = 100—100=0 
cash flow(3;udu) = 2 — (r(2;ud) — 1)100 = —.039285 
S(3;udd) = 100—100=0 
cash flow(3;udd) = 2 —(r(2;ud) —1)100 = —.039285 
S(3; duu) = 100—100=0 
cash flow(3; duu) = 2 — (r(2; du) — 1)100 = .080719 
S(3;dud) = 100-100 = 0 
cash flow(3; dud) = 2 —(r(2;du)—1)100 = .080719 
S(3;ddu) = 100-100 = 0 
cash flow(3;ddu) = 2 —(r(2;dd)—1)100 = —.443609 
S(3;ddd) = 100-100 = 0 
cash flow(3;ddd) = 2 — (r(2; dd) — 1)100 = —.443609 
Continuing backward through the tree: 
S(2;uu) = B(2; uu) — L = 102P(2, 3; uu) — 100 


= 102(.984222) —100 = .390667 


cash flow(2;uu) = C - [r(l;u) - 1]L = 2 —1.76056 = .239442 


S(2;ud) = 102P(2,3;ud) — 100 = —.038500 


cash flow(2;ud) 2 — (r(1;u) — 1)100 = .239442 
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S(2; du) = 102P(2,3; du) — 100 =.079199 
cash flow(2; du) = 2 — (r(1;d) - 1)100 = —.240572 
S(2;dd) = 102P(2, 3; dd) — 100 = —433028 
cash flow(2; dd) = 2 — (r(1;d) - 1)100 = —.240572. 
Finally, at time 1: 
S(l;u) = &(l;u) - L = 2P(1,2;u)+ 102P(1,3;u)— 100 


= 2(.982699) + 102(.965127) — 100 = .408337 


cash flow(1;u) = C—[r(0)-1JL=2-2=0 
S(1; d) = 2P(1,2;d)+102P(1, 3;d) —100 = —.408337 
cash flow(1;d) = 2—(r(0)—1)100 = 0. 


From Figure 14.3 we see that the cash flow from the swap can be 
positive or negative. Similarly, the value of the swap can be positive 
or negative as well, depending upon the movements of the spot rate 
of interest. This completes the example. [] 


14.2.3 Synthetic Swaps 


There are three basic ways of creating a swap synthetically. The first is to 
use a buy and hold strategy. This method is to short the money market 
account (pay floating) and to synthetically create the coupon bond as a 
portfolio of zero-coupon bonds. Then, the value of this combined posi- 
tion at each date and state will match the values of the swap and its cash 
flow. This synthetic swap is independent of any particular model for the 
evolution of the term structure of interest rates. Unfortunately, syntheti- 
cally constructing the swap via a portfolio of zero-coupon bonds has two 
practical problems. One, not all zero-coupon bonds may trade. Two, the 
initial transaction costs will be high. 

A second method for synthetically creating this swap is to use a 
portfolio of forward contracts written on the spot rate at future dates 
(analogous to FRAs, see Chapter 1). This approach is also independent 
of a particular specification of the evolution of the term structure of 
interest rates. 
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A third method for synthetically creating this swap is to use a dynamic 
portfolio consisting of a single zero-coupon bond (for a one-factor model) 
and the money market account. This approach requires a specification of 
the evolution of the term structure of interest rates. Prior to illustrating 
this third approach through an example, we first discuss the synthetic 
construction of swaps using forward contracts written on the spot rate. 


14.2.3.1 Swap Construction Using FRAs 

This section explains the synthetic construction of swaps using forward 
contracts written on the spot rate of interest, called forward rate agree- 
ments or FRAs. 

We define an FRA on the spot rate of interest with delivery date T, con- 
tract rate c (one plus a percent), and principal L to be that contract that has 
a certain payoff of [r(T — 1) — c]L dollars at time T. 

Notice that the spot rate in this FRA's payoff at time T' is spot rate from 
time T- 1. By construction, the payoff to the FRA at its delivery date is the 
time T'—1 spot rate less the contract rate c multiplied by the principal L. 
The contract rate c is set at the date the contract is initiated, say at time 0. 
It is set by mutual consent of the counter parties to the contract. At initia- 
tion, the contract rate need not give the FRA zero initial value (however, a 
typical FRA sets the rate at initiation such that the contract has zero value, 
see Jarrow and Chatterjea [1]). In the case where the value of the contract 
at initiation is non-zero, the counter parties would sign the contract and 
the fair value of the FRA is exchanged in cash. 

Let us denote the time t value of an FRA with delivery date T and con- 
tract rate c with principal 1 dollar as V;(t,T; c). Using the techniques of 
Chapter 13, the time t value of this FRA is: 


FER i m^ 


But, r(T —1)/ B(T) UI B(T —1), so 


~ 1 ~ 1 
V;(t,T30) = E, (sa 3 Jo că, PEST 


Recalling that P(t, T) = E, (1/ B(T))B(t), substitution gives: 


Vy (t,T;c) = P(t T 21) - cP(t, T). 
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At initiation, the PR As value would be: V;(0,T;c) = P(0,T —1) — cP(0, T). 
Hence, the long position in the contract would receive this value in cash at 
the signing of the contract, and the short would pay this amount to the long. 

To construct a synthetic swap, note that from Table 14.3 the third row, 
the net payment to the swap at time T is identical to the payoff from being 
short a single FRA with delivery date T, contract rate c, and principal L. 
Hence, a synthetic swap can be constructed at time 0 by shorting a port- 
folio of FRAs: all with contract rate c and principal L, but with differing 
delivery dates. The delivery dates included in the collection of short FRAs 
should be times 1, 2, ... , T. 

The value of this collection of short FRAs is: 


T T 
Y V,(0,5)L=-Y' L[PO,t-1)-cP(,2)] 


T 
=-L+ DAG —1]P(0,t)+ LP(0,T) 


t=0 


= —L + 8(0) = S(0). 


This is the value of the swap with maturity T and principal L receiving 
fixed and paying floating at time 0, as expected! This completes our syn- 
thetic construction of swaps using FRAs. 


14.2.3.2 Synthetic Swap Construction using a Dynamic Trading Strategy 
The section explains the construction of a synthetic swap using a dynamic 
trading strategy involving a single zero-coupon bond and the money mar- 
ket account. An example illustrates the procedure. 


Example: Synthetic Swap Construction 


Consider the swap contract in Figure 14.3. 

The third method discussed above for constructing the swap is to 
use a dynamic self-financing trading strategy in the 3-period zero- 
coupon bond and the money market account employing the delta 
approach of Chapter 8. This construction is now detailed. 

At time 2, state uu the value of the swap and its cash flow are 
known for sure. 
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The swap can be synthetically created by holding none of the 
3-period zero-coupon bond, 


n3(2;uu) = 0, 
and 
No (2; uu) = [S(2; uu) —n;(2;uu)P(2, 3; uu) |/B(2; u) 
= [.390667]/1.037958 = 376381 
units of the money market account. 
The calculations for the remaining states are similar: 
n3(2;ud) =0 
Ny (2; ud) = —.038500 / 1.037958 = —.037092 
n3(2;du) =0 
No(2;du) = .079199 / 1.042854 = .075945 
n3(2;dd) = 0 
Ny (2; dd) = —.433028 / 1.042854 = —.415234. 


At time 1, state u the number of 3-period zero-coupon bonds held is 


(S(2; uu) + cash flow(2; uu)) — (S(2;ud) + cash flow(2;ud)) 
DO, 3; uu) - P(2,3;ud) 


n3(1;u) = 


_ -630109 —.200942 _ 
.984222 —.980015 


The number of units of the money market account held is 


no(1,u) = [S(u) -n (5 u)P(L, 3; u)]/ BQ) 
= [.408337 —102(.965127)]/1.02 = —96.112355. 


At time 1, state d the calculations are 
(S(2;du)+ cash flow(2;du)) — (S(2; dd) + cash flow(2; dd)) 
P(2,3;du) — P(2,3; dd) 


_ .—161373-(—6736) _ 
„981169 —.976149 


n3(1;d) = 
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and 


No (13d) = [S(; d) -n Q054)PQ,3;4)]/ BO 


= [—.408337 —102(.957211)]/1.02 = —96.121401. 
At time 0, 


(S(; u)+ cash flow(1; u)) ^ (S(1; d) + cash flow(1; d)) 


13 (0) = 
P(L3;u)- P(L3;d) 


_ 408337 - (2408337) _ 03 165648 
„965127 —.957211 


no (0) = [S(0) — n; (0)P(0,3)] 


= 0—103.165648(.942322) = —97.215294. 


The time 0 synthetic swap consists of a long position of 103.165 
3-period zero-coupon bonds and short —97.215 units of the money 
market account. This makes sense since this swap is long fixed bor- 
rowing and short floating. 

Rather than using the 3-period zero-coupon bond, the swap could 
be synthetically constructed using any other interest rate sensitive 
security, e.g., a futures or option contract on the 3-period zero-cou- 
pon bond. These alternate constructions are left to the reader as an 
exercise. This completes the example. [J 


14.3 INTEREST RATE CAPS 


This section values interest rate caps. A simple interest rate cap is a 
provision often attached to a floating-rate loan that limits the interest 
paid per period to a maximum amount, k- 1, where k is 1 plus aper: 
centage. For example, if r(t) > k occurs, the holder of the floating-rate 
loan with an interest rate cap pays only k dollars (not r(t)). Obviously, 
an interest rate cap is to the advantage of the borrower and to the dis- 
advantage of the lender. So, if the floating-rate loan in Table 14.1 has 
zero value, a floating-rate loan with an interest rate cap attached may 
have positive value. That is, the holder of a floating-rate loan with an 
interest rate cap may be willing to pay a positive amount to enter into 
the contract, because the interest rate cap potentially saves on inter- 
est payments in future periods. The purpose of this section is to value 
simple interest rate caps. 
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Interest rate caps trade separately from floating-rate loans. Consider an 
interest rate cap with cap rate k and maturity date t*. We can decompose 
this cap into the sum of t* caplets. 

A caplet is defined to be an interest rate cap specific to only a single time 
period. Specifically, it is equivalent to a European call option on the spot 
interest rate with strike k and maturity the specific date of the single time 
period. For example, a caplet with maturity T and a strike k has a time T 
cash flow equal to: 


max(r(T —1)—k,0). 


This cash flow is known at time T—1 because the spot rate is known at 
time T- 1. This cash flow can be interpreted as the interest rate difference 
(r(T — 1) - k) earned on a principal of 1 dollar over the time period [T - 1, T], 
but only if this difference is positive. 

The arbitrage-free value of the T-maturity caplet at time f, denoted by 
c(t, T), is obtained using the risk-neutral valuation procedure: 


«t, T) = Ë, (max(r(T-1)-k,0)/B(T)) BŒ). (14.5) 


An interest rate cap is then the sum of the values of the caplets from which 
it is composed. Let I(t, t*) denote the value of an interest rate cap at time f 
with strike k and expiration date t*, then 


I(t,t")= Y at +). (14.6) 


j=l 


The interest rate cap can be created synthetically by using the procedure 
described in Chapter 10. 


Example: Cap Valuation 


To illustrate this computation, we utilize the zero-coupon bond price 
curve evolution contained in Figure 14.1. We know that this evo- 
lution is arbitrage-free so that the techniques of Chapter 10 can be 
applied. 

Consider an interest rate cap with maturity date t*=3 and a 
strike of k= 1.02. This interest rate cap can be decomposed into three 
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caplets: one at time 1, one at time 2, and one at time 3. We value and 
discuss the synthetic construction of each caplet in turn. 

From Figure 14.1 we see that the caplet at time 1, c(0,1), has zero 
value. Formally, 


c(0,1) = Ey (max(r(0)-1.02,0))/r(0) 


= [(1/2)(0) + 1/2)(0)]/1.02 = 0. 


Hence, this caplet can be excluded from further consideration. 
Next, consider the caplet with maturity at time 2. By expression 
(14.5), at time 2 its value under each state is as follows: 


c(2,2; uu) = max(r(1;u) —1.02,0) = max(1.017606 —1.02,0) = 0 

c(2,2; ud) = max(r(l;u) —1.02,0) 2 0 

c(2,2;du) = max(r(L;d) —1.02,0) = max(1.022406 —1.02,0) = .002406 
c(2,2; dd) = max(r(1;d) —1.02,0) = .002406 


These numbers can be found in Figure 14.4. Continuing backward 
through the tree, 


2 r(1;u) = 1.017606 
(0, 0) 
1/2 0 
.001153 E 
(211214, 227376 X= 1-02 
.002406 
.002353 
(.002307, 0) r(1;d) = 1.022406 
„002406 
time 0 1 ; 


FIGURE 14.4 An Example of a 2-Period Caplet with a 1.02 Strike. The Synthetic 
Caplet Portfolio in the Money Market Account and 3-Period Zero- Coupon Bond 
(no(6;s,), n4(65s)) Is Given under Each Node. 
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c(1,2;u) =[(1/2)0+(1/2)0]/rQ;u) =0 
c(1,2;d) =[(1/2).002406 + (1/2).002406]/1.022406 = .002353. 


The denominator in the calculation of c(1,2;d) is r(1;d) = 1.022406. 
Finally, at time 0, the caplet’s value is 


c(0,2) =[(1/2)0+(1/2).002353]/1.02 


= .001153. 


These numbers appear in Figure 14.4. 

We can synthetically create this 2-period caplet with the money 
market account and a 3-period zero-coupon bond. 

At time 1, state u no position is required. At time 1, state d the 
number of 3-period zero-coupon bonds is 


c(2,2;du)—c(2,2;dd) _ .002406—.002406 ` 


1;d)= = =0. 
nid) P(2,35du)- P(2,3dd) |.981169 —.976147 


The number of units of the money market account held is: 


no (1; d) = [c(1,2;d) 2 n5 0;d)P(,3; 4) ]/ BUD 
= [.002353 —0(.957211)]/1.02 


= 002307. 


At time 0, the calculations are 


c(1,2;u)—c(1,2;d 0 —.002353 
moj- 062300030) 


= = = —.227376, 
P(L3;u)- P(L3;d) .965127 —.957211 


and 


no(0) = [c(0,2) —n,(0)P(0,3)] 
=.001153+.227376(.942322) 
=.211214. 


The time 0 synthetic 2-period caplet consists of .211214 units of the 
money market account and short .227376 units of the 3-period zero- 
coupon bond. This makes sense since the 3-period zero-coupon 
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bond declines as interest rates rise. This inverse price movement 
necessitates a short position in the 3-period zero-coupon bond to 
duplicate the caplet. 

The calculations for the value of the 3-period caplet and the syn- 
thetic 3-period caplet positions in the money market account and 
the 4-period zero-coupon bond are presented in Figure 14.5. These 
calculations are similar to those described above, and they are left to 
the reader to verify as an exercise. 

The interest rate cap’s value is the sum of the three separate caplets’ 
values, i.e., 


1(0,3) = c(0,1) + c(0,2) + (0,3) 


= 0+.001153+.001131 =.002284 dollars. 


The synthetic interest rate cap can be obtained as the sum of the 
three separate synthetic caplets. These positions are easily read off 
Figures 14.4 and 14.5, and they are left to the reader to aggregate. The 
position involves the money market account, the 3-period bond, and 
the 4-period bond. This completes the example. [7] 


14.4 INTEREST RATE FLOORS 


This section values interest rate floors. An interest rate floor is a provision 


often associated with a floating-rate loan that guarantees that a minimum 
interest payment of k — 1 is made, where k is 1 plus a percentage. Unlike an 
interest rate cap, this provision benefits the lender. It therefore reduces the 
value ofa floating-rate loan below zero. That is, the holder ofa floating-rate 
loan plus a floor must be paid some positive amount to enter into the loan. 
The purpose of this section is to value interest rate floors. 

Interest rate floors trade separately. Consider an interest rate floor with 
floor rate k and maturity date t*. This interest rate floor can be decom- 
posed into the sum of «* floorlets. 

A floorlet is an interest rate floor specific to only a single time period. 
Equivalently, the floorlet is a European put on the spot interest rate with 
strike price k and maturity the date ofthe single time period. For example, 
a floorlet with maturity T and strike k has a time T cash flow of 


max(k —r(T —1),0). 
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This cash flow is known at time T—1 because the spot rate is known at 
time T — 1. This cash flow can be interpreted as the interest rate difference 
(k—r(T — 1)) earned ona principal of 1 dollar over the time period [T— 1, T], 
but only if this difference is positive. 

The arbitrage-free value of the T-maturity floorlet at time t, denoted by 
d(t,T), is obtained using the risk-neutral valuation procedure: 


d(t,T) = E, (max(k —r(T -1),0)/B(T)) B(£). (14.7) 


An interest rate floor equals the sum of the values of the t* floorlets of 
which it is composed. Let J(t, t*) denote the value of an interest rate floor 
at time f with strike k and expiration date t*, then 


J(t,t*)= EXC (14.8) 


jal 


Using the procedure described in Chapter 10 we can synthetically con- 
struct the interest rate floor. We illustrate these computations with an 
example. 


Example: Floor Valuation 


To illustrate this computation, we utilize the zero-coupon bond price 
curve evolution given in Figure 14.2. As before, we know that this 
evolution is arbitrage-free due to the existence and properties of the 
pseudo probabilities. 

Consider an interest rate floor with maturity date t* =3 and strike 
k=1.0175. This interest rate floor can be decomposed into three 
floorlets: one at time 1, one at time 2, and one at time 3. We value 
and discuss the synthetic construction of each floorlet in turn. 

From Figure 14.2 we see that the floorlet at time 1, d(0,1), has zero 
value. Formally, 


d(0,1) = Ey (max(1.0175—r(0),0))/r(0) 
=[1/2(0)+(1/2)0]/1.02=0. 


Hence, this floorlet can be excluded from further consideration. 
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Next, consider the floorlet with maturity at time 2. By expression 
(14.7) its value at time 2 is zero under all states, i.e., 


d(2,2;uu) = max(1.0175—r(1;u),0) = max(1.0175 —1.017606,0) = 0 
d(2,2;ud) = max(1.0175 — r(1;4),0) 0 
d(2,2;du) = max(1.0175— r(1;d),0) = max(1.0175 —1.022406,0) = 0 


d(2,2;dd) = max(1.0175— r(1;d),0) = 0. 


Hence, at time 1 and time 0 its value is also zero. Consequently, this 
floorlet can also be excluded from future consideration. 

The calculations for the remaining 3-period floorlet are contained 
in Figure 14.6. The time 3 payoffs to the floorlet, using expression 
(14.7), are 


d(3,3;uuu) = max(1.0175 — r(1;uu),0) = max(1.0175 —1.016031,0) 2.001469 
d(3,3;uud) = max(1.0175—r(1;uu),0) = .001469 

d(3,3; udu) = max(1.0175 — r(l;ud),0) = max(1.0175 —1.020393,0) = 0 

d(3, 3;udd) = max(1.0175— r(1;ud),0) 2 0 

d(3,3; duu) = max(1.0175 — r(l;du),0) = max(1.0175 —1.019193,0) 2 0 

d(3,3; dud) = max(1.0175— r(15du),0) = 0 

d(3, 3; ddu) = max(1.0175 — r(1; dd),0) = max(1.0175 —1.024436,0) = 0 


d(3, 3; ddd) = max(1.0175 — r(L; dd),0) = 0 
The floorlet has a positive value only at time 2, state uu. Its value is 
d(2,3;uu) = [(1/2).001469  (1/2).001469]/1.016031 = .001446. 


Continuing backward in the tree, the floorlet has a positive value 
only at time 1, state u: 


d(1,3;u) = [0/2).001446  (1/2)0]/1.017606 = 000711. 
Finally, its time 0 value is 


d(0,3) =[(1/2).000711+(1/2)0]/1.02 = .000348. 
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max(1.0175-1.016031, 0) = .001469 


r(2;uu) = 1.016031 
„001446 


(001393, 0) max(1.0175-1.016031, 0) = .001469 


max(1.0175-1.020397, 0)= 0 
000711 r(1;u) = 1.017606 
(-.183392, .198175) 


D 1(2;ud) = 1.020393 


0 
(0, 0) 
max(1.0175-1.020393, 0) = 0 
max(1.0175-1.019193, 0) - 0 


2 


000348 ied 
(063085, 068662) S "O 7 E 
1(2:du) = 1.019193 


max(1.0175-1.019193, 0) - 0 


0 max(1.0175-1.024436, 0) = 0 
(0, 0) 
r(2;dd) = 1.024436 
max(1.0175-1.024436, 0) - 0 
time 0 1 2 3 


FIGURE 14.6 An Example of a 3-Period Floorlet with a 1.0175 Strike. The 
Synthetic Floorlet Portfolio in the Money Market Account and 4-Period Zero- 
Coupon Bond (ny(t;s,), n,(t;s,)) Is Given under Each Node. 


To synthetically construct the floorlet, we use the 4-period zero- 
coupon bond and the money market account. The calculations are 
as follows: 


At time 2, state uu, 


d(3,3;uuu)—d(3,3;uud) _ .001469—.001469 ` 
P(3,4;uuu)—- P(3,4;uud)  .985301—.981381 


n4Q;uu) = 


no (2;uu) = [d(2,3; uu) — n4 2; uu)P(2, 4; uu)|/ BO: uu) 


= [.001446 — 0(.984222)]/1.037958 = .001393. 


At time 1, state u, 


d(2,3;uu)—d(2,3;ud) |  .001446—0 
P(2,4;uu)—P(2,4;ud)  .967826—.960529 


no (lu) =[d(,3;u) -n4 (5 u)PQ, 4; u) ]/ Bu) 


n,(l;u) = 


=.198175 


= [.000711—(.198175).947497 ] /1.02 


= —. 183392. 
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Finally, at time 0, 


d(1,3;u)—d(1,3;d) |  .000711-0 
P(L4;u)—P(L4;d) .947497 —.937148 


59(0) = d(0,3) — n4 (0)P(0, 4) 


n4(0)— =.068662 


= .000348 —.068662(.923845) = —.063085. 


To duplicate the 3-period floorlet at time 0, one must go long .068662 
units of the 4-period zero-coupon bond and go short .063085 units 
of the money market account. 

The interest rate floor’s value is the sum of the three separate floor- 
lets’ values, i.e., 


J(0,3) = d(0,1) + (0,2) + d(0,3) 


= 0+0+.000348 = .000348 dollars. 


The synthetic interest rate floor can be obtained by summing 
the positions in the three synthetic floorlets. This completes the 
example. [] 


We can now revisit the situation discussed in the introduction to this 
chapter. Given a floating-rate loan with maturity T, one can synthetically 
construct a fixed-rate loan via buying a cap with strike k and maturity T, 
and simultaneously selling a floor with strike k and maturity T. The com- 
bined position is equivalent to a fixed-rate loan with coupon rate k. 


14.5 SWAPTIONS 


This section values swaptions, which are options issued on interest rate 


swaps. An interest rate swap changes floating- to fixed-rate loans or vice 
versa. Swaptions, then, are "insurance contracts" issued on the decision to 
switch into a fixed-rate or floating-rate loan at a future date. 

To understand this statement, consider the decision concerning which 
type ofloan to take. This decision depends upon one's view of future inter- 
est rate movements and projected cash flows. For example, if short-term 
rates are low relative to fixed rates, and they are expected to remain low, 
a floating-rate loan looks good. So, suppose one enters into a floating- 
rate loan. Now, also suppose that this decision goes bad; i.e., rates move 
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up unexpectedly. This situation can cause a severe cash flow crisis as the 
interest payments rise. 

Now, consider how a swaption purchased at the time the loan was issued 
affects this situation. It would be the perfect “insurance contract.” Indeed, 
it would allow the floating-rate loan holder to switch back to a fixed-rate 
loan and, most importantly, at a fixed rate set at the time the loan was 
made! The cash flow crisis is avoided. Of course, as with all insurance con- 
tracts, the swaption has a cost. Determining the fair price of the swaption 
is the purpose of this section. 

Consider the swap receiving fixed and paying floating discussed earlier 
in this chapter. This swap has a swap rate C/L, a maturity date T, and a 
principal equal to L dollars. Its time t, state s, value is denoted by S(f) and 
is given in expression (14.4). 

This simplest type of swaption is a European call option on this swap. A 
European call option on the swap S(t) with an expiration date T* < T and 
a strike price of K dollars is defined by its payoff at time T*, which is equal 
to max [S(T*) — K,0]. 

The arbitrage-free value of the swaption, denoted by OO, is obtained 
using the risk-neutral valuation procedure, i.e., 


O(t) = E, (max[S(T") - K,0]/ réit? (14.9) 


Using the procedure described in Chapter 10 we can synthetically create 
the European call option. 

Before that, however, a simple manipulation of expression (14.9) gener- 
ates an important insight. Recall that a swap can be viewed as a long posi- 
tion in a coupon-bearing bond and a short position in the money market 
account. Substitution of expression (14.4), that is based on this relation, 
into expression (14.9) generates the following expression: 


O(t) = É, (max[&(T")— (L+K),0]/ reif (14.10) 
Expression (14.10) shows that: 


a European call option with strike K and expiration T* on a swap 
receiving fixed and paying floating with maturity T, principal L, 
and swap rate C/L is equivalent to a European call option with a 
strike L + K and an expiration date of T” on a (noncallable) coupon 
bond B (t;s) with maturity T, coupon C, and principal L. 
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The pricing and synthetic construction ofthese bond options was discussed 
in Chapter 12. Thus, we have already studied the pricing and synthetic 
construction of swaptions. There is nothing new to add! Nonetheless, for 
completeness, we give an example based on expression (14.9). 


Example: European Call Option On A Swap 


We illustrate the calculation of the swaption value in expression (14.9) 
using the swap example given in Figure 14.3. Recall that the swap in 
this example is receiving fixed and paying floating. It has a swap rate 
C/L=.02, a maturity date T=3, and a principal L= 100. The evolution 
of the zero-coupon bond price curve is as given in Figure 14.2. 

Consider a European call option on this swap. Let the maturity 
date of the option be T*= 1, and let the strike price be K=0. 

Using the risk-neutral valuation procedure, the value of the swap- 
tion is as follows: 

Time 1, state u: 


O(;u) = max[S(1;u) - K,0] = max [.408337,0] = .408337 
Time 1, state d: 
O(l;d) = max [S(;4) - K,0] = max [-.408337,0] = 0 
Time 0: 
O(0) = [0/2)0(5u) + 0/2)00;4)]/ r(0) 


=[(1/2)(.408337) + (1/2)0]/ 1.02 = .200165. 


We can synthetically create this swaption with the money market 
account and a 3-period zero-coupon bond. At time 0 the calculations 
are as follows: 


(0) = CE-O) — 08207 


= = = 51.5838 
P(L3;u)- P(L3;d) .965127—.957211 


no (0) = [O(0) — n; (0)P(0,3)]/ B(0) 


= .200165 — (51.5838).942322 = —48.4083. 
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max[.408337, 0] = .408337 


200165 5240 
(-48.4083, 51.5838) LO ZL 


max[-.408337, 0] - 0 
time 0 1 


FIGURE 14.7 An Example of a European Call Option with Strike 0 and 
Expiration Date 1 on the Swap in Figure 14.3. The Synthetic Swaption in the 
Money Market Account and 3-Period Zero-Coupon Bond (n)(tss,), 1(t5s,)) Is 
Given under Each Node. 


The synthetic option consists of 51.5838 units of the 3-period 
zero-coupon bond, and it is short 48.4083 units of the money mar- 
ket account. The swaption’s value is .200165. These numbers are pre- 
sented in Figure 14.7. This completes the example. [] 


More complex or “exotic” swaptions can be valued using the techniques 
of Chapter 10. For example, American swaptions (calls and puts) can be 
valued and hedged using the stochastic dynamic programming approach 
illustrated previously in Chapter 12. 
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CHAPTER 15 


Interest Rate Exotics 


HE PURPOSE OF THIS chapter is to show the “power” of the HJM model 

by pricing interest rate exotic options. These interest rate options are 
called exotic because they are more complex than ordinary call and put 
options. We study digital options, range notes, and index-amortizing 
swaps. Even though they are more complex, interest rate exotics are 
popular securities. Digital options are used because they provide similar 
“insurance” to caps and floors, but they are cheaper. Range notes provide a 
partial hedge for floating rate loans with caps and floors attached. Finally, 
index-amortizing swaps provide a partial hedge for the prepayment option 
embedded in mortgage-backed securities. 


15.1 SIMPLE INTEREST RATES 


To study exotic options, we must first define the notion ofa simple interest 
rate. A simple interest rate of maturity T — t, denoted by R(t,T), is defined in 
terms of a zero-coupon bond price P(t,T) as 


Rene LL. Jn t. (15.1) 


1 
` 14+R(, TT 91 


Alternatively, 


P(t,T) (15.2) 


281 
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Unlike the other rates in this book, R(t,T) represents a percentage; i.e., it 
is a number greater than -1. Recall that all other rates in this book are 
defined to be one plus a percentage (a number greater than zero). 

Simple interest rates measure the holding-period return on a zero- 
coupon bond. In this sense they are similar to the yield on a zero-coupon 
bond, except that yields include compounding, while simple interest rates 
do not.* 


Example: Simple Interest Rates 


Consider the zero-coupon bond prices as given in Figure 15.1. Using 
these zero-coupon bond prices at time 0, the corresponding simple 
interest rates are 


Io 1 
P(0,1)  .980392 


R(0,2) = Eu 2= Í : JA = .020200 
P(0,2) .961169 

roa =z) : -1)/5=.020403 
P(0, 3) „942322 

SEN : -1) a= (iss 1) a 020608 
P(0,4) .923845 


Note that the simple interest rate of maturity one is R(0,1) = 
r(0) — 1 =.02. This completes the example. [J 


R(0,1) = 1=.020000 


By their definitions, we see that the spot rate at time t equals one plus 
the simple interest rate with unit maturity; i.e., 


r(t) 21/ P(t,t -1) =14+ R(t,t 4-1). (15.3) 


Digital options and range notes are typically written on simple interest 
rates. 


* Recall that the yield y(t,T) is defined in Chapter 4 as P(t,T) = 1/[y(t, T)]-?. This expression explic- 
itly incorporates compounding of interest (interest earned on interest). 
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1.054597 
[285307 — — tui 
12 7 1 


a 1.016031 
1.037958 
.967826 1..054597 


ES [5] — [1] 
1/2 dE c 1 
1.059125 
„982456 
1.017606 1/2 | i | [1] 
1.02 
„947497 1.037958 1.020393 
„965127 „960529 
1/2 .982699| 1/2  |.980015 1.059125 1] 
B(0) 4 1 1 1/2 [277778] 
1 
P(0,4)] 7.923845 = 
P(0,3)| |.942322 r(0) = 1.02 1/2 1062869 - 
RI DS e ëm ^ daca 
P(0,1) .980392 : 
P(0,0) 1 1.02 E 1.019193 
T" .937148 1 a] 
.957211 V2 N 1.062869 
278083 11022466 Ee 
1/2 1.068337 
1/2 1.042854 [ 279870] — DI 
.953877 1 
SE 1.024436 
1.068337 
1/2 [974502] " 
1 
time 0 l 2 3 


FIGURE 15.1 An Example of a One-Factor Bond Price Curve Evolution. The 
Money Market Account Values and Spot Rates Are Included on the Tree. Pseudo 
Probabilities Are Along Each Branch of the Tree. 


15.2 DIGITAL OPTIONS 


Digital options are used in the market because they provide similar “insur- 
ance” to call and put options, but they are much cheaper to purchase. 
Digitals are cheaper because their payoffs are constant, and they do not 
increase linearly with the underlying’s value. Call and put option’s payoffs 
do. We study the simplest digital option, a European call digital option. 

A European call digital option with expiration date T and strike price k 
on the simple interest rate with time to maturity T* is defined by its payoff 
at expiration. The digital’s time T payoff is defined by 


1 if R(T,T+T’)>k 
D(T) = (15.4) 
0 if R(T,T+T*)<k 
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The digital call option pays a dollar if the simple interest rate with time 
to maturity T* exceeds the strike rate k. Otherwise, it pays nothing. It is 
called a digital because the payoff is a unit (digit). 

Denote the digital's time t value as D(t). Using the risk-neutral valua- 
tion procedure of Chapter 10, the value of the digital option at time f is 


-g| PD 
D(t)=E, í Se Po (15.5) 


It is interesting to rewrite expression (15.4) using expression (15.1). Note 
that 


R(T,T+T*)>k<«1/P(T,T+T*)>1+kT* o P(T,T+T*) <1/(1+kT"). 


This allows us to rewrite expression (15.4) as 


. . (15.6) 
0 if P(T,T-1 )21/ü-KkT^) 


E if P(T,T+T*)<1/(1+kT*) 
D(T)= 
Thus, a European digital call option on the simple interest rate is equivalent 
to a European digital put option on the zero-coupon bond with maturity 
date (T+ T*). Expression (15.6) is often more useful for analysis because it 
depends only on the evolution of the term structure of zero-coupon bond 
prices (and not the term structure of simple interest rates). 

A synthetic digital option can be valued and synthetically constructed 
by using the techniques of Chapter 10. 


Example: Digital Call Valuation 


This example is based on the zero-coupon bond price curve evolu- 
tion as given in Figure 15.1. This evolution is arbitrage-free because it 
is the same evolution as used in Figure 10.1 in Chapter 10. 

Consider a European call digital option with expiration date T=2 
and strike price k =.02 on the simple interest rate with time to matu- 
rity T* =2. 

To value this option, we use expression (15.6). The calculations are 
as follows. 

The modified strike is 
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1/(1+kT')=1/(1+.02(2)) = .961538. 


The payoffs are 
Time 2, state uu: 


D(2;uu) -0 because P(2,4;uu) = .967826 > .961538 
Time 2, state ud: 

D(2;ud) =1 because P(2,4;ud) = .960529 < .961538 
Time 2, state du: 

D(2;du)-0 because P(2,4;du) = .962414 > .961538 
Time 2, state dd: 

D(2;dd) =1 because P(2,4;dd) =.953877 < .961538 
Time 1, state u: 


(1/2)0+(1/2)1 _ 


D(Lu)= = 49135 
1.017606 


The synthetic digital in the 4-period zero-coupon bond and the 
money market account is 


isco ee ee ost = —137.0426 
P(2,4;uu)—P(2,4;ud)  967826—.960529 


no(1;u) 2 [D(o;u) ^ n4 (5 u) PC, 4; u)]/ DO 


= [.49135+ (137.0426).947497]/1.02 = 127.7831. 
Time 1, state d: 


(1/2)0+(1/2)1 


D(bd)- 
1.022406 


= 48904. 


The synthetic digital in the 4-period zero-coupon bond and the 
money market account is 
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‘ihe REM DES) - = = —117.1372 
P(2,4;du) — PQ,4;dd) .962414—.953877 


no (1; d) = [D(sd) — n4 (1; d)PQ, 4; d)]/ BU) 


= [.48904 + (117.1372).937148]/1.02 = 108.1019. 
Time 0: 
(1/2).49135+(1/2).48904 


D(0) = = 48058. 
1.02 


The synthetic digital in the 4-period zero-coupon bond and the 
money market account is 


D(hu)-D(hd) _ .49135—.48904 SIA 
P(L4u)-P(14;d) .947497—.937148 ` 


no (0) = [D(0) — n, (0) P(0, 4)]/ BO) 


n4(0) = 


= [.48058 + (.22321).923845]/1.02 = .27437. 


These numbers are contained in Figure 15.2. The synthetic digital 
construction shows the difficulty in replicating the option (consider- 
ing transaction costs). As the expiration date approaches, the delta 
in the 4-period zero becomes quite large. It goes from 4.22321 units 
at time 0 to either —137.0426 at time 1 in the up state or —117.1372 at 
time 1 in the down state. This completes the example. [] 


The above techniques can be extended to European digital put options. 
American digital options can be valued using the stochastic dynamic pro- 
gramming technique discussed in Chapter 12. 


15.3 RANGE NOTES 


Range notes provide a partial hedge against floating rate loans with caps 
and floors attached. This section studies the pricing and hedging of range 
notes. 

A range note is a financial security with a principal of L dollars and a 
maturity date T that pays the spot rate* of interest r(f) - 1 times L on any 


* A generalization is to allow the note to pay based on a second simple interest rate of maturity t* 
instead of the spot rate of interest. 
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„49135 


(127.7831, -137.0426) ll 1.017606 


48058 1(0) = 1.02 
(27437, 22321) 


.48904 r(1;d) = 1.022406 
(108.1019, -117.1372) 


time 0 1 2 


FIGURE 15.2 An Example of a European Digital Call Option’s Values with 
Strike k=.02 and Expiration Date T=2 on the Simple Interest Rate with Time 
to Maturity T*=2. The Synthetic Option Portfolio in the Money Market 
Account and the 4-Period Zero- Coupon Bond (n,(t;s,), n,(t;s)) Is Given under 
Each Note. 


date t over the life of the contract where the simple interest rate with matu- 
rity T*, R(t, t+ T*) lies within the range k; to k,. The range limits k, and k, 
are called the lower and upper bound, respectively. The cash flow is paid 
at time t+ 1. 

This description is clarified by introducing the notation for an index 
function: 


1 ifk <R(t,t+T*)< k, 


NEE = r otherwise (15.7) 
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Using this new index function, we can write the cash flows to a range note 
from time t+ 1 until maturity as 


T-1 
cashflows from t+1 to T = > [r(j) - 11L1 


jt 


(15.8) 


(ki «RGj- T^ )<ku} 


Expression (15.8) has the first cash flow at time t+ 1, [r(f) — 11Llu c ir aa - 
The last payment is made at time T, and it is determined by the simple 
interest rate at time T'- 1. 

Let N(t) denote the value of the range note at time t. Then using the risk- 
neutral valuation procedure gives 


T-l 


N() 7 E| Mtr) UL Icar BHD BG). — 059) 


jt 


Given this description, we can now understand why a range note can be 
used as a partial hedge against a floating rate note with a cap and floor 
attached. If the floating rate note has principal L and pays based on the 
spot rate, the payments are [r(t) — UL. If the cap has rate k, and the floor 
has rate k, then these payments only occur in the range (k, k,). These pay- 
ments are represented by expression (15.9). Outside of this range, either 
kL or k,L is received. It is only these fixed payments outside of the range 
that are not included in expression (15.9). 

A synthetic range note can be constructed by using the techniques of 
Chapter 10. 


Example: Range Note Valuation 


This example is based on the zero-coupon bond price curve evolu- 
tion as given in Figure 15.1. This evolution is arbitrage-free as a quick 
verification of the pseudo probabilities reveals. 

Consider a range note with the following provisions. Its maturity 
is T=3 with principal L= 100. Let the lower bound be k,=.018 and 
the upper bound be k,,=.022 on the simple interest rate with matu- 
rity T* =2. 

To value this range note, we first compute the evolution of the 
simple interest rate R(t, t+2)=[1/P(t, t-- 2) - 1]/2. This evolution is 
given in Figure 15.3. We only need the evolution up to time 2 because 
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(1/.967826 — 1)/2 = .016622 


(1/.965127 — 1)/2 = 


.018067* 
(1/.960529 — 1)/2 = .020546* 
(1/.961169 — Das = 
20200* < 962414 — 1)/2 = .019527* 
1 


(1/.957211 — 1)/2 = 
„02235 


Ka 953877 — 1)/2 = .024177 


time 0 


FIGURE 15.3 An Example of the Evolution of a Simple Interest Rate of 
Maturity 2. An Asterisk “*” Denotes That the Simple Interest Rate Lies between 
k,=.018 and k, =.022. 


the time 3 payment is based on the simple interest rate at time 2. 
A sample calculation, at time 2, state uu, is 


R(2, 4; uu) = my = (E 
45 uu 


= [1/.967826 —1]/2 =.016622. 


From this evolution, we can compute the cash flows to the range note 
at each time and state. Sample calculations for time 3 are 


cash flow (3; uuu) = 100[r(2; uu) — 1] lioisznQ,4;uu)«.02) = 0 
because R(2,4;uu) =.016622 is below the lower bound, and 


cash flow (3; udu) = 100[r(2; ud) = 1] 1,018<R(2,4;ud)<.022} = 100(1 .020393 — 1) 
= 2.0393 
because R(2,4;ud) =.020546 is between the lower and upper bounds. 


The remaining calculations are left as exercises for the reader. The 
results are presented in Figure 15.4. 
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0 
0 
0 
1.7606 1.016031 
(0,0) 
0 
0 
2.7121 0 
2 2.0393 
(257.036, -273.842) 
1.9985 
1.7606 
1.9647, 0 
( ) o 
N(0) = 3.750 m 
cash flow (0) = 0 r(0) = 1.02 
(-154.711, 171.524) 
1.9159 
0 
(1.8725, 0) 
.9370 
2 
(-205.275, 224.423) 
0 
0 
(0,0) 
time 0 1 2 3 


FIGURE 15.4 An Example of a Range Note with Maturity T=3, Principal 
L=100, Lower Bound k,=.018, Upper Bound k,=.022 on the Simple Interest Rate 
with Maturity T* 22. At Each Node: The First Number Is the Value (N(t;s;)), the 
Second Number is the Cash Flow (cash flow(t;s,)). The Synthetic Range Note in 
the Money Market Account and the 4-Period Zero- Coupon Bond (ny(t;s/), n4(6s,)) 
Is Given under Each Node. 


Using the risk-neutral valuation procedure, we can compute the 
value of the range note at time t from these cash flows as follows: 


N(t;si) = (Q/2)N (t1) + cash flow(t-- aal 
(15.10) 
+(1/2)[N(t + sed) + cash flow (t+135,4)]) /r(t5 s.) 


where N(3;s;) =0 for all s}. 
A sample calculation for time 1, state u is 


N(1;u) =[1/2(0+1.7606) +1/2(1.9985+1.7606)]/1.017606 = 2.7121. 
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This occurs because N(2;uu)=0, cash  flow(2;uu)- 1.7606, 
N(2;ud) = 1.9985, cash flow(2;ud) = 1.7606, and r(1;u) = 1.017606. 

The remaining calculations are left as exercises for the reader. The 
results are contained in Figure 15.4. 

Finally, we can construct this range note synthetically using the 
money market account and the 4-period zero-coupon bond via the 
equations 


_IN(E+ seu) + cash flow (t +1; s,u)] —[N(t +1;5,d) + cash flow (t +1; s,d)] 
E [P(t +1,4;s,u) — P(t -1,45s,d)] 


n,(5s;) 
(15.11a) 
and 
no (t; s;) 2 [N(t5s,) —na(t;s/)P(t, 4;5,)]/ Blt;3s; 1).  (15.11b) 
A sample calculation for time 1, state u is 


ams (0+1.7606) — (1.9985 + 1.7606) = 273.842, 
„967827 —.960529 


and 
no(l;u) = [2.7121+273.842(.947497)] / 1.02 = 257.036. 
This follows because 


N(2;uu) =0, 

cash flow(2;uu) = 1.7606, 
N(2;ud) = 1.9985, 

cash flow(2;ud) = 1.7606, 
P(2,4;uu) =.967827, 
P(2,4;ud) = .960529, 
N(l5u) 2 2.7121, 

P(1,4;u) =.947497, and 
B(1) 2 1.02. 


The remaining calculations are left as exercises for the reader. The 
results are given in Figure 15.4. 
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It is interesting to observe that the range note goes from being 
long the 4-period zero-coupon bond at time 0 (171.524 units) to short 
the 4-period zero-coupon bond at time 1, state u (—273.842 units). 
This whiplash effect makes hedging range notes very difficult (con- 
sidering transaction costs). This completes the example. [] 


15.4 INDEX-AMORTIZING SWAPS 


Index-amortizing swaps are interest rate swaps in which the principal 
declines (amortizes) when interest rates decline. Consequently, these 
instruments are useful as (partial) hedges against prepayment risk in 
mortgage-backed securities.* Unlike the “plain vanilla” swaps discussed 
in Chapter 14, these exotic swaps are difficult to value because their cash 
flows (in general) depend on the entire history of spot interest rates. These 
instruments are commonly thought of as one of the most complex interest 
rate derivatives. 

Formally, an index-amortizing swap is a swap (say, receive fixed and 
pay floating) in which the principal is reduced by an amortizing schedule 
based on the spot rate of interest. The amortizing schedule does not apply 
until after a prespecified lockout period has passed. 

In symbols, let T be the maturity of the index-amortizing swap with 
initial principal L, receiving fixed at rate c (one plus a percent) and pay- 
ing floating at r(t). Let the lockout period be T* years. For t€ T* the 
principal is fixed at Ly. For t> T* the following change in the principal 
occurs: 


L(t) = L(t —1)[1—a(t)] fort > T^ (15.12) 


where L(T*) = L, and a(t) is the amortizing amount that occurs at time f. 
This expression states that the principal remaining at time f, L(t), equals 
the principal at time t- 1, L(t- 1), reduced by the time t amortizing sched- 
ule amount alt). 
A typical amortizing schedule looks like the following: 


* Mortgages are sometimes prepaid when the level of interest rates declines. This prepayment of 
a mortgage's principal is similar to the reduction in the principal on an index-amortizing swap. 
Mortgage-backed securities and prepayment risk is not discussed further in this textbook. Two 
useful references are McConnell and Singh [1] and Titman and Torous [2]. 
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0 if r(t) > ko 
by if ky 2r(t)>k, 
b ^ ifkh2r(t)k 
alt) =3b, if k, 2r(t)5 ks (15.13) 
by if k, 2r(t)>ky 
b, if ky 2r(t)>ks 
1  ifk; r(t). 
where k,>k,>k,>k,>k,>k; and 0<b,<b,<b,<b,<b,<1 are positive 
constants determined at the initiation of the swap. 

The amortizing schedule in expression (15.13) depends on the spot 
interest rate at time t. If the spot interest rate is larger than kọ, no reduction 
in principal occurs: a(t) 2 0. If the spot interest rate lies between k, and k,, 
a reduction of a(t) = b, percent of the principal occurs; if the spot interest 
rate lies between k, and E- a reduction of a(t) = b, percent of the principal 
occurs; and so forth down the schedule. Although we have only written 
seven different levels for the amortization, it is easy to augment this sched- 
ule to accommodate an arbitrary number of levels. 


Example: Amortizing Schedule 


An example of an amortizing schedule is 


0 if r(t) » 1.01 

35 if1.01>r(t)> 1.0075 
a(t) = 4.5 if 1.0075 > r(t) > 1.005 

.75  if1.0052 r(t) > 1.0025 

l if 1.0025 > r(t). 


This completes the example. [] 


The time f cash flow to the (receive fixed, pay floating) index-amortiz- 
ing swap can be written as 


cash flow (t) = [c — r(t — 1)]L(t —1). (15.14) 


The cash flow at time t is determined at time t— 1. The cash flow is the 
sum of receiving fixed (c- 1)L(t- 1) and paying floating [r(t— 1) - 1]L(t — 1). 
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The principal on which the 1-dollar interest payments are based is deter- 
mined according to expressions (15.12) and (15.13). 

Let IA(t) denote the time t value of the index-amortizing swap. Using 
the risk-neutral valuation procedure of Chapter 10, we have that 


T 


IA(t) = E, Y lc—r(¡-DILG-D/B(J) B(t). (15.15) 


j=t+1 


Expression (15.15) represents the present value of the cash flows to the 
index-amortizing swap from time t+1 through its maturity at time T. 
This value differs from the plain vanilla swap of expression (14.4) only by 
the replacement of a constant principal L with the amortizing principal 
L(¡- 1). The complexity in valuation occurs because of this small differ- 
ence. Note that the principal L(j — 1) and spot interest rate r(j — 1) are cor- 
related. Furthermore, the principal depends (in general) on the history of 
the interest rate process prior to time ¡— 1. This implies, for example, that 
the principal at time T — 1 will also be correlated with the spot interest rate 
occurring earlier at time f. Consequently, valuation becomes complex. We 
illustrate this procedure through an example. 


Example: Index-Amortizing Swap Valuation 


This example is based on the zero-coupon bond price curve evolu- 
tion in Figure 15.1. This figure has been proven to be arbitrage-free. 

To illustrate the computations, we consider a very simple index- 
amortizing swap. Let the swap receive fixed at rate c= 1.02 and pay 
floating. Let the swap's maturity be T=3 years, and let the initial 
principal be Lu 100. Let the lockout period be T*=1 year. Let the 
amortizing schedule be given by 


0 if r(t) 2 1.018 
a(t)= , 
5  ifr(t) «1.018. 


That is, the swap amortizes 50 percent of its principal each date the 
spot interest rate lies below 1.018. 

This example is identical to the plain vanilla swap example studied 
in Chapter 14, with the exception of the amortizing principal. Recall 
that the plain vanilla swap had zero value at time 0. We see below 
that the index-amortizing swap has a negative value at time 0. This is 
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because the principal decreases on the index-amortizing swap exactly 
when the payment stream is potentially the largest (when fixed minus 
floating is largest). This is to the disadvantage of the holder of the 
index-amortizing swap (relative to a plain vanilla swap). 

We first compute the cash flows to the index-amortizing swap. 
These are given in Figure 15.5. 

A sample set of calculations are as follows: 
At time 1, state u the cash flow is 


[c—r(0)]L, = [1.02 —1.02]100 =0. 
At time 2, state uu the cash flow is 
[c—r(13u]L, = [1.02 —1.017606]50 = .1197 

because r(1;u) = 1.017606 < 1.018 gives a(1;u) = 0.5, and therefore 

L = Do[1— a(155u)] = 100[1 —.5] = 50. 
At time 3, state uuu the cash flow is 

[c—r(2;uu)]L, = [1.02 —1.016031]25 = .099225 

because 

L, = L,[1—a(2; uu)] = 50[1-.5] = 25 


as a(2;u) = 0.5 since r(2;uu) = 1.016031 < 1.018. 

The remaining calculations are left as exercises for the reader. 
Note that the lower branches of this tree are identical to those in 
Chapter 14 for the plain vanilla swap. 

To value the index-amortizing swap, we use the risk-neutral valu- 
ation procedure. The value at time t is computed as follows: 


IA(t; s) = (0/2) A(t +1; s,u) + cash flow (t 4-1; s,u)) 
15.16) 
+ (0/2)A(t- E s.d) + cash flow (t + 1;s,d))]/r(t;s;) i 


where 


IA(3;s3)=0 for all s,. 


296 m Modeling Fixed Income Securities and Interest Rate Options 


€ 
9€bb'— = OOTI9EPHZO'T — z0'T] 
e/t 
9£vVz0'T = (pp :7)4 
e/t 
9€by'— = o0T[9£vvZO'T — zo T] 
L080' = OOTLE6T6TO'T — zO'T] 
zt 
£61610'1 = (np :z)4 
e/t 
L080' = OOTIE6T6TO'T — ZO T] 
s9610 — = OS[E6E0ZO'T — zo'1] 
Di 
£6£0Z0'1 = (pn :7)4 
Bi 
S96T0'— = 0S[E6E0Z0'T — Z0'T] 
SZZ660' = SZÍTEO9TO'T — zo'1] 
e/t 
I£09101 = (nn "Zu 
e/t 


S22660' = SZÍTEO9TO'T — zo 1] 


‘STOT > (^55)4 FI [edrounaq ay} Jo 1u2239q 0S s?zrj10ury UA “T= xI porq 


mopon “001 =°7 [edpurad [eul ‘E=, Ane qua dems Surznaoury-xopug ue uro1j swop] use? oy) Jo ailes uy Ce 3360014 


C I Q0 oun 


90v — = o0t[90vz220'T — zo 1] 


zt 
90PZZO'T = (p:1)4 
0 
e/t 
90v7'— = o01[90v270'1 — zO' 1] 
Z0'T = (OM 
L6TT = OSI909ZT0'T — zo T] 
e 0 
909410 T = (n “Da 
z/t 


L6LL' = os[909410'1 — zo 1] 


Interest Rate Exotics m 297 


For example, at time 2, state uu: 
A(2; uu) =[(1/2)(0 +.099225) + (1/2)(0 + .099225)]/1.016031 


= .097659, 


and at time 1, state u: 
IAQ; u) = [(0/2)(.0977 + .1197) + (1/2)(—.0193 +.1197)]/1.017606 


=.1562 


The remaining calculations are similar and are left as exercises for 
the reader. They are contained in Figure 15.6. Notice that the index- 
amortizing swaps value at time 0, IA(0)= —.1236. This is less than the 
plain vanilla swap's value at time 0 that is zero. 

Finally, we compute the synthetic index-amortizing swap portfo- 
lio using the money market account and the 3-period bond via the 
equations 


[GA(t +1; 5,4) + cash flow (t +1;5,u)) 


— (IA(t +1;5,d) + cash flow (t +1;5,d))] 


t35,)= 
ns (t5 s.) P(t -1,3;s,u) — P(t - 1,3;s,d) 
and 
no(t3s,) = UAG s) -m(5s)P(53:s)]/ B(t) (15.17) 
for t=O and 1. 


For time 2, since the money market account and the 3-period 
bond are identical, we arbitrarily place all the investment in the 
money market account. Some sample calculations are as follows: 
Time 2, state uu: 


n3(2;uu) - 0 
ny ;uu) = IAQ;uu)/ B(2;u) = .0977 / 1.037958 = .094088 
Time 1, state u: 


[IA(2;uu)+ cash flow (2;uu)]—[IA(2;ud)+ cash flow (2; ud)] 
P(2, 3; uu) — P(2,3;ud) 


n3(1;u) = 


_ (0977 +.1197)—(—.0193 1.1197) 
„984222 —.980015 


= 27.8108 
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n(l;u) = [IA( u) ^ n3 (5; u)P(,3;u)]/ BO 


= [.1562 — (27.8108).965127]/1.02 = —26.1615. 


The remaining calculations are left as exercises for the reader. 
All calculations are presented in Figure 15.6. This completes the 
example. [] 


The above techniques for valuing exotic interest rate options are eas- 
ily modified to incorporate more complexities, such as early exercise con- 
siderations. The procedure requires a detailed specification of the interest 
rate option's cash flows given an evolution of the term structure of interest 
rates. Once this is understood, the procedures of Chapter 10 are easily 
applied. 
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CHAPTER 16 


Continuous-Time Limits 


T HIS CHAPTER DISCUSSES THE computer implementation of the interest 
rate option models developed in the previous chapters. As a discrete- 
time model, its approximation to reality is quite good when the number of 
periods (7) is large. In this case, the discrete-time model is approximating 
the continuous trading limit. In fact, for purposes of empirical estima- 
tion, it is convenient to reparameterize the discrete-time model in terms 
of its continuous-time limit. The actual implementation of computer code 
is then done under this reparameterization. 

The primary purpose of this chapter is to study this reparameterization 
and the resulting continuous-time limit. A secondary purpose is to dem- 
onstrate how to construct arbitrage-free zero-coupon bond price evolu- 
tions such as those used in the examples of the previous chapters. 

Some words of caution are needed. This chapter and the next contain 
material that is more abstract than that contained in the preceding chap- 
ters. This is because these chapters transform the material from easily 
understood examples to actual applications. “Applications” mean com- 
puter code and empirical estimation. These are necessarily more complex 
and abstract topics. 


16.1 MOTIVATION 


This section discusses the intuition behind the construction of the discrete 
time approximation to the continuous-time limit economy. 
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To parameterize the forward rate process,* in terms of its continuous 
limit, we need to change the time scale in the discrete-time model. As it is 
currently constructed, there are t time periods t=0, 1, 2, ..., v. These time 
periods are arbitrarily specified. In order to take limits, let us fix a future 
date T (say, January 1, 2050), and divide the time horizon 0 to T into sub- 
periods of equal length A. Thus, in terms of calendar time, the discrete 
periods 0, 1, 2, ..., T correspond to the dates 0, A, 2A, 3A, ..., TA = T. 

We are interested in studying the various discrete-time economies 
when the number of trading dates becomes large De, T —^ 00) or, equiva- 
lently, when the time between trades becomes small (i.e., A > 0). 

The discrete-time forward rate is denoted by f,(t,T). Recall that this 
represents "one plus the percentage" forward rate at time t for the future 
time period [T,T+ A]. The continuously compounded (continuous-time) 


forward rate f (t, T) corresponds to that rate such that 


En, 


It is that rate, compounded continuously for A units of time, that equals 


the discrete rate. Note that this expression implies that f (t, T) is a percent- 
age, i.e., a number between -1 and +1. 
More formally, (assuming the limit exists) 


fT) = limlog(fs (t,7))/A. 


In constructing the continuous-time economy, we are concerned with 
changes in continuously compounded forward rates, i.e., 


log fa(t+A,T) log fa(t,T) 
A A o 


ft A,T)- f(t,T) = 


From the continuous-time perspective, the evolution of observed zero- 
coupon bond prices and forward rates is generated by a continuous time 
empirical economy with parameters? (i) u* (5, T), the expected change in the 


* For the bond trading models of Chapter 9, one could estimate the parameters of the bond process 
directly. This estimation is problematic, however, because the parameters of the bond process are 
(in general) nonstationary. 

* This chapter's analysis follows Heath, Jarrow, and Morton [5]. 

* In mathematical notation, to be defined later, df(t,T) — * (t T)dt + o(t, T)dW(t) where both ott, 
T) and dW(t) can be vector-valued processes for multiple-factor economies. 
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continuously compounded forward rates per unit time, and (ii) o(t,T), the 
standard deviation of changes in the continuously compounded forward 
rates per unit time. The standard deviation is sometimes called the for- 
ward rate’s volatility. The word “empirical” is intended to distinguish the 
“actual” or “empirical” economy from the transformation used for valua- 
tion, called the “pseudo” economy. 

We would like to construct an approximating discrete-time empiri- 
cal economy such that as the step size shrinks (A—0), the discrete-time 
economy approaches the continuous-time economy. This is illustrated at 
the top of Figure 16.1. 

Recall that a discrete-time empirical economy is characterized by (i) 
the probability of movements of forward rates qi (s) and (ii) the (one plus) 
percentage changes in forward rates across the various states (ot (t, Tis;), 
D.I Ts) for the one-factor case). It is a fact from probability theory (see 
He [4]) that under mild technical conditions, this approximation can be 
obtained by choosing 


E [e fa(t+A,T) log | 
‘ A A 


—u*(t,T) asA—0, 


A 
and 
A 0 
Discrete ii Continuous-Time 
Empirical nn j Empirical 
Economy A Economy 
at (St) HIT 
aalt, T) o(t,T) 
Balt, T) 
: arbitrage-free 
arbitrage-free 
Discrete A20 Continuous-Time 


Pseudo Pseudo 


Economy 


Economy A 


me (t; Se) u(t, T) 
ay(t,T) a(t,T) 
Balt, T) 


FIGURE 16.1 Discrete Approximation System to the Empirical- and Pseudo- 
Continuous-Time Economies. 
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van es a A,T) log BED 


S | ery as A> 0, 


where the expectations and variance are obtained using the actual proba- 
bilities qi (s). Under these conditions, for small A, the two economies will 
be similar, and the discrete-time empirical economy will be a good approx- 
imation to the continuous-time empirical economy (and conversely). 

We now study the bottom part of Figure 16.1. Given the discrete-time 
empirical economy constructed above, as in Chapter 10, the assumption 
of no arbitrage gives the existence of unique pseudo probabilities 2, (t;s,), 
which are used for the valuation of contingent claims. The pseudo econ- 
omy is represented by the lower part of Figure 16.1. 

The discrete-time pseudo economy is characterized by (i) the probabil- 
ity of movements of forward rates 2, (t;s,) and (ii) the (one plus) percentage 
changes in forward rates across the various states (a, (Bs), BA Tis) for 
the one-factor case). The percentage changes in forward rates are identical 
across the two discrete-time economies; only the likelihoods of the move- 
ments differ. However, we need x,(t;s,)>0 if and only if q? (s) » 0. Those 
states with positive probability in the pseudo economy must have positive 
probability in the empirical economy, and conversely. This is called the 
equivalent probability condition. The arbitrage-free link between the two 
discrete-time economies (empirical and pseudo) is depicted on the left side 
of Figure 16.1. 

Analogous to the discrete-time case, the assumption of no arbitrage in 
the continuous-time model gives the existence of unique pseudo prob- 
abilities, which are used for the valuation of contingent claims.* These no- 
arbitrage restrictions imply that the limit pseudo economy has parameters 
(i) u(t,T), the expected change in the continuously compounded forward 
rates per unit time, and (ii) o(t,T), the standard deviation of changes in 
the continuously compounded forward rates per unit time. The standard 
deviations of changes in forward rates are identical across the two limit 
economies; only the likelihoods (and, therefore, the expected changes of 
forward rates) can differ! This is the equivalent probability condition. 


* Heath, Jarrow, and Morton [6] provide the technical details. 

t It can be shown that y (t,T) = u(t,T) — ott T)o(t) where dit is a risk premium. This is discussed 
later in this chapter. The probability measures are equivalent (agree on zero probability events) 
because o(t,T) is identical across the two economies. 
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This arbitrage-free link between the two limit economies is depicted on 
the right side of Figure 16.1. 

The construction is complete if the discrete-time pseudo economy also 
converges to the limit pseudo economy, because then for small A, contin- 
gent claim values as computed in the discrete-time model will be good 
approximations to contingent claim values as computed in the continu- 
ous-time model (and conversely). This is illustrated in the bottom part of 
Figure 16.1. This construction can be obtained if we choose 


A A 
A 


i [be falt+A,T) log hen 


> u(t,T) asA>0, 


and 


A A 
A 


m [leg fa(t+A,T) log fa eT 
—Oo(tT) asA>0, 


where the expectation and variance are obtained using 1, (ts,). 

There are numerous ways of constructing the discrete-time economies 
such that Figure 16.1 is satisfied. This follows because we require only that 
the limiting systems match. From among these constructions, we select 
the one that makes the computation of contingent claim values as sim- 
ple as possible. This simplicity of computation occurs, for example, if the 
pseudo probabilities satisfy na (t,;s,)=1/2 for all A, t, and s, This is the 
identification that has been used throughout this text. We show below that 
such a construction is always possible. 

In summary, the purpose of this chapter is to construct a system of 
discrete-time and limit economies satisfying Figure 16.1 and such that the 
pseudo probabilities satisfy na (t,;s,)=1/2 for all A, t, and s, This is the 
task to which we now turn. 


16.2 ONE-FACTOR ECONOMY 


Consider the one-factor economy of Chapter 5. The forward rate process 
can be characterized as: 
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Oa (£,T;54) fa (E Tis) if Sa = su 


with probability qi (se) >0 
fa(t+A,T3si4a)= (16.1) 
Ba Deg ) fa (5 Tis.) if saa = sd 


with probability 1— qê (s+) 


where TA— AZ T>t+ A, and both t and T are integer multiples of A. 

The forward rates and the actual probabilities are indexed by A. If u 
occurs, forward rates change proportionately by a, (t,T;s,), and if d occurs, 
forward rates change proportionately by P,(t,T;s,). The actual probabili- 
ties of the up and down movements are given by giel and 1- q; (s), 
respectively. Expression (16.1) is expression (5.5) of Chapter 5 rewritten to 
include the new time notation. 

Let us now reparameterize expression (16.1) in terms of three new sto- 
chastic processes, u(t, Tal, ott, Tak, and p(t;s,), implicitly defined as follows: 


OA (t T:s )= LhleTisr)A-o(eTise VA JA 
A = 


cU eroi NA Ja 


Ba (E, Tis.) 
qi (s)20/2)-Q/26(5s.) VA 


(16.2) 


It is important to note the powers of the A's in expression (16.2). This 
parameterization was selected with Figure 16.1 in mind. To explain, sub- 
stitution of expression (16.1) into (16.2) gives 


Tis JA-o(tGT;s WA A 


f^ (ra Jel” if Sta = Su 


with probability (1/2)4-(1/2)0(t;s;) VA 


fa (t A Tisa = 8 
f^ (t T; 5 E A 


with probability (1/2) —(1/2)0(ts,) VA. 


if StLA = sd 


Next, take natural logarithms of both sides of expression (16.3) to obtain 
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log fa(t- A,T;ssA) log fa (6T;s.) 
A A 


u(t, Tis )A-o(6T;s,)NA if Saa = su 


with probability (1/2)+(1/2)o(t;s,)VA (16.4) 


u(t, Ts) A+o(t,T;s:) VA if saa = sd 
with probability (1/2)—(1/2)0(ts, VA. 


The mean and variance of the changes in forward rates can be computed 
to be 


E k fat+A,T) log fa(t,T) 


A A p [u T) — o(t)o(t, T)]A, (16.5a) 


and 


va, SEA CAD log AD IRA GTI, (16.5b) 


A 


Derivation of Expression (16.5) 
For simplicity of notation, define Alogf,(t,T) =logf,(t+ A,T) —logf, 
(t,T). Using expression(16.4), 


(Alegi) (1/2+ (VA /2)(ult, DA — ott, TA) 


+1/2- EWA / Dult, TA + o(t, TVA) 
= pt, TA - tolt, MA. 


va (AER) a, (E ny] (s (sentem 
A A A 


= (u(t, TA — o(t, DÍA? /2+ VONIN /2) 
Hult, A+ o(t, VAY (1/2 -OVA / 2) 
-(u(t,T)A — (Holt, TA)? 


= [ut, T? A? — 2u(t, T)Ao(t, TVA + olt, T AI 24- 904A / 2) 


«ut, T? A? + 2u(t, T)Ao(t, TVA + o(t, T AI / 2 — o(t)VA / 2) 


-[u(t, T? A? — 2u(t, T)AQ(00(t, T)A + ot)? olt, T? A?] 
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Canceling like terms gives 
Alog fa(t, T) 
Var | 2252 | = 22utt, MA, TWAG(t)VA / 2- 2ult, T)AG(t, TJ AQ A / 2 


+2u(t, T)AQ(t)o(t, T)A + o(t, TA — Olt) olt, T A? 
= o(t,TY A -ot olt, T? A’. 


This completes the derivation. [ 


Dividing expression (12.5) by A and taking limits of these quantities as 
A gives 


[ss fa(t+A,T) log fa(6T) 
E; 
: A A 

lim 


A—0 A 


| -gu(T)-$(Do(t,T), (16.62) 


and 


Var, es fa(t- A,T) log fa(6T) 
: A A 
lim 


A—0 A 


| =o(t,T).  (16.6b) 


Because the expectations are taken under the empirical probabilities, 
expression (16.6a) represents the drift p*(5 T) z (5T) — (t)o(5 T) of the 
empirical process and o(t,T) represents the volatility of the empirical pro- 
cess. Both ut, T) and ett T) can in principle be estimated from past obser- 
vations of forward rates. 

The stochastic process þ(t) can be interpreted as a risk premium, i.e., 
a measure of the excess expected return (above the spot rate) per unit of 
standard deviation for the zero-coupon bonds. 

The parameterization of the empirical discrete-time process as given in 
expression (16.2), therefore, is an approximation to the empirical continu- 
ous economy with drift p*(t,T) zu(5T) - p(9)o(t,T) and volatility o(t,T). 
This identification corresponds to the top right of Figure 16.1. 

We next investigate the discrete-time pseudo economy implied by 
expression (16.2) and the assumption of no arbitrage. 


16.2.1 Arbitrage-Free Restrictions 

This section studies the restrictions implied by no arbitrage on the above 
system. From Chapter 10, this system is arbitrage-free if and only if there 
exist unique pseudo probabilities 2, (t;s,) strictly between 0 and 1 such that 
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ta (t5) — da (tT 5; ) 


16.7 
uitis as (bbs) SS 


TUA (ts, ) = 


for all s, 0 € t « T- A, and T<TA, where both t and T are integer multiples 
of A. 

In Chapter 5, expression (5.10), we characterized the zero-coupon 
bond price evolution's parameters in terms of the forward rate evolution's 
parameters. We use that expression now. Substitution of expression (16.2) 
into (5.10) gives*: 


| bi w(t, jssr A+ Y dE 
ua (tT; leen (tes; lei, ^^ E (16.8a) 
and 
T-A T-A 
- l y u(t, jsst) A l y dese) 
da (Tis) (tos, Jet ^^ ian (16.8b) 


Substitution of these expressions into (16.7) and simplification yield 


- E u(t, fa )A- E os 
l-e 


j=t+A j=t+A 


Ta (t; St ) m T-A T-A T-A T-A 
- Y ejs Y, ca) - Y, Mejs- Y, os 
e e 


jetta jetta jetta j=t+A 


(16.9) 


for all s and 0 € t « T- A and T<tA, where both t and T are integer mul- 
tiples of A. 

Expression (16.9) gives the cross-restrictions on the drifts and volatili- 
ties of the forward rate process that are both necessary and sufficient for 
the existence of the pseudo probabilities. 

Under these pseudo probabilities the change in the logarithm of for- 
ward rates is represented as 


* The summations in expression (16.8) are for steps of size A,soj=1+A,t+2A,..., T — A. 
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log fa (t A,Tisi A) log fa ts 
A A 


u(6 Tis. )A-o(t,T;s,)VA if St. A = SU 


with probability T(t; 5; ) (16.10) 


u(t, T;s:)A+0o(t,T;s:) VA if saa = sid 
with probability 1— r(t; s; ). 


The mean and the variance of the changes in forward rates can be com- 
puted under the pseudo probabilities: 


E is fa(t+A,T) log fa(t,T) 
| ^ 


A f= u(t, T)A + (1-21, (t))o(t,T)VA, 


(16.11a) 


and 


vui des fn n ol oE Len. = 4o(t, TY. AEN TE. (16.11b) 


Derivation of Expression (16.11) 


For simplicity of notation, define Alogf,(t,T)=logf,(t+ A, T) — 
logf, (t,T). Using expression (16.10), 


É Alog fa(t, T) 
i A 


= m0) (ue, TA- ott, DVA) + (1 Tat) (ult, DA + ott, TWA) 


= Wt, AF (1 - 2n4(0)o(t, TA. 


Var (2% fal, n A on GI )) E E Gun y 
A A A 


= (ut, DA —o(t, T JAY Tat) + (ult, DA — olt, TA AY 0- Talt) 


- (ut, DA +01- 2r4(0)6(t TA 


Expanding the squares gives 
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Var, (ses = (ut, T A? — 2u(t, T)o(t, TVA + olt, T) Ara (t) 


«(ut T? A? + 2u(t, T)o(t, TWA + ott, T A(1 — ra (0) 
-(ut, T A? + 2u(t, T)1 - 2n4(0)o(t, TA + o(t, T? A(1— 24 (0)) 


Canceling like terms and simplifying yields 


Var eat = Ao(t,T)?Ama(t)(1—m4() 


This completes the derivation. [ 


In summary, to construct the lower part of Figure 16.1, we require three 
conditions. The first is that expression (16.9) regarding the pseudo prob- 
abilities holds. Second, we also require that as A—0, 


i {ice fa(t+A,T) log Ge, 


. A A E 
lim i =u(t,T) (16.12a) 
and third, 
Var, E f^ a A,T) log Gel 
lim =o(t,T).  (16.12b) 
A—0 A 


These three conditions imply 


na (6;5,) 20/2) *o( VA) (16.13) 


where 
o(V^) is defined by limo(J/A J/ VA =0. 


Derivation of Expression (16.13) 


From expressions (16.11) and (16.12) one obtains 


lim (2 Za, T) 


A—0 JA 


=0 


314 m Modeling Fixed Income Securities and Interest Rate Options 


and 
lim 474 (t)(1- n4(0) =1. 
A40 
The first of these gives (16.13), since it implies that 


(1/ 2 — Tale) 


VA 


The second equality is also satisfied by (16.13). This completes the 
derivation. [] 


=0. 


For computational efficiency, it is convenient to set the pseudo prob- 
abilities 1, (£;s,) = 1/2 for all t and s, This is a special case of expression 
(16.13). 

With this restriction, we get convergence to the continuous time econ- 
omy and the pseudo probabilities from expression (16.9) satisfy 


T-A T-A T-A T-A 
| Y Mejs Y, nich - Y, Wittala- M, ole js) WA ^ 
(1/2) e j=t+A j=t+A _ j=t+A j=t+A 


j=t+A j=t+A 


T-A T-A 
| Y, Wrbalä- Y, nech 
l-e 


(16.14) 
This is true if and only if 
b I | > och | > tisa) Gh 
e j=t+A =(1/2) e j=t+A +e j=t+A 
(16.15) 


= zu y «(sis a |a) 


j=t+A 


where cosh(x) = (1/ 2)(e* +e >). 
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This gives the restriction on the drifts and volatilities of the forward 
rate process so that they are arbitrage-free and converge to the appropriate 
continuous-time economy. 

The next subsection shows how to use this information to build trees 
similar to those used in the book's examples. 


16.2.2 Computation of the Arbitrage-Free Term Structure Evolutions 


This section shows how to use the previous expressions to compute an 
arbitrage-free term structure evolution. 

First, we compute the evolution of the zero-coupon bond prices. 
Substitution of expression (16.15) into expression (16.8) gives 


T-A i > nach 
ua (t,T35,) = ra (t;s )| cosh > o(t. js.) V^ ^ RES 
j=t+A 
(16.16a) 
and 
T-A T HE ca) 
da (t,T;s,)=r, (8;s;)| | cosh y o(t,jss,)VA ||A| d l 
j=t+A 
(16.16b) 


Using expression (5.3) of Chapter 5 for the evolution of a zero-coupon 
bond's price in conjunction with expression (16.16) gives: 


Pa (t+A,Tssi+0 ) 
-1 
T-A deja Ma | 
Pa(t,T;s,)ra (t35;)| cosh y o(t, is) VA A || el 
j=tt+A 
if Sia = su 
D =l 
I-A - E aia a 
Py(t,T35;)ra (t;5, )| cosh y o(t, is.) V^ ^ In 
j=tt+A 
if Sia = sd 


(16.17) 
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for t< T-A and T<tA where both t and T are integer multiples of A. 

Expression (16.17) gives the realization of the discrete-time bond price 
process for the approximation as in Figure 16.1. 

Under the empirical probabilities (1/2)+(1/2)0(t;s,), this bond 
price process converges to the limiting empirical process for the bond's 
price. 

Under the pseudo probabilities r4 (t;5,) = (1/2), this bond price process 
converges to the limiting pseudo process for the bond's price. Because the 
pseudo economies are all that are relevant to application of the contingent 
claim valuation theory of Chapter 10, we never have to estimate the sto- 
chastic process (t;s). 

It is shown later that p(6s,) can be interpreted as a risk premium, i.e., 
as a measure of the excess expected return (above the spot rate) per unit 
of standard deviation for the zero-coupon bonds. Therefore, to apply this 
technology to price contingent claims, one never has to estimate a zero- 
coupon bond’s risk premium. This is an important characteristic of the 
model. It is the analog of the Black-Scholes-Merton equity option pricing 
model for interest rates. 

To construct the forward rate process evolution, from expression (16.15) 
we get 


drei! = cosh ([o(t,t+ Ass) VA ]A) (16.18) 
and 
T 
y o(t, jis) VA A 
elh(eTi)AlA — cosh T. A 
cosh > o(t. js.) V^ A 
j=t+A 


for T>t+2A where both t and T are integer multiples of A. 
Substitution into expression (16.3) yields 
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£ 
cosh > o(t. jisi) VA |A 
f^ (t, T;s: ) pre ec eno Ja 
T-A 
cosh > o(t, s) VA |A 
j=tt+A 
if St+a = SU 
fa(t+A,Ts sia) = 
T 
cosh > a(t, jis) VA |A 
PETS) alei „Loteria Wa] 
T-A 
cosh >» a(t, jisi) VA JA 
j=t+A 
if St+a = sd 


(16.19) 


for tA > T+A and T- A > t where both t and T are integer multiples of A, 
and where as a notational convenience we define 


t 


cosh y o(t. is) VA A let, 


j=t+A 


We include this last identity so that expression (16.19) can be written in 
one line. Otherwise, because of the denominator involving the cosh func- 
tion, we would have to write out two expressions: one when T=t+A and 
one when T>t+2A. 

Thus, expression (16.19) gives the evolution of the discrete-time for- 
ward rate curve as in Figure 16.1. 

Under the empirical probabilities (1/2)+(1/2)0(t;s,), this process con- 
verges to the empirical continuous-time process for the forward rates. 

Under the pseudo probabilities T4 (t;s,)=(1/2), this converges to the 
pseudo continuous-time process for the forward rates. The computation 
of interest rate derivative values is done using the pseudo probabilities. 

Note that under the pseudo probabilities, a specification of the volatility 
structure of forward rates, 
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o(t,t+ A;s,) 
O(t,t - 2A;s,) 


Olt, TA — ^;s,) 


for all O€t€c- A and s, is sufficient to determine the evolution of the 
forward rate curve. The risk premium process datt, Tis) does not appear 
in expression (16.19). Again, this is an important attribute of the model, 
which makes its implementation practical. 

Two functional forms of the volatility function ott, Tel have received 
special attention in the literature. 


Case I: Deterministic volatility function 

The first case is that in which the volatility ot. Tel is a deterministic 
function, independent of the state s, This restriction on the volatility 
function implies that forward rates can go negative. This case includes 
as special cases Ho and Lee's [8] model (o(t,T;s,) is a constant) and a dis- 
crete-time approximation in the HJM framework to Vasicek's [11] model 
(c(t, T;s) =Ee-" for E, n > 0 constants). 


Case 2: Nearly proportional volatility function 

The volatility is o(5,T:s) 2 n(5;/ T)min(logf(;[ T), M), where n(t,T) is a 
deterministic function and M» 0 is a large positive constant. In other 
words, in the second case o(t,J;s,) is approximately proportional to the 
current value of the continuously compounded forward rate logf(t,T). The 
proportionality factor is mt. T). This proportionality implies that forward 
rates are always nonnegative. Nonnegativity of forward rates is a condition 
usually required in models because negative interest rates for zero-coupon 
bonds are inconsistent with the existence of cash currency, which can be 
stored costlessly at zero interest rates. 

In this case, the larger the forward rate, the larger the volatility. If the 
forward rate becomes too large, however, the volatility is bounded by 
n(6T)M. This upper bound guarantees that forward rates do not explode 
with positive probability. This is a necessary technical condition based on 
the limit economies in Figure 16.1 (see Heath, Jarrow, and Morton [6] for 
details). 
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Example: Construction of Figure 5.6 


To construct Figure 5.6, we used expression (16.19), with A=1 and 
the following forward rates: 


(0,0) = f(0,1) = f(0,2) = f(0,3) = 1.02. 


We used the volatility function given in case 2 with the proportion- 
ality coefficient n(t,T) 2 n(T- t) depending only on time to maturity 
and having the values 


nú) = 0.11765, 
n(2) = 0.08825, 


and 
1(3) = 0.06865. 


We set M= 1,000,000. This completes the example. [J 


16.2.3 The Continuous-Time Limit 


For purposes of empirical estimation and computation, we have con- 
structed the discrete-time economies to converge to a continuous-time 
limit. It is instructive to study the continuous-time limits of the one-factor 
economy analyzed in the previous sections. This section is not used in the 
remainder of the text, and it can be skipped on a first reading. 

The first step in analyzing the continuous-time economy is to study 
continuous compounding as the limit of the discretely compounded rates 
used in the previous sections. Intuitively, the continuously compounded 
forward rate, f (t,T), is that rate such that for small time intervals A, the 
following condition holds: 


fa (t, T) = ef D^. (16.20) 


The left side of expression (16.20) is the forward rate over [T, T+ A] as seen 
at time f. This forward rate is one plus a percentage. The right side gives the 
appreciation obtained from the time t continuously compounded forward 


rate f (t, T) per unit time, compounding for the A units of time 
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from T to T+ A. The continuously compounded forward rate F&T) is 
a percentage, expressed as a number between —1 and 1. Expression (16.20) 
is only an approximation. 

Formally (assuming the limit exists), the continuously compounded 
forward rate is defined by 


EE E lim log (fa (t,T))/A. (16.21) 


Expression (16.21) implies that 


j f(t.v)dv 
fat, T)=e * (16.22) 


Expression (16.22) is the formal version of expression (16.20). When the 
time interval A is small, expression (16.20) is approximately true. 

We can rewrite the zero-coupon bond prices in terms of the continu- 
ously compounded forward rates. Indeed, it can be shown that 


T 
-f Fiera 
Py(t,T) =e * ; (16.23) 


Derivation of Expression (16.23) 


Choose T so that T/A is an integer. From the definition of the bond 
price in terms of forward rates we have 


T/A-1 ü 
n [E fate i 
jet 


by the definition of 


T/AA | [+A 


B =D) i F(t,v)dv 
ftussg^- 


This completes the proof. [ 
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In the one-factor case under expressions (16.2) and (16.15), given suit- 
able restrictions upon HIT, o(5, T), and dt, the random process 


(16.24) 


log( fat +A,T)) log(fa(t,T)) 
A A 


converges* as the time step A— 0 to the random process given by the 
following: 


t 


je.n-fen- | pr Tdve | o(v,T)dW *(v) (16.252) 


0 


under the empirical probabilities, where (W*(t): t e [0,t]} is a Brownian 
motion, initialized at zero, and 


t 


je.n-fen- | uv Dév« | o(vT)dW(v) ` (16.25b) 


under the pseudo probabilities, where (W(t): t e [0, 7]! is a Brownian 
motion, initialized at zero. 
Further, it can be shown (see Heath, Jarrow, and Morton [6]) that 


dW(v)=dW *(v)—o(v)dv (16.25c) 


and 


t t T 
f uv àv - | o(v,T) J o(v, y)dy |dv. (16.25d) 


v 


The first term on the right side of expression (16.25a) is an ordinary inte- 
gral from first-year calculus. The second term is a stochastic integral, 
whose definition we leave for outside reading (see Protter [9]). A complete 
understanding of these integrals is not necessary for an understanding of 
the remainder of the text. 


* Formally, the random process given in (16.24) converges weakly to that in expression (16.25). The 
definition of weak convergence is rather technical and can be found in Billingsley [2]. 
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Expressions (16.25a) and (16.25b) are the direct result of expressions 
(16.6) and (16.12), respectively. They give the limiting processes, which are 
characterized by their drifts and volatilities. 

Expression (16.25c) in conjunction with the two previous expressions 
shows that 


u*(t,T) HIT) -o(t, O4). (16.26) 


This relates the drift of forward rates in the empirical economy (p*(t,T)) to 
the drift of forward rates in the pseudo economy (p(t5T)). 

Expression (16.25d) is the limiting form of expression (16.15). It is the 
no-arbitrage restriction written in terms of the volatilities of the forward 
rate process in the pseudo economy (the proof is in Heath, Jarrow, and 
Morton [6]). Combined with expression (16.26), the no-arbitrage restric- 
tion expression (16.25d) is equivalent to 


E,(dP(t,T)/ P(t,T)) —r(t)dt = 
Var, (dP(t, T) / P(t, T)) 


od: (16.27) 


for all t, T, where dP(t,T) is the instantaneous change in the T-maturity 
zero-coupon bond's price over [t, t+ dt]. 

The proof of this expression is contained in Heath, Jarrow, and Morton 
[6]. This result gives —p(t) the interpretation of being a risk premium, i.e., 
the excess expected return (above the spot rate) per unit of standard devia- 
tion for the zero-coupon bonds. The arbitrage-free restriction is therefore 
equivalent to the statement that all zero-coupon bonds must have the 
same excess expected return per unit of risk. This is the continuous-time 
analog of the no-arbitrage condition involving equalities of the pseudo 
probabilities used in Chapter 10. 

Two examples of expression (16.25) are useful in applications. 


Case 1: Deterministic volatility functions 

The first example is that in which the volatility function is a determin- 
istic function, i.e., O(f, T) is nonrandom. 

In this case, the limiting random variable f(t,T) — f(0,T) can be shown 
to be normally distributed with 
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t 
mean J uv, T)dv (16.28) 
0 


and 


t 
variance IE (v, T)dv. (16.29) 


0 


This implies, from expression (16.25), that the zero-coupon bond's price 
P(t,T) is lognormality distributed. This lognormality enables one to com- 
pute analytic expressions for various types of options (see Heath, Jarrow, 
and Morton [6]) Expression (16.25) with the restrictions implied by 
expression (16.28) is called a Gaussian economy. 

When o(¢,T) is a constant, independent of t and T, we get a continuous- 
time limit of the Ho and Lee model [8]. When o(t,T) = £e"? for €, n con- 
stants, we get in the HJM framework a version of Vasicek [10]. 


Case 2: Nearly proportional volatility functions 

A second example useful in applications is that in which the volatil- 
ity function satisfies the condition o(t, T) = (t, T) min( f (t T), M) where 
n(6T) is a deterministic function and M is a large, positive constant. In 
this case it can be shown that the limiting process for FED) is positive 
for sure. The bound M is included to keep the forward rate process from 
exploding in finite time; see Heath, Jarrow, and Morton [6] for details. No 
known distribution for f(t,T) is available, and the limiting random vari- 
able is best approximated via expression (16.19). 

Cases 1 and 2 are the limiting forms of the two cases for the volatility 
functions discussed earlier in this chapter. 


16.3 TWO-FACTOR ECONOMY 


This section extends the previous analysis to a two-factor economy. 
Because we are interested in computing contingent claim values as in 
Chapter 10, we give only the characterization for the pseudo economies. 
This corresponds to the lower part of Figure 16.1. 

Consider the two-factor economy as described in Chapter 5. The for- 
ward rate process can be characterized as: 
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OA (t, T; st) fa (Tis) if Saa = siu 


with pseudo probability 1/4 


Ya(5 Tis) fa Tis) if Sina = sem 
falt +A,T;sna)= (16.30) 
with pseudo probability 1/4 


Ba (51; elt, (tT; el if Sa — sd 
with pseudo probability 1/2. 


where XA - AZ T>t+ A, and where t and T are integer multiples of A. 
Let us reparameterize expression (16.30) in terms of three new stochas- 
tic processes p(t,T;s,), o,(t Tis), and o, (t, T;s)) as follows: 


e (t Tis )= niet A-01(tTis) VA -V2 extr NA JA 
Ales 155 J — 


[n(t.Tis )A-or(t,T st )VA+V2 os (1,7551) VA JA 


Ya(t,T;s,)=e (16.31) 
Ba (t,T3s;) = daach 
Substitution of expression (16.31) into expression (16.30) gives 
P P g 
fa (67; " jedes pee aon o»(5T;s)VA JA if Saa Su 
with probability 1/4 
XT 3st JA- o1 t T;st JA +2 ox(5T;s) V^ Ja " 
LI: elute ees) if Sis, = sm 
falt +A, Tisna) = fal ) tA t 
with probability 1/4 
fa (tT; rmm AA ges = sud 
with probability 1/2. 


(16.32) 
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Thus, the stochastic processes u(t, Del, 0, (t,T3s/), and o,(t,7;s,) can be inter- 
preted as the drift and the volatilities ot. Tal, 0,(£ fall for the process 
logf, (t+ A,T5,4) -logfA(t,T;s) with o(tTs,) for i=1, 2 being the volatili- 
ties for the first and second factors. Indeed, a straightforward calculation 
shows that 


E ee GT) uA (16.33) 
^ A 
and 
Van [e fn a et) 198 Géi, -otT)Acl(,T)A. (16.34) 


under the pseudo probabilities given in expression (16.32). 


16.3.1 Arbitrage-Free Restrictions 


We next study the restrictions that the existence of the pseudo probabili- 
ties implies about the reparameterization. For computational efficiency, 
we set the pseudo probabilities in expression (16.32) equal to the following: 


TA (t;5,) 81/4, 
TA (t;s,)=1/4, 
and 
1-na(t5s)—-mA(&5s)21/2 for all s, and t. 


From expression (5.19) in Chapter 5 we get 


T-A T-A T-A 
, HE Wee D. Shp ae sach 
ua (t,T3s; )= ra (t3s, eb ^^ ER Gees 
T-A T-A T-A 
HE w(t js)A+ Y, ot js) HAZ Y, I 
ma (t,T35,)= ra (t;s )et ^"^ m E (16.35) 


TRA T-A 
l- | Y u(tss)a- l y nich 
da (5139 ) e fa (rale jotta jetta 
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Recall the martingale condition: 


P, (t,Tss,) Pa (t,T55,) Q/ A4yu, (t,T;35,)+(1/4)ma (t,T;5,) 


Ba (fisa) Ba(5sa)n(5s)|  +(1/2)da(t,T35,) 


(16.36) 


Substitution of expression (16.35) into expression (16.36) gives, after some 
algebra, the no-arbitrage restriction: 


dee T-A EE EEN 
b uch b ID (1/2)e Lb 
= (1/2)e 


j=t+A 


T-A 
a y 02 (tis D 
j=t+A 


+(1/2)e 


| x ssa 
+(1/2)el ^"* 


(16.37) 


for t€ T-2A and T €«A - A, where t and T are integer multiples of A. 


16.3.2 Computation of the Arbitrage-Free Term Structure Evolutions 


We show how to compute the arbitrage-free evolution of the forward rate 
curve. Using expression (16.37), we get 


T-A 
Di Y, o2(t,j)VA |^ 
jetta 


> s (1/2)e 
EE 


T-A 
> u(t, A |A = log 


j=tt+A 


T-A 
- Y, on(t, vA ^ 
jetta 


+(1/2)e 


T-A 
| p» sei 
+(1/2)e ^"^ 


(16.38) 
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This system can be solved recursively, as 


Vale (t.t+A)Wa JA 


pai renee ee 
[u(t,t- A)A]A = log era Ple etra a A (16.392) 
(1/2) 1966725 JA 
and 
K 
x a Y enia 
| b s ae e 
(1/2)e ^^ 
K 
[u(t, K)A]A = log T a 2. sti 
t e Y 
K 
| y s 
+(1/2)e bo 
KA 
- Y [ut pAJa forta-A>K>1+24 
j=t+A 
(16.39b) 
Given two vectors of volatilities: 
Oi (t,t + A;s,) 02 (t,t + A;s,) 
0, (t,t+2A;s,) O»(f,t -2A^;s,) 
and 
O(t, TA — A; s) O,(t,TA—A;s;) 


expressions (16.39a) and (16.39b) can be used in conjunction with expres- 
sion (16.32) to generate an evolution of forward rates for the pseudo 
economy. 

To get the evolution of the zero-coupon bond price process, one uses 
the evolution of the forward rates just computed plus the definition of a 
bond's price. These evolutions are all that are needed to compute contin- 
gent claim values as in Chapter 10. 
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16.4 MULTIPLE-FACTOR ECONOMIES 


The previous analysis is easily extended to N> 3-factor economies. The 
basic equations (16.30) are augmented to include additional states, with 
additional volatilities. Generalized versions of expressions (16.31)-(16.37) 
follow through the existence of the pseudo probabilities. As before, using 
knowledge of the volatility parameters alone and not the drifts can deter- 
mine the forward rate curve evolution. This is a key attribute of the model. 

To illustrate the basic pattern for N> 3, we give the relevant equations 
for the three-factor case. As we are only interested in computing contin- 
gent claim values as in Chapter 10, we only provide the equations for the 
discrete-time pseudo economy. This is the lower part of Figure 16.1. 

First, the forward rate process, under the pseudo probabilities, evolves 
according to expression (16.40): 


m A -Box(57;s NA -20:(5T;s) V^ Ja 


with probability 1/8 
Jett WA-V209(t,T ss: NA +20i(t,Tsse WA JA 
e 
with probability 1/8 


falt48,Tisies)=faltTis etm) 
g eno )VA+V202(¢,Tisr)VA JA 


with probability 1/4 
m 
with probability 1/2 
(16.40) 


where XA A > T2 t A, and where t and T are integer multiples of A. 
Under the pseudo probabilities, a straightforward calculation shows 
that 


É [les f^ (t T ^, T) log Ta(5 T) 


i] E u(t, T)A (16.41a) 


Var, [ee fa n AT) log Aen. = o (t, D A os (t, D? A os (t T): A. 


(16.41b) 
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Under (16.40), the no-arbitrage condition is 
T-A 
a Ji Ge (BALD e] (Je 
(16.42) 


where 


X, 


Saul A 


j=t+A 


ER 


BY o (ts) A 


j=t+A 


T 
SEKR 


j=tt+A 


for t<T+2A and T<TA- A, where t and T are integer multiples of A. 

Expression (16.42) can be solved recursively, just as in expression (16.39) 
for u(t,T;s,). Given this value, expression (16.40) provides the equations 
for computing the arbitrage-free evolution of the forward rate curve. The 
inputs needed are the vectors of volatilities: 


0, (t,t + A;s;) 02(t,t+ A;s;) 03(t,t+A;s;) 


O(t, TA — A;s;) O(t, TA—A;s;) 0;3(t, TA—A;s,) 


16.5 COMPUTATIONAL ISSUES 


This section briefly discusses the computational issues involved in imple- 
menting the one-, two-, or three-factor model on a computer. Three tech- 
niques are discussed, and references are provided: (i) bushy trees, (ii) 
lattice computations, and (iii) Monte Carlo simulation. 


16.5.1 Bushy Trees 


The procedure provided for computing forward rate curve evolutions 
in expression (16.19) for the one-factor case, expression (16.39) for the 
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two-factor case, or expression (16.42) for the three-factor case is often 
called a bushy tree. It is called a bushy tree because the number of branches 
on the tree expands exponentially as the number of time steps increases. 
For example, in the one-factor case, the number of branches (nodes) at 
time t equals 2‘. For the two-factor case, the number of nodes at time t 
equals 3’, and so forth. 

For large numbers of time steps, depending upon what computational 
tricks are employed, the computing time becomes large. Consequently, 
it is often incorrectly believed that contingent claim valuation cannot be 
done using bushy trees. This belief is incorrect because a large number 
of time steps are not always essential for obtaining good approximations. 

For European options or American options with six or seven decision 
nodes (of economic importance), bushy trees provide very accurate val- 
ues with step sizes of only 12-14. This is because the branches spread out 
very quickly, giving a fine grid of values at the last date in the tree. From 
a numerical integration perspective (recall valuation is equivalent to com- 
puting an expected value), the approximating grid at the last date will be 
quite accurate. 

For exotic options with multiple cash flow times (say > 14) or long-dated 
American options with many decision nodes of economic importance 
(say 2 14), bushy trees provide a less attractive, time-intensive computa- 
tional procedure. 

Of course, as the computing technology improves, these concerns 
with bushy trees become less and less of a problem. For path-dependent 
options, such as index-amortizing swaps, bushy trees and Monte Carlo 
simulation are often the preferred approaches. This occurs because each 
path through the tree must be recorded to determine a value, and the lat- 
tice or partial differential equation approach does not record this informa- 
tion. For a more complete discussion of these issues, see Heath, Jarrow, 
and Morton [7]. 


16.5.2 Lattices 


Special cases of the one-factor model allow for more efficient computa- 
tion. These are the cases in which the tree recombines at various nodes; for 
example, the values of forward rates after an up followed by a down are the 
same as after a down followed by up. 

For the one-factor economy, the tree recombines when the volatility 
function o(t,T) is a constant, independent of either time or the maturity 


Continuous-Time Limits m 331 


date. Furthermore, under a time transformation, case 1 (the deterministic 
volatility function) can also be shown to recombine; see Amin [1]. 

One-factor lattice approaches work well for most contingent claims, 
except those that are path dependent, e.g., index-amortizing swaps. This 
is because a lattice does not remember the path taken through the tree, 
but only the current node. For path-dependent options, bushy trees and 
Monte Carlo simulation are often better approaches. 


16.5.3 Monte Carlo Simulation 


As stated earlier, contingent claims valuation reduces to calculating an 
expected value given the arbitrage-free evolution of the term structure of 
interest rates. Monte Carlo techniques are well suited for such computa- 
tions. These techniques appear to be especially useful for multiple-factor 
models (greater than 3), in which computations using bushy trees are 
time-consuming. A good reference for this technique is Glasserman [3]. 
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CHAPTER 17 


Parameter Estimation 


TE PREVIOUS CHAPTERS TAKE the input parameters, the initial for- 
ward rate curve, and the volatility function(s) as given. From these 
inputs, interest rate derivatives are priced and hedged. This chapter studies 
how to obtain these inputs from observable market prices of zero-coupon 
bonds, coupon bonds, and various other interest rate options. This chap- 
ter does not exhaust the possible approaches to this problem. Rather, it 
provides a first-pass analysis constructed to illustrate the issues involved. 
In any particular implementation, these techniques will almost certainly 
need to be modified, refined, and extended. 

This chapter is divided into four sections. The first shows how to strip 
zero-coupon bond prices from coupon bonds. The second shows how to 
obtain the initial forward rate curve from the zero-coupon bonds, and 
the third studies volatility function estimation. The fourth section illus- 
trates these techniques by applying them to weekly observations of U.S. 
Treasury security prices. This application is purely pedagogical. 


17.1 COUPON BOND STRIPPING 


This section discusses how to obtain the zero-coupon bond prices implicit 
in observed coupon bond prices. As discussed in Chapter 4, except for 
floating rate notes, Treasury securities with maturities greater than a year 
(notes and bonds) are all coupon bearing. Although Treasury strips trade, 
they are not as liquid as Treasury bills, notes, and bonds. Consequently, 
coupon-bearing bonds usually provide the best source of data for the 
determination of the underlying zero-coupon bond prices. Of these secu- 
rities, the on-the-run Treasury securities have the most liquid markets and 
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provide the most accurate prices. The procedure for inferring the underly- 
ing zero-coupon bond prices we call coupon bond stripping. 

In theory, looking at market prices, we can observe a collection of cou- 
pon-bond prices, denoted by 


BO) for j=1,...,n. 


This set could include some Treasury bills or strips. 
From Chapter 11, we know that the arbitrage-free price of the coupon 
bond 8;(0) with coupons C; principal L;and maturity T; can be written as: 


Tj 
8,0) - Y C/P(0,1)+L,P(0,T)) (17.1) 


t=1 


For most bonds the index summation dates, t=1, ... , T; correspond to 
6-month intervals (the time between coupon payments). 

To “strip out the zero-coupon bonds” means to solve this set of lin- 
ear equations (expression [17.1] for all j) for the zero-coupon bond prices 
(P(0,T) for all T). 

Depending upon the set of coupon bonds included, this system could 
have no solutions, one solution, or many solutions. The system has no solu- 
tions if there are arbitrage opportunities present, because then the equality 
in expression (17.1) is violated. The system has one solution (generically) if 
there are just enough bonds to infer the zeros, and there are no arbitrage 
opportunities. Last, the system has many solutions (generically) if there 
are no arbitrage opportunities and there are less coupon bonds than there 
are zeros to be estimated. 

The best method to employ, therefore, is to choose an error-minimiz- 
ing procedure. This method works under all these circumstances. For 
example, 


Choose P(0,t) for0 €t € max{T;:j =1,...,n} to 


n Tj 
minimize y B (0) — $ CPO.) +L POT) 
t=1 


j=l 


(17.2) 


The error is the difference between the coupon bond’s price and the arbi- 
trage-free value, i.e., 
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Tj 
8,0)-| M C;P(.0 LPO.) | 
t=0 


Using this procedure, the best zero-coupon bond prices, by definition, are 
the ones that minimize this sum of squared errors. This is a quadratic 
programming problem for which standard software is readily available. 
The solution to expression (17.2) provides a vector of zero-coupon bond 
prices for use in the next section. We illustrate this procedure first with a 
hypothetical example, then with real data in a subsequent section. 


Example: Coupon Bond Stripping 


This example shows how to strip zero-coupon bond prices from a set 
of coupon bond prices. Suppose that we go to our fixed income broker 
and he gives us the following prices for five different coupon bonds. 


Bond Price 4(0) | CouponC MéaturityT Face Value L 


100.2451 2.25 1 100 
101.9415 3 2 100 
100 2 3 100 
101.9038 2.5 4 100 
98.8215 1.75 5 100 


The coupon bonds have different coupon payments and maturity 
dates, but equal face values. One can solve expression (17.2) for the 
underlying zero-coupon bond prices. The solution is: 


T P(0,T) 


.980392 
.961168 
.942322 
.923845 
.905730 


0 Hu Dä Hä ra 


In this special case, the sum of squared errors is zero because there 
is an exact set of zero-coupon bond prices that generate the coupon 
bond prices. The reader is encouraged to check that these zero-cou- 
pon bond prices do indeed give back the original coupon bond prices 
from which they were generated. This completes the example. [7] 
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17.2 THE INITIAL FORWARD RATE CURVE 


This section studies estimation of the initial continuously compounded 


forward rate curve f(0,T) for all T measured on a per-year basis. These 
forward rates are determined from the set of zero-coupon bond prices 
P(0,T) for all T determined as the solution to expression (17.2). 

From the procedure given in expression (17.2), the resulting zero-cou- 
pon bond prices will have maturities with discrete spacings (perhaps 6 
months apart). Let us represent the price observations at time 0 by the 
mXl vector 


P(0,1) 


di (17.3) 


P(0, m) 


The difficulty encountered here is that the number of observed zero- 
coupon bond prices each day (m) are insufficient to determine the contin- 
uously compounded forward rates of all maturities (a continuous curve). 
There are missing zero-coupon bond price observations. The price vector 
(17.3) is insufficient information to price interest rate derivatives, because 
interest rate derivative cash flows often occur on days other than the pay- 
ment dates for the coupon bonds included in our estimation procedure. 

There are many methods for getting around the missing zero-coupon 
bond price observations. We will discuss the simplest (but perhaps most 
robust) approach. This approach assumes constant forward rates over the 
missing maturities. As such, it parameterizes a continuous curve with a 
finite number of parameters. The parameters can be determined from the 
estimated zero-coupon bond prices. 

To understand this approach, we start with the definition of the con- 
tinuously compounded forward rates. 


(17.4) 


Assuming that f(0,v) is constant between time t and t+ 1, we can rewrite 
this as: 


P(0,t) = ef Ot) 
P(0,t +1) 
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where 
f(0,v) = f(t) fort<v<t+1. (17.5) 


Expression (17.5) is easily solved for the forward rates, given the zero-cou- 
pon bond price vector in expression (17.3). The solution is: 


f(0,t) = log(P(0, t) / P(0,t+1)). (17.6) 


This approximates the forward rate curve with a piecewise constant step 
function. This completes the estimation of the initial forward rate curve. 
We illustrate this computation first with a hypothetical example, then in a 
subsequent section with actual market data. 


Example: Continuously Compounded, 
Piecewise Constant Forward Rates 


This example illustrates the computation of the piecewise constant 
continuously compounded forward rates. Suppose that from the 
coupon bond stripping procedure, we obtain the following zero- 
coupon bond prices: 


T P(0,T) 


.980392 
.961168 
.942322 
.923845 
.905730 


Ui A UC N Fra 


Following the formula given in expression (17.6), we generate the fol- 
lowing continuously compounded forward rates: 


F(0,T) 
0198 
0198 
0198 
0198 
0198 


= 


ane WN ra 
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These zero-coupon prices generate the same forward rates for all 
maturities. The forward rate graph would be a flat (constant) line. 
This completes the example. [ 

Instead of piecewise constant forward rate curves, one could use spline 
techniques. The most popular of these use cubic splines — piecewise joined 
polynomials of degree three. For a complete discussion of forward rate 
curve smoothing procedures, see Jarrow [2]. 


17.3 VOLATILITY FUNCTION ESTIMATION 


This section studies two distinct approaches for estimating the volatil- 
ity function(s)* 6,(¢,T) for j=1, ... , N: (i) historic volatility estimation and 
(ii) implicit volatility estimation. Historic volatility estimation uses time- 
series observations of past forward rates (generated in the last section) 
to estimate these volatility functions. Implicit volatility estimation uses 
current market prices of various interest rate derivatives, and it inverts the 
computed price formulas to obtain the volatility functions such that the 
computed prices best match market prices. For this reason, implicit vola- 
tility estimation is sometimes called curve-fitting. Since the techniques 
discussed are independent of the number of factors selected, we analyze 
the general case of N factors. 

For N factors, one must observe at least N different continuously com- 
pounded forward rates, represented by the (Nx 1) vector at time t 


$(t,t+1) 
f ae : (17.7) 


f(t,t+N) 


The basic (NX 1) vector equation for forward rates that underlies the vola- 
tility estimation procedure is expression (16.25a) of Chapter 16, rewritten 
here as 


* This method allows up to N factors given N forward rates. The hope, of course, is that only a small 
number of factors can explain most of the variation in forward rates. 
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N 
E S 0 (t,t - AW;(t) 
fet atty | | fren | [ustten 2, i i 


f(ttA,t+N f(t,t+N *(t,t+N) = 
f(t+A,t+N) f (tt N) u Y edu NAW) 


j=l 


(17.8) 
where 


AW, (t) 


AWy (t) 


is an NX 1 vector that is approximately normally distributed with mean 0 
and covariance matrix IA where I is the NX N identity matrix. 

It is important to stress that this evolution is under the actual or empiri- 
cal probabilities. This is a discrete-time approximation to the continuous- 
time process of expression (16.25a). 


17.3.1 Historic Volatilities 


We illustrate the historic estimation procedure for the two cases of volatil- 
ity functions studied in Chapter 16. 


Case 1: Deterministic volatility functions: 
oT) = o(T= f) is a deterministic function of T-t for all j=1,..., N. 
u*(t,T) = *(T- t) is a deterministic function of T-t. 


Case 2: (Nearly) proportional volatility functions": 


c /(6,T) - c (T —t) min(f (5, T), M) 


* In Chapter 16 we used n,(T - f) instead of o,(T - t) in case 2. We change the notation in this chapter 
to facilitate the subsequent exposition. 
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where o(T- f) is a deterministic function of T-t for j=1, ... , N. 


GT) -u*(T-Dmin(f (5T). M) 
where u*(T- t) is a deterministic function of T — t and M is a large, positive 


constant. 
For case 1, define the vector stochastic process x(t), an NX 1 vector, as 


x(t) F(+A,t+1)- f(t,t+1) 


xn(t)| | f(t- A.t- N)- ft N) 


and for case 2, define the vector stochastic process x(t), an NX 1 vector, by 


| fete p- fit p]/ Tixen if f(j)sM 
alt=. i ! (17.9b) 
| fee Ate p- fete p]/ M if f(,t cj)» M 


forj=1,.. N. 
In both cases, x(t) is a time-homogenous normally distributed random 
process with an Nx 1 mean vector 


we * (1) 


H*(N) 


and an NxN covariance matrix Y whose (i, j)-th element is 


N 
Y 209.0. 
k=1 
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The additional restrictions in cases 1 and 2 were imposed in order to 
obtain this time-homogenous normally distributed random process. This 
structure enables us to apply standard principal component analysis (see 
Jolliffe [3]) to estimate the unknown volatility functions (vectors). 

Using a time-series of K observations of x(t) (using either expression 
(17.9a) or (17.9b)), we can obtain the Nx N sample covariance matrix È. 
Because this matrix is positive semi-definite, it can be decomposed as 


A 


> = ALA! (17.10) 


where the NXN matrix A=(a,, ... , ay) gives the N eigenvectors a, for 
i=1,..., N of and the NXN diagonal matrix L=diag(1,, ... , ty) provides 
the N eigenvalues 1; for i=1,..., N. The prime denotes transpose. 

This decomposition gives the estimates of the N volatility functions as 


0;(1) 
= au fori=1,...,N. (17.11) 
G;(N) 


A demonstration that this identification yields expression (17.8) is pre- 
sented in the appendix to this chapter. 

Sampling distributions are available for these estimates (see Jolliffe [3, 
chapter 3]). For a one-factor model, we set N=1 and use (17.11) for the 
volatility function (vector). Sample estimates of these volatility function 
vectors are provided in the next section of this text. 


173.2 Implicit Volatilities 


The idea behind implicit volatility estimation is to use market prices from 
traded interest rate derivatives to estimate the volatility vectors. This is 
done by finding those volatility vectors such that a collection of computed 
interest rate derivative prices best match observed market prices. This 
technique is sometimes called curve-fitting. We discuss two methods for 
this estimation. 

The first method imposes no restrictions on the Nx N volatility matrix 
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0, (t,t +1; s;) aves On(t,t+15s,) 


0, (t,t +N; s) On (t,t - N;s;) 


This matrix can depend on the time t and history s, The procedure finds 
those NX N values of this matrix that best match market prices. An error- 
minimizing procedure is often utilized. 

The second method reduces the number of parameters to be estimated 
by imposing restricted functional forms on the volatility functions, e.g., 

o;(t,T) 2 oe 079. 

Then only the parameters in these functional forms (6; à) forj=1, ..., N 
need to be determined implicitly from market prices. In this case, there 
are only 2N parameters to estimate. 


17.4 APPLICATION TO COUPON BOND DATA 


This section applies the previous parameter estimation procedures to 
actual U.S. Treasury bond price data. The data is from the U.S. Department 
of the Treasury (https://www.treasury.gov/resource-center/data-chart-ce 
nter/interest-rates/), and it corresponds to weekly Treasury par-bond 
yields for securities with maturities 1 month, 3 months, 6 months, 1 year, 
2 years, 3 years, 5 years, 7 years, 10 years, 20 years, and 30 years over the 
time period January 2007-December 2018. 

A typical week's data is contained in Table 17.1. These numbers are 
for December 12, 2018. The first column in Table 17.1 corresponds to the 
Treasury security’s price. Note that for securities with maturities greater 
than a year, notes, and bonds, they are priced at par. This is due to the 
definition of a par-bond yield. For securities with maturities a year or 
less (bills), these are discount bonds and the price is per a 100 par. For 
example, the 1-month Treasury bill has a price of 99.81 dollars. The second 
column gives the time-to-maturity. For the first security, this is 1 month. 
The third column of Figure 17.1 provides the security’s coupon rate, which 
for Treasury bills is zero and for the coupon bearing bonds, it is equal to 
the bond’s yield. As seen, the 2-year coupon-bearing Treasury security 
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TABLE 17.1 Treasury Security Data for December 12, 2018 


Price Time-to-Maturity Coupon Rate Yield 
99.81 1 Month 0 2:3 

99.39 3 Months 0 2.43 
98.73 6 Months 0 2.56 
97.34 1 Year 0 2.7 

100 2 Years 2.77 2.77 
100 3 Years 2.78 2.78 
100 5 Years 2.77 2:77 
100 7 Years 2.84 2.84 
100 10 Years 2.91 2.91 
100 20 Years 3.04 3.04 
100 30 Years 3.15 3.15 


Forward Rates 


Time to Maturity 


FIGURE 171 Forward Rate Curve Evolutions over January 2007-December 2018. 


(a note) has a coupon rate of 2.77 percent. Last, the fourth column gives 
the security's par-bond yield. This is 2.30 percent for the Treasury security 
in the first row. 


174.1 Coupon Bond Stripping and Forward Rate Estimation 


The first task in the estimation procedure is to strip out the zero-cou- 
pon bond prices underlying the coupon bond data. Unfortunately, 
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a complication arises in applying the procedure of expression (17.2). 
Looking at expression (17.2), we see that expression (17.2) requires that 
a zero-coupon bond price is estimated for each coupon payment date for 
each of the coupon bonds under consideration. This is a lot of zero-coupon 
bonds. For example, in Table 17.1, the coupon bond with the longest time 
to maturity remaining has 30 years left in its life (the last row). This implies 
that there are at 60 different coupon payment dates for this bond alone, 
and at least 60 zero-coupon bond prices will need to be estimated using 
expression (17.2). As there are only 11 bonds included in our data set for 
this date, there will be a non-unique solution to the minimization problem 
in expression (17.2). This non-uniqueness of the zero-coupon bond prices 
is a problem. 

To obtain a unique solution, we can combine the zero-coupon bond 
price stripping procedure and the forward rate estimation procedure into 
one operation. To see why this works, consider expression (17.5) relating 
zero-coupon bond prices to (continuously compounded) forward rates. In 
this expression, the forward rates are assumed to be constant over vari- 
ous maturity time intervals. For our analysis, we assume that the forward 
rates are constant over the following (unequal) maturity intervals: 0-1 
month, 1-3 months, 3-6 months, 6 months to 1 year, 1-2 years, 2-years, 
3-5 years, 5-7 years, 7-10 years, 10-20 years, and 20-30 years. This gives 
11 different forward rates. 

Then, we substitute the forward rate expression (17.5) into the mini- 
mization problem of expression (17.2). This transforms the minimiza- 
tion problem from choosing zero-coupon bond prices to choosing the 11 
different constant maturity forward rates f(0,T) for time-to-maturities 
T € {0,.083,.25,.5,1,2,3,5,7,10,20} to minimize the sum of squared errors 
given in expression (17.2). As there are 11 different forward rates, and 11 
coupon bond price observations, the minimization problem now has a 
unique solution. 

Given the forward rates from this minimization problem, expression 
(17.5) can now be used again, but in the reverse direction, to obtain the 
zero-coupon bond prices. 

We applied this estimation procedure to our bond data. For the bond 
data contained in Table 17.1, Table 17.2 contains the estimated forward 
rates and zero-coupon bond prices obtained for December 12, 2018. The 
0-month forward rate (the spot rate) is .0235. The forward rates increase 
up to 6 months, decrease to 2 years, and then increase again until year 20. 
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TABLE 17.2 Forward Rates and Zero-Coupon Bond Prices on December 12, 2018 


Maturity Forward Rate Maturity Zero-Coupon Band Price 
0-1 Month .0235 1 Month .9980 
1-3 Month .0241 3 Month .9940 
3-6 Month .0267 6 Month .9874 
6 Month-1 Year .0275 1 Year .9739 
1-2 Year .0263 2 Year .9487 
2-3 Year .0260 3 Year .9243 
3-5 Year .0265 5 Year .8766 
5-7 Year .0297 7 Year .8262 
7-10 Year .0301 10 Year .7548 
10-20 Year .0312 20 Year .5522 
20-30 Year .0340 30 Year 3931 


The zero-coupon bond prices start with .9980 for the 1-month maturity 
and decline to .3931 for the 30-year maturity. 

Figure 17.1 contains a time series graph of the estimated forward rates 
over the entire time period studied, i.e., January 2007-December 2018. 
There are 626 weekly observations during this time period. In this graph, 
the forward rate curves are piecewise constant. As seen, the forward rate 
curves evolve across time in a non-parallel fashion. 

These forward rate observations are the inputs necessary to do the 
parameter estimation for the forward rate's stochastic process. 


174.2 Volatility Function Estimation — Principal Components Analysis 


This section uses the forward rates obtained in the previous section to 
estimate the volatility functions used in the HIM model. The principal 
components analysis method is employed. 

For this analysis, we use (absolute) changes in the forward rates. This 
corresponds to expression (17.9a) in the text. The appendix to this chap- 
ter shows that under the assumption of a piecewise constant forward rate 
curve using changes in constant maturity forward rate rates over a small 
time interval A gives the same drifts and volatilities as changes in the 
fixed-maturity date forward rates (as defined in this book). 

Figure 17.2 contains the histograms of weekly changes in the 11 dif 
ferent constant maturity forward rates over this sample period. A nor- 
mal distribution is superimposed on each of these histograms to give a 
sense for the quality of the underlying normality assumption. The normal 
approximation appears reasonable. 
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on 0 Month Forward Rate 08 1 Month Forward Rate 
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FIGURE 17.2 Histogram of Weekly Changes in Forward Rates from January 
2007-December 2018. 


The means, standard deviations, and correlations between the weekly 
changes in the various constant maturity forward rates are contained in 
Table 17.3. The mean weekly change in the 0-month forward rate over 
this sample period is -.00003792. This is less than one-third of one basis 
point (.0001). The standard deviation of the weekly change in the 0-month 
forward rate is .0015662. Similar numbers are given for the remaining 
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3 Years Forward Rate 5 Years Forward Rate 
0.192 0.24 


0.128 + 


0.09% + 


0.064 + 
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Af Af 
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20 Years Forward Rate 
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FIGURE 17.2 (Continued) 


maturities. We see from this table that weekly changes in forward rates 
are not that large or variable. 

Examining the correlation matrix, we see that the correlation between 
the weekly changes in the various constant maturity forward rates are 
more correlated for similar maturity forward rates. Weekly changes in 
the 0-month forward rate are positively correlated with changes in all 
the other maturity forward rates, with the correlation decreasing as the 
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maturity increases. Similarly, weekly changes in the 20-year forward rate 
are positively correlated with all the other forward rates, with the correla- 
tion largest for the 10-year forward rate and decreasing as the maturity of 
the forward rate decreases. These correlations show that a parallel shifting 
yield curve model for weekly changes in forward rates is inappropriate. 
Indeed, if there were a parallel shifting forward rate curve, all maturity 
forward rates would have identical correlations, which equal one. And, 
this is clearly not consistent with the correlations in Table 17.3. Such a 
model underlies the traditional approach to risk management (duration 
and convexity) discussed in Chapter 3. 

The covariance matrix underlying these correlations is the basis for a 
principal components analysis using the deterministic volatility assump- 
tion (Case 1) underlying expression (17.9a). Standard statistical software 
can be used to generate the principal components of the covariance 
matrix. The volatility functions are then obtained using expression (17.11). 
These computations, based on weekly changes in forward rates, generate 
volatility functions normalized on a per week basis. To transform these 
volatilities to a per year basis, these weekly estimates were multiplied by 
J52, to adjust for the number of weeks in a year. The estimates of these per 
year volatility functions are contained in Table 17.4. 

In this case, since there are 11 different constant maturity forward 
rates, there are 11 potential factors and 11 volatility functions estimated. 
The percentage variances of the changes in weekly forward rates explained 
by the 11 volatility functions are also provided in Table 17.4. As seen, the 
first three factors account for 77.5 percent of the total variance in forward 
rate changes. 

The first three volatility functions are graphed in Figure 17.3. The first 
factor is roughly a parallel shift, except in the middle range. The second 
factor accounts for isolated movements in mid-term rates. Finally, the 
third factor emphasizes the relation between the short and long rates. 

The volatility functions in Table 17.4 are the inputs required in Chapter 16 
to generate the forward rate evolutions used for pricing and hedging. This 
completes the principal components approach to volatility estimation. 


174.3 Volatility Function Estimation — A One-Factor 

Model with Exponentially Declining Volatility 
This section applies a second procedure useful for estimating HJM vola- 
tility functions. This alternative procedure utilizes additional structure 
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FIGURE 17.3 Graphs of the First Three Volatility Functions. 
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obtained from specifying a fixed number of factors and a specific func- 
tional form for each volatility function. In this section, we study a one- 
factor model with an exponentially declining volatility of the form: 


olt, T) = ce MID. (17.12) 


This is a special case of the model estimated using principal components 
analysis in the previous section. 

Using the continuous time model of Chapter 16, it can be shown (see 
Heath, Jarrow, Morton [1]) that the variance of the zero-coupon bond 
prices over the time interval [t,t + A] satisfies the following identity: 


var (log P(t  4,T) - log P(t,T)—r(t)A) = ele" TA, (17.13) 


This identity forms the basis of an estimation procedure. 

The first step is to estimate the variance on the left side of this expression. 
Using the time-series observations of zero-coupon bond prices generated 
by stripping the coupon bonds we can compute this sample variance. To 
do this, we set A = 1/52 (1 week) and consider the maturities T=3 months, 
6 months, 1 year, 2 years, 3 years, 5 years, 7 years, 10 years, 20 years, and 30 
years. The observation period is the same as before from January 2007 to 
December 2018. The 1-month zero-coupon bond price is omitted because 
its return is the spot rate by construction. 

For each of these maturities, we compute the sample variance, denoted 
by vr, over the entire observation period (January 2007-December 2018). 
These sample variances are contained in Table 17.5. The sample vari- 
ances increase as the maturity of the zero-coupon bond increases. The 
3-month sample variance is .0001228, while the 30-year sample variance 
is .0260424. 

We then run the following (cross-sectional) nonlinear regression across 
the different maturities to estimate the parameters (A,o): 


vp =02 (e -1) A Ja +e, forall T (17.14) 


where the error terms e, are assumed to be independent and identically 

distributed random variables with zero means and constant variances. 
The results of this estimation are also contained in Table 17.5. The esti- 

mated o=.0762 and the estimated A =.0547. The parameters, combined 
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TABLE 17.5 Estimates of the Sample Variance and Volatility 
Parameters over January 2007-December 2018 


Time to Maturity T Sample Variance v; 
3 Months .0001228 
6 Months .0002787 
1 Year .0004339 
2 Years .0007334 
3 Years .0018002 
5 Years .0030789 
7 Years .0059627 
10 years .0089158 
20 Years .0126329 
30 Years .0260424 
o = .0762 A = .0547 


with expression (17.13), provide the volatility inputs needed in the one- 
factor HJM model to price and hedge interest rate options. 

These volatility inputs are contained in Table 17.6 and graphed in 
Figure 17.4. The volatility function declines exponentially in the for- 
ward rate's maturity. It is interesting to compare Figure 17.4 with the first 
volatility function graph in Figure 17.3. One can view Figure 17.4 as a 
smoothed version of this graph. The advantage of the volatility function 
given in expression (17.12) over the principal components-based volatil- 
ity function is that expression (17.12) facilitates the derivation of analytic 
formulas for various standard interest rate options (see Heath, Jarrow, 
and Morton [1]). 


TABLE 17.6 Volatility Function Values for the 
Parameters o = .0762 and A=.0547 


Time to Maturity (T — f) o(t, T) 2oe? (1-0 
3 Months .0751234 

6 Months .074103 

1 Year .0721038 

2 Years „0682656 

3 Years .0646318 

5 Years .0579341 

7 Years .0519305 

10 Years „0440712 

20 Years „0255033 


30 Years .0147583 
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FIGURE 17.4 Graph of the Volatility Function s(T—f) for the Parameters 
c = .0762 and A=.0547. 


APPENDIX 


Mathematical Demonstration That the Principal Components 
Decomposition Yields Expression (17.8) 


This demonstration comes from Joliffe [6, chapters 1-3]. 
Define 


X = [x0 ... x(K)] 
NxK Nxl Nxl 


where K is the number of time-series observations. Principal components 
analysis finds the NxN orthogonal matrix A (orthogonal means that 
AA = AA'=1) such that 


X"=Z'A 
KxN KxN KxN 


where Z'z [z(1), ..., z(K)], zQ) is an NX 1 vector, and the sample covariance 
matrix satisfies 


cóv(X) 2 X = ALA”. 
But, XA'- ZAA' implies 


Ka X’A’ 
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where 
cóv(Z) = A'cóv(X)A 
— A'ALA'A 
-[. 
Define 
vu 
w(t) 
= z(t) and 
Nx1 
Lir 
NxN 
W 
z[w(1)...w(K)]. 
Nx 
Then 
UI 
z(t) 
= w(t) 
Nxl 
vw 
Usu. vu 
cov(W) = cóv(Z) 
Lis Ltn 
Vu Au 
= & n : 
RM EN IN 


I 
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Thus, 


Ka WI 
= A 
KxN KxN 
al 
Ju 
X W 
= A’ z 
NxK NxK 


A) = Æ Së w(t) 


de 


because cóv(W) =I 
This last expression is the matrix form of expression (17.8). The vector 
w(t) has a nonzero mean vector. This completes the demonstration. 
Theorem. For piecewise constant forward rates, constant maturity for- 
ward rates and fixed-maturity date forward rates (as defined in this book) 
have the same drifts and volatilities for A small. 


Proof 


As defined previously, FET) corresponds to a continuously com- 
pounded fixed-maturity date forward rate where T is some fixed date 
in the future, say January 1, 2025. 

Let us introduce the new notation for constant maturity forward 
rates f (t,T) where T corresponds to time-to-maturity. The fixed 
future date is t +T. 

We want to compute fit +A,T)- F&T). 

We have that f (t,T)= f (t,T-t) and 
f(t+A,T)=f(t+A,T-t-A). 
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Substitution yields 
f (t+ ^T)- f(GT)- f (t+ A,7-t—A)-f (5T -t). 

For a piecewise constant forward rate curve, we have that 
f (t+A,T-t-A)= f (t AT —t) for small A. Substitution yields 


Droa Fer) fear) fT) 


where T 2 T-—t is the time-to-maturity. This completes the 
proof [] 
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CHAPTER 18 


Extensions 


MAJOR ADVANTAGE OF THE HIM term structure model presented in 

this textbook is that it is easily extended to incorporate additional 
term structures. The introduction of additional term structures is the gen- 
eralization needed to price and hedge foreign currency derivatives, credit 
derivatives, and commodity options. This chapter briefly discusses each of 
these generalizations, providing references for subsequent reading. 


18.1 FOREIGN CURRENCY DERIVATIVES 


To price and hedge foreign currency derivatives, one needs a spot exchange 
rate of foreign into domestic currency and two zero-coupon bond price 
curves: (i) one for the domestic currency and (ii) one for the foreign 
currency. 


The method for building an arbitrage-free evolution of these term 
structures proceeds in a fashion identical to that given in Chapters 4-10. 
The only complication is that in constructing the tree, two price vectors 
are included at each node. One vector is for the domestic currency zero- 
coupon curve (just as before), and one vector is for the foreign currency 
zero-coupon curve with the spot exchange rate appended. The arbitrage- 
free conditions correspond to the existence of pseudo probabilities that 
make all dollar-denominated and dollar-translated securities (foreign 
zero-coupon bonds) martingales after normalization by the domestic 
money market account. Market completeness corresponds to the unique- 
ness of these pseudo probabilities. Pricing and hedging is done via the 
risk-neutral valuation procedure. 
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The only difficulty in applying these extensions in practice is that the 
computation time increases as more term structures are introduced into 
the model. Efficient numerical procedures become an important issue. 
References for this extension include Amin and Jarrow [2] and Amin and 
Bodurtha [1]. 


18.2 CREDIT DERIVATIVES AND COUNTERPARTY RISK 


An important extension of the default-free term structure model to mul- 
tiple term structures is when one includes securities with different lev- 
els of bankruptcy risk. The pricing and hedging of corporate debt and 
the pricing and hedging of swaps with counterparty risk are two prime 


examples. 

The easiest way to analyze this pricing problem is to transform it 
into a foreign currency derivative problem and then to use the meth- 
ods for pricing and hedging foreign currency derivatives (with obvious 
modifications). 

To see the foreign currency analogy, consider two term structures of 
zero-coupon bonds: (i) the default-free term structure and (ii) the term 
structure for a risky firm. Call the risky firm XYZ. XYZ's zero-coupon 
bonds provide only a promised dollar payoff at future dates. The promised 
dollar is paid only if XYZ is not bankrupt at the payoff date. 

One can think of XYZ zero-coupon debt differently. Consider XYZ 
zero-coupon bonds as first paying off in a hypothetical (foreign) currency, 
called XYZ dollars. That is, each XYZ zero-coupon bond pays one XYZ 
dollar for sure at its maturity. In XYZ dollars, XYZ debt can be consid- 
ered default-free. But XYZ dollars need to be converted into actual dollars 
for analysis. The conversion rate (or spot exchange rate from XYZ dollars 
to dollars) is the payoff ratio at the zero-coupon bond’s maturity. If XYZ 
is not bankrupt, the payoff ratio is unity. If it is bankrupt, less than the 
promised dollar is received. 

Given this foreign currency analogy, the pricing and hedging problem 
for foreign currency derivatives can now be applied. This analogy also 
applies to counterparty risk. A counterparty to a contract only promises 
to make a payment, and when the contract provisions come due, pay- 
ment is made only if the counterparty is not in default. Thus, this prob- 
lem is identical to the one already discussed. Recommended references 
are Jarrow [4], Jarrow and Turnbull [7], Jarrow, Lando, and Turnbull [5], 
Jarrow and Yu [6], and Lando [8]. 
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18.3 COMMODITY DERIVATIVES 


The final extension studied is the pricing of commodity derivatives. Examples 
include oil futures, options on oil futures, precious metal futures, and options 
on precious metals. Again, this pricing and hedging problem has two term 
structures. The first is the same as that already studied, that is the term struc- 
ture of default-free zero-coupon bonds. The second term structure is the 
term structure of commodity futures prices for future delivery. Given these 
two term structures, the analysis proceeds in a fashion similar to that of 
Chapters 4-10. The only difference is that in constructing the tree, two price 
vectors are included at each node. One is for the default-free zero-coupon bond 
prices, and the second is for the commodity futures prices for future delivery. 

The arbitrage-free conditions correspond to the existence of pseudo 
probabilities that make the zero-coupon bond prices normalized by the 
money market account martingales and that make the futures prices mar- 
tingales (see Chapter 13 for the motivation of this last condition). Market 
completeness corresponds to the uniqueness of these pseudo probabilities. 
Pricing and hedging are done using the risk-neutral valuation procedure. 
This extension can be found in Carr and Jarrow [3]. 
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One-factor zero-coupon bond curve 
evolution, 65-72 
On-the-run Treasury securities, 14 
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Parameter estimation 
coupon bond data, 342-343 
coupon bond stripping, 333-335 
and forward rate estimation, 
343-345 
principal components analysis, 
345-349 
volatility function estimation, 
345-349 
exponentially declining volatility, 
349-354 
initial forward rate curve, 336-338 
volatility function estimation 
historic volatilities, 339-341 
implicit volatilities, 341-342 
Payoff diagram, 49 
2-Period zero-coupon bond, 135 
4-Period zero-coupon bond, 123-125, 285 
Plus accrued interest, 16 
Premium payment, 20 
Primary market (auction market), 14 
Principal components decomposition 
yields expression, 354-357 
Promised dollar payoff, 360 
Pseudo probabilities, 131, 143 
Put options, Treasuries, 19 
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Quality option 
Treasury futures, 251 
Treasury securities, 19 
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Random cash flow, 133 

Repo markets, 17-18 

Repurchase agreement (repo) markets, 
17-18 

Reverse repo, 18 


Risk averse, traders as, 87 
Risk management, 3 
Risk-neutral economy, 144 
Risk-neutral investors, 87 
Risk-neutral probabilities, 144 
Risk-neutral valuation, 122, 134, 146, 181 
bond trading strategies, 133-134 
arbitrage opportunity, 134-136 
one-factor economy, 146-150 
risk-neutral probabilities, 130-133 
two-factor economy, 161-162 
contingent claims valuation 
one-factor economy, 181 
two-factor economy, 183-184 
procedure, 146 
two-factor economy, 161-162 
contingent claims valuation, 183-184 
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Screen-based or phone-based market, 15 

Second economic interpretation, 29 

Self-financing strategies, 104, 108 

Separate trading of registered interest and 
principal of securities (STRIPS), 
14, 16, 17 

Shortest maturity bond, 48 

Spot market, 18 

Spot price, 49 

Spot rate, 47 

Stochastic process, 137 

Strike price, 53 

STRIPS, see Separate trading of registered 
interest and principal of 
securities 

Swaps, see Interest rate swaps 

Swaptions, 277-280 

Swap valuation, 261-264 

Synthetic contingent claim, 141 

Synthetic derivative security, 10 

Synthetic 2-period zero-coupon bond, 125 

Synthetic swap construction, 266-268 
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Taylor series expansion, 28 
3-factor economies, 83 
TIPs, see Inflation-indexed bonds 


Traded securities, 42-44 
Eurodollar deposits, 20-21 
LIBOR, interest rate derivatives on, 21 
repurchase agreement (repo) markets, 
17-18 
Treasury 
futures markets, 18-19 
interest rate derivatives on, 19-20 
securities, 13-15 
security markets, 15-17 
Trading strategy, 100-110 
Treasury bill, 16 
Treasury Bond yields, 4-5 
True distribution, 61 
Two-factor economy 
bond price process, 81-82 
bond trading strategies, 163 
complete markets, 151-156 
contingent claims valuation, 181-182 
complete markets, 182 
risk-neutral probabilities, 182-183 
risk-neutral valuation, 183-184 
continuous-time limits, 323-325 
arbitrage-free restrictions, 325-326 
arbitrage-free term structure 
evolutions, 326-327 
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forward rate process, 82-83 
risk-neutral probabilities, 156-161 
risk-neutral valuation, 161-162 
spot rate process, 83 
state space process, 80-81 

Typical Repurchase Agreement, 17 
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Wildcard option 
Treasury futures, 251 
Treasury securities, 19 
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Zero-coupon bond price curve 
evolution, 42, 89, 100, 102, 
115, 121, 284, 361 
Zero-coupon bonds, 14, 25, 48, 49, 52 
duration, 29-30 
European options on, 211-217 
yield, 27 
Zero-coupon Treasury securities, 14 
Zero investment trading 
strategy, 103, 106 
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